Formalisation of an Adaptive State Counting Algorithm

Robert Sachtleben
February 6, 2026

Abstract

This entry provides a formalisation of a refinement of an adaptive state counting algorithm, used to
test for reduction between finite state machines. The algorithm has been originally presented by Hierons
in [2] and was slightly refined by Sachtleben et al. in [3]. Definitions for finite state machines and adaptive
test cases are given and many useful theorems are derived from these. The algorithm is formalised using
mutually recursive functions, for which it is proven that the generated test suite is sufficient to test for
reduction against finite state machines of a certain fault domain. Additionally, the algorithm is specified in
a simple WHILE-language and its correctness is shown using Hoare-logic.
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theory FSM
imports

Transition-Systems-and-Automata.Sequence-Zip

Transition-Systems-and- Automata. Transition-System

Transition-Systems-and- Automata. Transition-System- Extra

Transition-Systems-and- Automata. Transition-System-Construction
begin

1 Finite state machines

We formalise finite state machines as a 4-tuples, omitting the explicit formulation of the state set,as it can
easily be calculated from the successor function. This definition does not require the successor function to be
restricted to the input or output alphabet, which is later expressed by the property well_formed, together with
the finiteness of the state set.

record ('in, ‘out, 'state) FSM =
succ = (in X ‘out) = 'state = 'state set
inputs :: 'in set
outputs :: 'out set
initial :: 'state

1.1 FSMs as transition systems

We interpret FSMs as transition systems with a singleton initial state set, based on [1].

global-interpretation FSM : transition-system-initial

Aap. snda — execute

A ap. snda € succ A (fst a) p— enabled
A p. p = initial A — initial

for A

defines path = FSM.path
and run = FSM.run
and reachable = FSM .reachable
and nodes = FSM .nodes

by this

abbreviation size-FSM M = card (nodes M)
notation
size-FSM («(|-])»)

1.2 Language

The following definitions establish basic notions for FSMs similarly to those of nondeterministic finite automata
as defined in [1].

In particular, the language of an FSM state are the IO-parts of the paths in the FSM enabled from that state.

abbreviation target = FSM.target
abbreviation states = FSM.states



abbreviation trace = FSM .trace

abbreviation successors :: ('in, 'out, 'state, ‘'more) FSM-scheme = 'state = ’state set where
successors = FSM .successors TYPE('in) TYPE('out) TYPE('more)

lemma states-alt-def: states r p = map snd r
by (induct r arbitrary: p) (auto)

lemma trace-alt-def: trace r p = smap snd r
by (coinduction arbitrary: v p) (auto)

definition language-state :: ('in, ‘out, 'state) FSM = 'state
= ("in x 'out) list set (<LS»)
where
language-state M q = {map fst r |r . path M r q}

The language of an FSM is the language of its initial state.
abbreviation L M = LS M (initial M)

lemma language-state-alt-def : LS M q = {io | io tr . path M (io || tr) q A length io = length tr}
proof —
have LS M q C { do | io tr . path M (io || tr) g A length io = length tr }
proof
fix zr assume zr-assm : xr € LS M q
then obtain r where r-def : map fst r = xr path M r q
unfolding language-state-def by auto
then obtain zs ys where zr-split : zr = zs || ys
length xs = length ys
length xs = length zr
by (metis length-map zip-map-fst-snd)
then have (zs || ys) € { io | io tr . path M (io || tr) q A length io = length tr }
proof —
have f1: zs || ys = map fst r
by (simp add: r-def(1) xzr-split(1))
then have f2: path M ((zs || ys) || take (min (length (zs || ys)) (length (map snd r)))
(map snd 1)) q
by (simp add: r-def(2))
have length (zs || ys) = length
(take (min (length (zs || ys)) (length (map snd r))) (map snd r))
using f1 by force
then show ?%thesis
using f2 by blast
qed
then show zr € { io | io tr . path M (io || tr) q A length io = length tr }
using xr-split by metis
qged
moreover have { o0 | i0 tr . path M (io || tr) g A length io = length tr } C LS M q
proof
fix zs assume zs-assm : xs € { o | io tr . path M (io || tr) q A length io = length tr }
then obtain ys where ys-def : path M (xs || ys) q length zs = length ys
by auto
then have zs = map fst (zs || ys)
by auto
then show zs € LS M ¢q
using ys-def unfolding language-state-def by blast
qed
ultimately show ?thesis
by auto
qed

lemma language-state[intro]:
assumes path M (w || r) q length w = length r
shows w € LS M ¢
using assms unfolding language-state-def by force



lemma language-state-elim[elim]:
assumes w € LS M ¢
obtains r
where path M (w || r) g length w = length r
using assms unfolding language-state-def by (force iff: split-zip-ex)

lemma language-state-split:
assumes wl @ w2 € LS M q
obtains tri tr2
where path M (wl || tr1) q length wl = length trl
path M (w2 || tr2) (target (w1 || trl) q) length w2 = length tr2
proof —
obtain tr where tr-def : path M ((wl @ w2) || tr) ¢ length (w1 @ w2) = length tr
using assms by blast
let ?tr1 = take (length wi) tr
let ?tr2 = drop (length wl) tr
have tr-split : ?tr1 Q %tr2 = tr
by auto
then show %thesis
proof —
have f1: length w1 + length w2 = length tr
using tr-def(2) by auto
then have f2: length w2 = length tr — length wl
by presburger
then have length wl = length (take (length wl) tr)
using fI by (metis (no-types) tr-split diff-add-inverse2 length-append length-drop)
then show ?%thesis
using f2 by (metis (no-types) FSM.path-append-elim length-drop that tr-def(1) zip-appendl)
qed
qed

lemma language-state-prefix :
assumes wl Q w2 € LS M q
shows w1 € LS M ¢
using assms by (meson language-state language-state-split)

lemma succ-nodes :
fixes A :: (‘a,’d,’c) FSM
and w: (‘a x 'b)
assumes ¢2 € succ A w g1
and ql € nodes A
shows ¢2 € nodes A
proof —
obtain z y where w = (z,y)
by (meson surj-pair)
then have ¢2 € successors A ql1
using assms by auto
then have ¢2 € reachable A q1
by blast
then have ¢2 € reachable A (initial A)
using assms by blast
then show ¢2 € nodes A
by blast
qed

lemma states-target-index :
assumes ¢ < length p
shows (states p q1) ! ¢ = target (take (Suc i) p) q1
using assms by auto

1.3 Product machine for language intersection

The following describes the construction of a product machine from two FSMs M1 and M2 such that the language
of the product machine is the intersection of the language of M1 and the language of M2.



definition product :: ('in, 'out, 'statel) FSM = ('in, 'out, 'state2) FSM =
("in, 'out, 'statel x'state2) FSM where
product A B =
(
suce = X a (p1, p2). succ A a p1 X succ B a pa,
inputs = inputs A U inputs B,
outputs = outputs A U oulputs B,
initial = (initial A, initial B)

)

lemma product-simps[simp]:
succ (product A B) a (p1, p2) = succ A a p1 X succ B a p2
inputs (product A B) = inputs A U inputs B
outputs (product A B) = outputs A U outputs B
initial (product A B) = (initial A, initial B)
unfolding product-def by simp+

lemma product-target[simpl:
assumes length w = length r1 length r1 = length r2
shows target (w || 1 || r2) (p1, p2) = (target (w || r1) p1, target (w || r2) p2)
using assms by (induct arbitrary: py p2 rule: list-induct3) (auto)
lemma product-path[iff]:
assumes length w = length r1 length 1 = length r2
shows path (product A B) (w || r1 || r2) (p1, p2) <— path A (w || r1) p1 A path B (w || r2) p2
using assms by (induct arbitrary: p1 p2 rule: list-induct3) (auto)

lemma product-language-state[simp]: LS (product A B) (q1,q2) = LS A q1 N LS B ¢2
by (fastforce iff: split-zip)

lemma product-nodes :
nodes (product A B) C nodes A X nodes B
proof
fix ¢ assume q € nodes (product A B)
then show ¢ € nodes A X nodes B
proof (induction rule: FSM.nodes.induct)
case (initial p)
then show ?case by auto
next
case (ezecute p a)
then have fst p € nodes A snd p € nodes B
by auto

have snd a € (succ A (fst a) (fst p)) x (succ B (fst a) (snd p))
using ezecute by auto
then have fst (snd a) € succ A (fst a) (fst p)
snd (snd a) € succ B (fst a) (snd p)
by auto

have fst (snd a) € nodes A
using (fst p € nodes A> <fst (snd a) € succ A (fst a) (fst p)»
by (metis FSM.nodes.simps fst-conv snd-conv)

moreover have snd (snd a) € nodes B
using «snd p € nodes By «snd (snd a) € succ B (fst a) (snd p)»
by (metis FSM.nodes.simps fst-conv snd-conv)

ultimately show ?case
by (simp add: mem-Times-iff)

qed
qed

1.4 Required properties

FSMs used by the adaptive state counting algorithm are required to satisfy certain properties which are intro-
duced in here. Most notably, the observability property (see function observable) implies the uniqueness of
certain paths and hence allows for several stronger variations of previous results.



fun finite-FSM :: ("in, 'out, 'state) FSM = bool where
finite-FSM M = (finite (nodes M)
A finite (inputs M)
A finite (outputs M))

fun observable :: (“in, 'out, 'state) FSM = bool where
observable M = (V t .V s1 . ((succ M) ts1 ={})
V(3 s2 . (succ M) t s1 = {s2}))

fun completely-specified :: ('in, ‘out, 'state) FSM = bool where
completely-specified M = (V sl € nodes M .V z € inputs M .
3 y € outputs M .
3 s2 .52 € (succ M) (z,y) s1)

fun well-formed :: ("in, ‘out, 'state) FSM = bool where
well-formed M = (finite-FSM M
ANV slzy. (z¢inputs M V y ¢ outputs M)
— succ M (z,y) s1 = {})
A inputs M # {}
A outputs M # {})

abbreviation OFSM M = well-formed M
A observable M
A completely-specified M

lemma OFSM-props|elim!] :
assumes OFSM M
shows well-formed M
observable M
completely-specified M using assms by auto

lemma set-of-succs-finite :
assumes well-formed M
and q € nodes M
shows finite (succ M io q)
proof (rule ccontr)
assume infinite (succ M io q)
moreover have succ M i0 ¢ C nodes M
using assms by (simp add: subset] succ-nodes)
ultimately have infinite (nodes M)
using infinite-super by blast
then show Fulse
using assms by auto
qed

lemma well-formed-path-io-containment :
assumes well-formed M
and path M p q
shows set (map fst p) C (inputs M X outputs M)
using assms proof (induction p arbitrary: q)
case Nil
then show ?case by auto
next
case (Cons a p)
have fst a € (inputs M x outputs M)
proof (rule ccontr)
assume fst a ¢ inputs M x outputs M
then have fst (fst a) ¢ inputs M V snd (fst a) ¢ outputs M
by (metis Sigmal prod.collapse)
then have succ M (fst a) ¢ = {}
using Cons by (metis prod.collapse well-formed.elims(2))
moreover have (snd a) € succ M (fst a) g
using Cons by auto
ultimately show Fulse
by auto
qed



moreover have set (map fst p) C (inputs M X outputs M)
using Cons by blast
ultimately show ?case
by auto
qed

lemma path-input-containment :
assumes well-formed M
and path M p q
shows set (map fst (map fst p)) C inputs M
using assms proof (induction p arbitrary: q rule: rev-induct)
case Nil
then show ?case by auto
next
case (snoc a p)
have set (map fst (p Q [a])) C (inputs M x outputs M)
using well-formed-path-io-containment[OF snoc.prems] by assumption
then have (fst a) € (inputs M x outputs M)
by auto
then have fst (fst a) € inputs M
by auto
moreover have set (map fst (map fst p)) C inputs M
using snoc. IH[OF snoc.prems(1)]
using snoc.prems(2) by blast
ultimately show ?case
by simp
qed

lemma path-state-containment :
assumes path M p q
and q € nodes M
shows set (map snd p) C nodes M
using assms by (metis FSM .nodes-states states-alt-def)

lemma language-state-inputs :
assumes well-formed M
and i0 € language-state M q
shows set (map fst i0) C inputs M
proof —
obtain ¢r where path M (io || tr) q length tr = length io
using assms(2) by auto
show ?thesis
by (metis (no-types)
«\thesis. (\tr. [path M (io || tr) q; length tr = length io] —> thesis) = thesis
assms(1) map-fst-zip path-input-containment)
qed

lemma set-of-paths-finite :

assumes well-formed M

and ql € nodes M
shows finite { p . path M p q1 A target p q1 = g2 N length p < k }
proof —

let %trs = { tr . set tr C nodes M A length tr < k }
let %ios = { io . set io C inputs M x outputs M A length io < k }
let Ziotrs = image (A (io,tr) . io || tr) (Zios X ?irs)

let ?paths = { p . path M p q1 A target p g1 = ¢2 A length p < k }

have finite (inputs M X outputs M)
using assms by auto
then have finite ?ios
using assms by (simp add: finite-lists-length-le)



moreover have finite ?trs

using assms by (simp add: finite-lists-length-le)
ultimately have finite ?iotrs

by auto

moreover have ?paths C Ziotrs
proof
fix p assume p-assm : p € { p . path M p q1 A target p q1 = g2 A length p < k }
then obtain 0 tr where p-split : p = io || tr A length io = length tr
using that by (metis (no-types) length-map zip-map-fst-snd)
then have io € %ios
using well-formed-path-io-containment
proof —
have f1: path M p q1 N target p q1 = q2 A length p < k
using p-assm by force
then have set i0o C inputs M X outputs M
by (metis (no-types) assms(1) map-fst-zip p-split well-formed-path-io-containment)
then show ?thesis
using fI1 by (simp add: p-split)
qed

moreover have tr € ?irs using p-split
proof —
have f1: path M (io || tr) g1 A target (io || tr) g1 = ¢2
A length (io || tr) < k using <p € {p. path M p q1
A target p q1 = q2 A length p < k}» p-split by force
then have f2: length tr < k by (simp add: p-split)
have set tr C nodes M
using fI by (metis (no-types) assms(2) length-map p-split path-state-containment
zip-eq zip-map-fst-snd)
then show %thesis
using f2 by blast
qed
ultimately show p € %iotrs
using p-split by auto
qed

ultimately show ?%thesis
using Finite-Set.finite-subset by blast
qed

lemma non-distinct-duplicate-indices :
assumes — distinct zs

shows 3 142 .91 # i2 Nas! il = as! i2 N il < length zs N i2 < length zs
using assms by (meson distinct-conv-nth less-imp-le)

lemma reaching-path-without-repetition :

assumes well-formed M

and q2 € reachable M q1

and ql € nodes M
shows 3 p . path M p q1 A target p g1 = q2 A distinct (g1 # states p q1)
proof —

have shorten-nondistinct : ¥V p. (path M p q1 A target p q1 = g2 N — distinct (q1 # states p q1))

— (3 p’. path M p' q1 A target p’ q1 = q2 A length p’ < length p)
proof
fix p
show (path M p q1 A target p q1 = q2 A — distinct (q1 # states p q1))
— (3 p’. path M p’ q1 A target p’ q1 = q2 A length p’ < length p)
proof
assume assm : path M p q1 A target p g1 = q2 N — distinct (q1 # states p q1)
then show (3 p’. path M p’ q1 A target p’ q1 = q2 A length p’ < length p)
proof (cases q1 € set (states p q1))
case True
have 3 il . target (take il p) q1 = q1 N il < lengthp A il > 0
proof (rule ccontr)



assume — (3 il. target (take il p) q1 = g1 N il < lengthp A il > 0)
then have — (3 i1 . (states p q1) ! i1 = q1 N il < length (states p q1))
by (metis True in-set-conv-nth less-eq-Suc-le scan-length scan-nth zero-less-Suc)
then have qI ¢ set (states p q1)
by (meson in-set-conv-nth less-imp-le)
then show Fulse
using True by auto
qed
then obtain i/ where il-def : target (take il p) g1 = q1 A il < lengthp A il > 0
by auto

then have path M (take il p) ql

using assm by (metis FSM.path-append-elim append-take-drop-id)
moreover have path M (drop il p) ql

using il-def by (metis FSM.path-append-elim append-take-drop-id assm)
ultimately have path M (drop il p) q1 A (target (drop il p) q1 = ¢2)

using i1-def by (metis (no-types) append-take-drop-id assm fold-append o-apply)

moreover have length (drop il p) < length p
using i1-def by auto

ultimately show ?thesis
using assms by blast

next
case False
then have assm’: path M p ql A target p q1 = g2 A — distinct (states p q1)
using assm by auto

have 3 il i2 . il # i2 A target (take il p) q1 = target (take i2 p) ql
A il < length p A i2 < length p

proof (rule ccontr)

assume — (3 il i2 . il # i2 A target (take il p) ql = target (take i2 p) ql

A il < length p A i2 < length p)
then have — (3 i1 i2 . il # i2 A (states p q1) ! il = (states p q1) ! i2
A il < length (states p q1) N i2 < length (states p q1))
by (metis (no-types, lifting) Suc-lel assm’ distinct-conv-nth nat.inject
scan-length scan-nth)

then have distinct (states p q1)
using non-distinct-duplicate-indices by blast
then show Fulse
using assm’ by auto
qed
then obtain i/ i2 where i-def : i1 < i2 A target (take il p) ql = target (take i2 p) ql
A il < length p A i2 < length p
by (metis nat-neg-iff)

then have path M (take il p) ql

using assm by (metis FSM.path-append-elim append-take-drop-id)
moreover have path M (drop i2 p) (target (take i2 p) q1)

by (metis FSM .path-append-elim append-take-drop-id assm)
ultimately have path M ((take i1 p) Q (drop i2 p)) ql

A (target ((take i1 p) @ (drop i2 p)) ql = q2)
using i-def assm
by (metis FSM .path-append append-take-drop-id fold-append o-apply)

moreover have length ((take i1 p) @ (drop i2 p)) < length p
using i-def by auto

ultimately have path M ((take i1 p) Q (drop i2 p)) q
A target ((take i1 p) @ (drop i2 p)) q1 = ¢2
A length ((take i1 p) @ (drop i2 p)) < length p
by simp

then show %thesis
using assms by blast



qed
qed
qed

obtain p where p-def : path M p q1 A target p q1 = ¢q2
using assms by auto

let ?paths = {p’. (path M p' q1 A target p’ q1 = q2 A length p’ < length p)}
let ?minPath = arg-min length (X io . i0 € ?paths)

have ?paths # empty
using p-def by auto

moreover have finite ?paths
using assms by (simp add: set-of-paths-finite)

ultimately have minPath-def : ?minPath € ?paths A (¥ p’ € ?paths . length ?minPath < length p’)
by (meson arg-min-nat-lemma equalsOI)

moreover have distinct (g1 # states ?minPath q1)
proof (rule ccontr)
assume — distinct (g1 # states ?minPath q1)
then have 3 p’. path M p’ q1 A target p’ q1 = q2 A length p’ < length ?minPath
using shorten-nondistinct minPath-def by blast
then show Fulse
using minPath-def using arg-min-nat-le dual-order.strict-transl by auto
qed

ultimately show ?thesis by auto
qed

lemma observable-path-unique|simp)] :
assumes 0 € LS M ¢
and observable M
and  path M (io || tr1) q length io = length tr1
and  path M (io || tr2) q length io = length tr2
shows tr1 = tr2
proof (rule ccontr)
assume tr-assm : trl # tr2
then have state-diff : (states (io || tr1) q ) # (states (io || tr2) q)
by (metis assms(4) assms(6) map-snd-zip states-alt-def)
show Fulse
using assms tr-assm proof (induction io arbitrary: q trl tr2)
case Nil
then show ?case using Nil
by simp
next
case (Cons io-hd io-tl)
then obtain tri-hd tri-tl tr2-hd tr2-tl where tr-split : tr1 = tri-hd # tri-tl
A tr2 = tr2-hd # tr2-tl
by (metis length-0-conv neq-Nil-conv)

have p1: path M ([io-hd] || [tr1-hd]) q
using Cons.prems tr-split by auto
have p2: path M ([io-hd] || [tr2-hd]) q
using Cons.prems tr-split by auto
have tr-hd-eq : tri-hd = tr2-hd
using Cons.prems unfolding observable.simps
proof —
assume V¢t sI. succ M t s1 = {} V (3s2. succ Mt s1 = {s2})
then show %thesis
by (metis (no-types) p1 p2 FSM.path-cons-elim empty-iff prod.sel(1) prod.sel(2) singletonD
zip-Cons-Cons)
qed

10



then show ?Zthesis
using Cons.IH Cons.prems(8) Cons.prems(4) Cons.prems(5) Cons.prems(6) Cons.prems(7) assms(2)
tr-split by auto
qged
qed

lemma observable-path-unique-ez|elim)] :
assumes observable M
and io € LS M q
obtains ¢r
where { ¢t . path M (io || t) q A length io = length t } = { tr }
proof —
obtain ¢r where tr-def : path M (io || tr) q length io = length tr
using assms by auto
then have { ¢ . path M (io || t) ¢ A length io = length t } # {}
by blast
moreover have V ¢t € { t . path M (io || t) q¢ A length io = length t } . t = tr
using assms tr-def by auto
ultimately show ?thesis
using that by auto
qed

lemma well-formed-product[simp] :
assumes well-formed M1
and well-formed M2
shows well-formed (product M2 M1) (is well-formed ?PM)
unfolding well-formed.simps proof
have finite (nodes M1) finite (nodes M2)
using assms by auto
then have finite (nodes M2 X nodes M1)
by simp

moreover have nodes ?PM C nodes M2 x nodes M1
using product-nodes assms by blast
ultimately show finite-F'SM ?PM
using infinite-subset assms by auto
next
have inputs ?PM = inputs M2 U inputs M1
outputs ¢PM = outputs M2 U outputs M1
by auto
then show (VsI zy. z ¢ inputs ?PM V y ¢ outputs PM — succ ?PM (z, y) s1 = {})
A inputs ?PM # {} A outputs ?PM # {}
using assms by auto
qed

1.5 States reached by a given 10-sequence

Function io_targets collects all states of an FSM reached from a given state by a given 10-sequence. Notably,
for any observable FSM, this set contains at most one state.

fun io-targets :: ('in, ‘out, 'state) FSM = 'state = ('in x ’out) list = 'state set where
to-targets M q io = { target (io || tr) q | tr . path M (io || tr) ¢ A length io = length tr }

lemma io-target-implies-L :
assumes ¢ € io-targets M (initial M) io
shows 70 € L M
proof —
obtain ¢r where path M (io || tr) (initial M)
length tr = length io
target (io || tr) (initial M) = q
using assms by auto
then show ¢thesis by auto
qed
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lemma io-target-from-path :
assumes path M (w || tr) g
and length w = length tr

shows target (w || tr) g € io-targets M q w
using assms by auto

lemma io-targets-observable-singleton-ex :
assumes observable M
and io € LS M q1
shows 3 ¢2 . io-targets M q1 io = { ¢2 }
proof —
obtain ¢r where tr-def : { ¢t . path M (io || t) q1 A length io = length t } = { tr }
using assms observable-path-unique-ex by (metis (mono-tags, lifting))
then have io-targets M q1 io = { target (io || tr) qI }
by fastforce
then show ?thesis
by blast
qed

lemma io-targets-observable-singleton-ob :
assumes observable M
and io € LS M q1
obtains ¢2
where io-targets M q1 io = { ¢2 }
proof —
obtain tr where tr-def : { t . path M (io || t) q1 A length io = length t } = { tr }
using assms observable-path-unique-ex by (metis (mono-tags, lifting))
then have io-targets M q1 io = { target (io || tr) q1 }
by fastforce
then show ?thesis using that by blast
qed

lemma io-targets-elim[elim] :
assumes p € io-targets M q io

obtains ¢r

where target (io || tr) ¢ = p A path M (io || tr) g A length io = length tr
using assms unfolding io-targets.simps by force

lemma io-targets-reachable :
assumes ¢2 € io-targets M ql io
shows ¢2 € reachable M q1
using assms unfolding io-targets.simps by blast

lemma io-targets-nodes :
assumes ¢2 € io-targets M ql io
and ql € nodes M

shows ¢2 € nodes M
using assms by auto

lemma observable-io-targets-split :
assumes observable M
and do-targets M g1 (vs @ zs) = {¢3}
and io-targets M q1 vs = {¢2}
shows io-targets M ¢2 zs = {¢3}
proof —
have vs Q@ zs € LS M q1
using assms(2) by force
then obtain ¢rV trX where tr-def :
path M (vs || trV) ql length vs = length trV
path M (zs || trX) (target (vs || trV) ql) length xs = length trX
using language-state-split[of vs xzs M q1] by auto
then have tgt-V : target (vs || trV) q1 = ¢2
using assms(3) by auto
then have path-X : path M (zs || trX) ¢2 A length xs = length trX
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using tr-def by auto

have tgt-all : target (vs @ zs || trV Q rX) q = ¢3
proof —
have f1: Jcs. ¢3 = target (vs Q zs || ¢s) gl
A path M (vs @ zs || ¢s) g1 A length (vs @ zs) = length cs
using assms(2) by auto
have length (vs @Q xs) = length trV + length trX
by (simp add: tr-def(2) tr-def(4))
then have length (vs Q zs) = length (trV Q trX)
by simp
then show %thesis
using fI by (metis FSM.path-append <vs Q zs € LS M q1» assms(1) observable-path-unique
tr-def (1) tr-def(2) tr-def(3) zip-append)
qed
then have target ((vs || trV) @Q (zs || trX)) g1 = ¢3
using tr-def by simp
then have target (zs || trX) ¢2 = ¢3
using tgt-V by auto
then have ¢3 € do-targets M q2 xs
using path-X by auto
then show ?thesis
by (metis (no-types) <observable M> path-X insert-absorb io-targets-observable-singleton-ex
language-state singleton-insert-inj-eq”)
qed

lemma observable-io-target-unique-target :
assumes observable M
and io-targets M q1 io = {q2}
and  path M (io || tr) q1
and length io = length tr
shows target (io || tr) q1 = ¢2
using assms by auto

lemma target-in-states :
assumes length io = length tr
and length 0 > 0
shows last (states (io || tr) q) = target (io || tr) q
proof —
have 0 < length tr
using assms(1) assms(2) by presburger
then show ?thesis
by (simp add: FSM .target-alt-def assms(1) states-alt-def)
qed

lemma target-alt-def :

assumes length io = length tr

shows length i0 = 0 = target (io || tr) ¢ = ¢

length i0 > 0 = target (io || tr) ¢ = last tr

proof —

show length io = 0 = target (io || tr) ¢ = ¢ by simp

show length io > 0 = target (io || tr) ¢ = last tr

by (metis assms last-ConsR length-greater-0-conv map-snd-zip scan-last states-alt-def)

qed

lemma obs-target-is-io-targets :
assumes observable M
and  path M (io || tr) ¢
and length io = length tr
shows io-targets M q io = {target (io || tr) ¢}
by (metis assms(1) assms(2) assms(8) io-targets-observable-singleton-ex language-state
observable-io-target-unique-target)
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lemma io-target-target :
assumes jo-targets M q1 i0 = {q2}
and  path M (io || tr) qf
and length io = length tr
shows target (io || tr) g = ¢2
proof —
have target (io || tr) q1 € io-targets M ql io using assms(2) assms(3) by auto
then show ?thesis using assms(1) by blast
qed

lemma index-last-take :
assumes ¢ < length xs
shows zs | i = last (take (Suc i) xs)
by (simp add: assms take-Suc-conv-app-nth)

lemma path-last-io-target :
assumes path M (zs || tr) ¢
and length xs = length tr
and length s > 0
shows last tr € io-targets M q xs
proof —
have last tr = target (zs || tr) ¢
by (metis assms(2) assms(3) map-snd-zip states-alt-def target-in-states)
then show ?thesis using assms(1) assms(2) by auto
qed

lemma path-prefiz-io-targets :
assumes path M (zs || tr) ¢
and length xs = length tr
and length s > 0
shows last (take (Suc i) tr) € io-targets M q (take (Suc 7) zs)
proof —
have path M (take (Suc @) zs || take (Suc 7) tr) g
by (metis (no-types) FSM.path-append-elim append-take-drop-id assms(1) take-zip)
then show ?thesis
using assms(2) assms(3) path-last-io-target by fastforce
qed

lemma states-index-io-target :
assumes | < length zs
and  path M (zs || tr) ¢
and length xs = length tr
and length s > 0
shows (states (zs || tr) q) ! i € io-targets M q (take (Suc i) zs)
proof —
have (states (zs || tr) q) ! i = last (take (Suc i) (states (zs || tr) q))
by (metis assms(1) assms(8) map-snd-zip states-alt-def indez-last-take)
then have (states (zs || tr) q) | i = last (states (take (Suc i) zs || take (Suc i) tr) q)
by (simp add: take-zip)
then have (states (zs || tr) q) ! i = last (take (Suc ) tr)
by (simp add: assms(3) states-alt-def)
moreover have last (take (Suc i) tr) € io-targets M q (take (Suc 7) zs)
by (meson assms(2) assms(3) assms(4) path-prefiz-io-targets)
ultimately show ?thesis
by simp
qed

lemma observable-io-targets-append :
assumes observable M
and io-targets M q1 vs = {¢2}
and io-targets M ¢2 xs = {q3}
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shows {o-targets M q1 (vsQzs) = {¢3}
proof —
obtain ¢rV where path M (vs || trV) q1 A length trV = length vs A target (vs || trV) g1 = ¢2
by (metis assms(2) io-targets-elim singletonl)
moreover obtain trX where path M (zs || trX) ¢2 A length trX = length zs
A target (zs || trX) q2 = ¢3
by (metis assms(3) io-targets-elim singletonl)
ultimately have path M (vs Q zs || trV @ rX) gl A length (trV Q trX) = length (vs Q zs)
A target (vs @ zs || trV Q trX) qf = ¢3
by auto
then show ?thesis
by (metis assms(1) obs-target-is-io-targets)
qed

lemma io-path-states-prefix :
assumes observable M
and path M (iol || tr1) g
and length tr1 = length iol
and path M (io2 || tr2) q
and length tr2 = length i02
and prefiz 0l 102
shows tr1 = take (length tr1) tr2
proof —
let ?tri1’ = take (length tri) tr2
let %01’ = take (length tr1) io2
have path M (%io1’ || ?tr1’) q
by (metis FSM .path-append-elim append-take-drop-id assms(4) take-zip)
have length ?tr1’ = length %io1’
using assms (5) by auto

have %iol1’ = iol
proof —
have V ps psa. = prefiz (ps::('a x 'b) list) psa V length ps < length psa
using prefiz-length-le by blast
then have length (take (length trl) i02) = length iol
using assms(3) assms(6) min.absorb2 by auto
then show ?2thesis
by (metis assms(6) min.cobounded2 min-def-raw prefiz-length-prefix
prefiz-order.dual-order.antisym take-is-prefiz)
qed

show tr1 = ?tr1’
by (metis «length (take (length tr1) tr2) = length (take (length tr1) io2)»
<path M (take (length tr1) i02 || take (length tr1) tr2) ¢ <take (length trl) i02 = iol»
assms(1) assms(2) assms(3) language-state observable-path-unique)
qed

lemma observable-io-targets-suffiz :

assumes observable M

and do-targets M q1 vs = {¢2}

and do-targets M g1 (vsQus) = {¢3}
shows io-targets M q2 zs = {¢3}
proof —

have prefiz vs (vsQuxs)

by auto

obtain {rV where path M (vs || trV) q1 A length trV = length vs A target (vs || trV) g1 = ¢2
by (metis assms(2) io-targets-elim singletonl)
moreover obtain trVX where path M (vsQzs || trVX) qI
A length trVX = length (vsQzxs) A target (vsQuzs || trVX) q1 = ¢3
by (metis assms(8) io-targets-elim singletonl)
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ultimately have trV = take (length trV) trVX
using io-path-states-prefiz[OF assms(1) - - - - «prefiz vs (vsQus)y, of trV q1 trVX] by auto
show ?thesis
by (meson assms(1) assms(2) assms(8) observable-io-targets-split)
qed

lemma observable-io-target-is-singleton[simp] :
assumes observable M
and p € tio-targets M q io
shows io-targets M q io = {p}
proof —
have io € LS M ¢
using assms(2) by auto
then obtain p’ where jo-targets M q io = {p’}
using assms(1) by (meson io-targets-observable-singleton-ex)
then show %thesis
using assms(2) by simp
qed

lemma observable-path-prefiz :
assumes observable M
and  path M (io || tr) ¢
and length io = length tr
and  path M (ioP || trP) ¢
and length ioP = length trP
and prefix ioP io
shows trP = take (length ioP) tr
proof —
have ioP-def : ioP = take (length ioP) io
using assms(6) by (metis append-eq-conv-conj prefizF)
then have take (length i0P) (io || tr) = take (length ioP) io || take (length ioP) tr
using take-zip by blast
moreover have path M (take (length ioP) (io || tr)) ¢
using assms by (metis FSM.path-append-elim append-take-drop-id)
ultimately have path M (take (length ioP) io || take (length ioP) tr) q
A length (take (length i0P) io) = length (take (length ioP) tr)
using assms(3) by auto
then have path M (ioP || take (length io0P) tr) q A length ioP = length (take (length ioP) tr)
using assms(3) using ioP-def by auto
then show %thesis
by (meson assms(1) assms(4) assms(5) language-state observable-path-unique)
qed

lemma io-targets-succ :
assumes ¢2 € io-targets M q1 [zy]
shows ¢2 € succ M xy q1
proof —
obtain {r where tr-def : target ([zy] || tr) ¢ = ¢2
path M ([zy] || tr) q1
length [zy] = length tr
using assms by auto

have length tr = Suc 0

using <length [zy] = length try by auto
then obtain ¢2’ where tr = [¢2]]

by (metis Suc-length-conv length-0-conv)
then have target ([zy] || tr) ¢ = ¢2'

by auto
then have ¢2' = ¢2

using <target ([zy] || tr) g = ¢2> by simp
then have path M ([zy] || [¢2]) q!

using tr-def(2) «tr = [¢2) by auto
then have path M [(zy,q2)] q1
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by auto

show ?thesis
proof (cases rule: FSM.path.cases[of M [(zy,q2)] q1])
case nil
show ?case
using «path M [(zy,q2)] q1> by simp
next
case cons
show snd (zy, q2) € succ M (fst (zy, q2)) g1 = path M || (snd (zy, ¢2))
—> q2 € succ M zy ql
by auto
qed
qed

1.6 D-reachability

A state of some FSM is d-reached (deterministically reached) by some input sequence if any sequence in the
language of the FSM with this input sequence reaches that state. That state is then called d-reachable.

abbreviation d-reached-by M p zs q tr ys =
((length zs = length ys A length xs = length tr
A (path M ((zs || ys) || tr) p) A target ((as || ys) || tr) p = q)
A (Y ys2tr2 . (length zs = length ys2 A length zs = length tr2
A path M ((zs || ys2) || tr2) p) — target ((zs || ys2) || tr2) p = q))

fun d-reaches :: (‘in, 'out, 'state) FSM = 'state = "in list = 'state = bool where
d-reaches M p s ¢ = (3 tr ys . d-reached-by M p xs q tr ys)

fun d-reachable :: ("in, 'out, 'state) FSM = 'state = 'state set where
d-reachable M p = { q . (3 xs . d-reaches M p zs q) }

lemma d-reaches-unique[elim] :
assumes d-reaches M p xs q1
and d-reaches M p xs q2
shows q1 = ¢2
using assms unfolding d-reaches.simps by blast

lemma d-reaches-unique-cases[simp] : { q . d-reaches M (initial M) zs q¢ } = {}
V(3 ¢2.{q. dreaches M (initial M) zs ¢ } = { ¢2 })
unfolding d-reaches.simps by blast

lemma d-reaches-unique-obtain[simp] :
assumes d-reaches M (initial M) zs q

shows { p . d-reaches M (initial M) zsp } ={ ¢ }
using assms unfolding d-reaches.simps by blast

lemma d-reaches-io-target :
assumes d-reaches M p xs g
and length ys = length xs
shows io-targets M p (zs || ys) C {q}
proof
fix ¢’ assume ¢’ € io-targets M p (zs || ys)
then obtain trQ where path M ((zs || ys) || trQ) p A length (zs || ys) = length trQ
by auto
moreover obtain trD ysD where d-reached-by M p zs q trD ysD using assms(1)
by auto
ultimately have target ((zs || ys) || trQ) p = ¢
by (simp add: assms(2))
then show ¢’ € {¢}
using «d-reached-by M p xs q trD ysD> «q' € io-targets M p (zs || ys)> assms(2) by auto
qed

lemma d-reachable-reachable : d-reachable M p C reachable M p
unfolding d-reaches.simps d-reachable.simps by blast
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1.7 Deterministic state cover

The deterministic state cover of some FSM is a minimal set of input sequences such that every d-reachable state
of the FSM is d-reached by a sequence in the set and the set contains the empty sequence (which d-reaches the
initial state).

fun is-det-state-cover-ass :: ('in, 'out, 'state) FSM = ('state = 'in list) = bool where
is-det-state-cover-ass M f = (f (initial M) =[] A (V s € d-reachable M (initial M) .
d-reaches M (initial M) (f s) s))

lemma det-state-cover-ass-dist :
assumes is-det-state-cover-ass M f
and  s! € d-reachable M (initial M)
and  s2 € d-reachable M (initial M)
and sl # 82
shows —(d-reaches M (initial M) (f s2) s1)
by (meson assms(1) assms(3) assms(4) d-reaches-unique is-det-state-cover-ass.simps)

lemma det-state-cover-ass-diff :
assumes is-det-state-cover-ass M f
and  s! € d-reachable M (initial M)
and  s2 € d-reachable M (initial M)
and sl # 82
shows [ s1 # fs2
by (metis assms det-state-cover-ass-dist is-det-state-cover-ass.simps)

fun is-det-state-cover :: ("in, 'out, 'state) FSM = 'in list set = bool where
is-det-state-cover M 'V = (3 [ . is-det-state-cover-ass M f
AV = image f (d-reachable M (initial M)))

lemma det-state-cover-d-reachable[elim] :
assumes is-det-state-cover M V
and veV
obtains ¢
where d-reaches M (initial M) v q
by (metis (no-types, opaque-lifting) assms(1) assms(2) image-iff is-det-state-cover.simps
is-det-state-cover-ass.elims(2))

lemma det-state-cover-card[simp) :
assumes is-det-state-cover M V
and  finite (nodes M)
shows card (d-reachable M (initial M)) = card V
proof —
obtain f where f-def : is-det-state-cover-ass M f A 'V = image f (d-reachable M (initial M))
using assms unfolding is-det-state-cover.simps by blast
then have card-f : card V = card (image f (d-reachable M (initial M)))
by simp

have d-reachable M (initial M) C nodes M

unfolding d-reachable.simps d-reaches.simps using d-reachable-reachable by blast
then have dr-finite : finite (d-reachable M (initial M))

using assms infinite-super by blast

then have card-le : card (image f (d-reachable M (initial M))) < card (d-reachable M (initial M))
using card-image-le by blast

have card (image f (d-reachable M (initial M))) = card (d-reachable M (initial M))
by (meson card-image det-state-cover-ass-diff f-def inj-onlI)

then show ?thesis using card-f by auto
qed

lemma det-state-cover-finite :
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assumes is-det-state-cover M V
and  finite (nodes M)
shows finite V
proof —
have d-reachable M (initial M) C nodes M
by auto
show finite V using det-state-cover-card|OF assms]
by (metis <d-reachable M (initial M) C nodes M> assms(1) assms(2) finite-imagel infinite-super
is-det-state-cover.simps)
qed

lemma det-state-cover-initial :
assumes is-det-state-cover M V
shows [ eV
proof —
have d-reached-by M (initial M) || (indtial M) ] ]
by (simp add: FSM .nil)
then have d-reaches M (initial M) [] (initial M)
by auto

have initial M € d-reachable M (initial M)
by (metis (no-types) <d-reaches M (initial M) [| (initial M)> d-reachable.simps mem-Collect-eq)
then show %thesis
by (metis (no-types, lifting) assms image-iff is-det-state-cover.elims(2)
is-det-state-cover-ass.simps)
qed

lemma det-state-cover-empty :
assumes is-det-state-cover M 'V
shows [| € V
proof —
obtain f where f-def : is-det-state-cover-ass M f A 'V = f ¢ d-reachable M (initial M)
using assms by auto
then have f (initial M) = ||

by auto
moreover have initial M € d-reachable M (initial M)
proof —
have d-reaches M (initial M) [| (initial M)
by auto

then show ?thesis
by (metis d-reachable.simps mem-Collect-eq)

qed
moreover have f (initial M) € V

using f-def calculation by blast
ultimately show ?thesis

by auto

qed

1.8 IO reduction

An FSM is a reduction of another, if its language is a subset of the language of the latter FSM.

fun io-reduction :: ('in, ‘out, 'state) FSM = ('in, ‘out, 'state) FSM
= bool (infix <=» 200)
where
M1 < M2 = (LS M1 (initial M1) C LS M2 (initial M2))

lemma language-state-inclusion-of-state-reached-by-same-sequence :
assumes LS M1 q1 C LS M2 q2
and observable M1
and observable M2
and io-targets M1 q1 i0o = { qlIt }
and io-targets M2 q2 io = { ¢2t }
shows LS M1 qit C LS M2 q2t
proof
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fix z assume z € LS M1 qit
obtain glz where io-targets M1 qlt z = {qlz}
by (meson <z € LS M1 qIt» assms(2) io-targets-observable-singleton-ex)
have io € LS M1 q1
using assms(4) by auto
have i0Qx € LS M1 q1
using observable-io-targets-append[OF assms(2) <io-targets M1 q1 io = { qIt
<io-targets M1 qit x = {qlz}>]
by (metis io-targets-elim language-state singletonl)
then have i0Qx € LS M2 ¢2
using assms(1) by blast
then obtain ¢2z where io-targets M2 q2 (ioQz) = {q2z}
by (meson assms(3) io-targets-observable-singleton-ex)
show z € LS M2 ¢2t
using observable-io-targets-split{ OF assms(3) <io-targets M2 q2 (io @ z) = {q2z}> assms(5)]
by auto
qed

1.9 Language subsets for input sequences

The following definitions describe restrictions of languages to only those IO-sequences that exhibit a certain
input sequence or whose input sequence is contained in a given set of input sequences. This allows to define the
notion that some FSM is a reduction of another over a given set of input sequences, but not necessarily over
the entire language of the latter FSM.

fun language-state-for-input ::
("in, 'out, 'state) FSM = 'state = "in list = ("in x 'out) list set where
language-state-for-input M q zs = {(zs || ys) | ys . (length xs = length ys A (zs || ys) € LS M q)}

fun language-state-for-inputs ::
("in, ‘out, 'state) FSM = 'state = 'in list set = ("in x 'out) list set
(«(LSin - - -)» [1000,1000,1000]) where
language-state-for-inputs M q ISeqs = {(zs || ys) | zs ys . (zs € ISegs
A length zs = length ys
A (as || ys) € LS M q)}

abbreviation L;, M TS = LS;», M (initial M) TS

abbreviation io-reduction-on M1 TS M2 = (L;n, M1 TS C L;n, M2 TS)
notation

to-reduction-on (:(- X[-] -)» [1000,0,0] 61)
notation (latex output)

io-reduction-on (<(- <. -)» [1000,0,0] 61)

lemma language-state-for-input-alt-def :
language-state-for-input M q s = LSin M q {zs}
unfolding language-state-for-input.simps language-state-for-inputs.simps by blast

lemma language-state-for-inputs-alt-def :
LSin M q ISeqs = | (image (language-state-for-input M q) ISeqs)
by auto

lemma language-state-for-inputs-in-language-state :
LSin M q T C language-state M q
unfolding language-state-for-inputs.simps language-state-def
by blast

lemma language-state-for-inputs-map-fst :
assumes 70 € language-state M q
and map fstio € T
shows i0 € LS, M q T
proof —
let ?zs = map fst io
let ?ys = map snd io
have %zs € T A length ?zs = length ?ys N\ ?zs || Pys € language-state M q
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using assms(2,1) by auto
then have %zs || %ys € LSin M q T
unfolding language-state-for-inputs.simps by blast
then show ?thesis
by simp
qed

lemma language-state-for-inputs-nonempty :
assumes set s C inputs M
and completely-specified M
and q € nodes M
shows LS;n M q {zs} # {}
using assms proof (induction zs arbitrary: q)
case Nil
then show ?case by auto
next
case (Cons z xs)
then have z € inputs M
by simp
then obtain y ¢’ where z-step : ¢’ € succ M (z,y) q
using Cons(3,4) unfolding completely-specified.simps by blast
then have path M ([(z,y)] || [¢]) ¢ A length [q] = length [(z,y)]
target ([(z,y)] || [¢]) a = ¢
by auto
then have ¢’ € nodes M
using Cons(4) by (metis FSM.nodes-target)
then have LS;, M ¢’ {xs} # {}
using Cons.prems Cons.IH by auto
then obtain ys where length zs = length ys A (zs || ys) € LS M ¢’
by auto
then obtain tr where path M ((zs || ys) || tr) ¢’ A length tr = length (zs || ys)
by auto
then have path M ([(z,y)] @ (xs || ys) || [¢/] @ tr) q
A length ([q') @ tr) = length ([(z,5)] @ (zs || y5)
by (simp add: FSM.path.intros(2) z-step)
then have path M ((z#txs || y#ys) || [¢] @ tr) g A length ([¢] @ tr) = length (z#zs || y#ys)
by auto
then have (z#uzs || y#ys) € LS M ¢
by (metis language-state)
moreover have length (z#xs) = length (y#ys)
by (simp add: <length zs = length ys A zs || ys € LS M ¢")
ultimately have (z#uxs || y#ys) € LSin M q {z # zs}
unfolding language-state-for-inputs.simps by blast
then show ?case by blast
qed

lemma language-state-for-inputs-map-fst-contained :
assumes vs € LS, M qV
shows map fst vs € V
proof —
have (map fst vs) || (map snd vs) = vs
by auto
then have (map fst vs) || (map snd vs) € LS;, M q V
using assms by auto
then show ?thesis by auto
qed

lemma language-state-for-inputs-empty :

assumes [| € V

shows [| € LSin M q V
proof —

have [| € language-state-for-input M q [| by auto

then show ?thesis using language-state-for-inputs-alt-def by (metis UN-I assms)
qed

lemma language-state-for-input-empty[simp] :
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language-state-for-input M q [| = {[]}
by auto

lemma language-state-for-input-take :
assumes 0 € language-state-for-input M q xs
shows take n io € language-state-for-input M q (take n xs)
proof —
obtain ys where io = zs || ys length xs = length ys zs || ys € language-state M q
using assms by auto
then obtain p where length p = length zs path M ((zs || ys) || p) ¢
by auto
then have path M (take n ((xs || ys) || p)) ¢
by (metis FSM.path-append-elim append-take-drop-id)
then have take n (zs || ys) € language-state M ¢
by (simp add: <length p = length zs> <length zs = length ys» language-state take-zip)
then have (take n zs) || (take n ys) € language-state M q
by (simp add: take-zip)

have take n io = (take n xs) || (take n ys)
using <io = zs || ys» take-zip by blast

moreover have length (take n zs) = length (take n ys)
by (simp add: <length zs = length ys»)

ultimately show ?thesis
using «(take n zs) || (take n ys) € language-state M ¢
unfolding language-state-for-input.simps by blast

qed

lemma language-state-for-inputs-prefiz :
assumes vsQxs € L;, M1 {vs'Qzs’}
and length vs = length vs’
shows vs € L, M1 {vs'}
proof —
have vsQzs € L M1
using assms(1) by auto
then have vs € L M1
by (meson language-state-prefiz)
then have vs € L;,, M1 {map fst vs}
by (meson insertll language-state-for-inputs-map-fst)
moreover have vs’ = map fst vs
by (metis append-eq-append-conv assms(1) assms(2) language-state-for-inputs-map-fst-contained
length-map map-append singletonD)
ultimately show ?thesis
by blast
qed

lemma language-state-for-inputs-union :
shows LSin M q T1 U LS;n M q T2 = LSin M q (T1 U T2)
unfolding language-state-for-inputs.simps by blast

lemma io-reduction-on-subset :
assumes {o-reduction-on M1 T M2
and T'CT
shows io-reduction-on M1 T’ M2
proof (rule ccontr)
assume — jo-reduction-on M1 T’ M2
then obtain zs’ where zs’ € T' — L;, M1 {zs’'} C Li,, M2 {zs'}
proof —
have f1: Vps P Pa. (ps::('a x 'b) list) ¢ PV = P C Pa V ps € Pa
by blast
obtain pps :: (‘a x 'b) list set = (‘a x 'b) list set = (‘a x 'b) list where
Va0 z1. (3v2. v2 € 1 AN v2 ¢ z0) = (pps z0 z1 € x1 A pps z0 x1 ¢ z0)
by moura
then have f2: VP Pa. pps Pa P € P A\ pps Pa P ¢ Pa vV P C Pa
by (meson subsetl)
have f3: Vps fc A. (ps::("a x 'b) list) ¢ LSin f (cii’c) AV map fst ps € A
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by (meson language-state-for-inputs-map-fst-contained)
then have L;, M1 T'C L;, M1 T
using f2 by (meson assms(2) language-state-for-inputs-in-language-state
language-state-for-inputs-map-fst set-rev-mp)
then show %thesis
using f3 f2 f1 by (meson <= io-reduction-on M1 T' M2> assms(1)
language-state-for-inputs-in-language-state
language-state-for-inputs-map-fst)
qed
then have s’ € T
using assms(2) by blast

have — io-reduction-on M1 T M2
proof —
have fl: Vas. as ¢ T'Vase T
using assms(2) by auto
obtain pps :: (‘a x 'b) list set = (‘a x 'b) list set = (‘a x 'b) list where
Va0 z1. (3v2. v2 € x1 AN v2 ¢ 20) = (pps 20 1 € z1 A pps 20 z1 ¢ z0)
by moura
then have VP Pa. (= P C PaV (Vps. ps ¢ PV ps € Pa))
AN (P C PaV pps Pa P € P A pps Pa P ¢ Pa)
by blast
then show ?Zthesis
using f1 by (meson <= io-reduction-on M1 T' M2 language-state-for-inputs-in-language-state
language-state-for-inputs-map-fst language-state-for-inputs-map-fst-contained)
qged

then show Fulse
using assms(1) by auto
qed

1.10 Sequences to failures

A sequence to a failure for FSMs M1 and M2 is a sequence such that any proper prefix of it is contained in the
languages of both M1 and M2, while the sequence itself is contained only in the language of A.

That is, if a sequence to a failure for M1 and M2 exists, then M1 is not a reduction of M2.

fun sequence-to-failure ::
("in, out,’state) FSM = ("in,’out,’state) FSM = ('in x 'out) list = bool where
sequence-to-failure M1 M2 xs = (
(butlast zs) € (language-state M2 (initial M2) N language-state M1 (initial M1))
A zs € (language-state M1 (initial M1) — language-state M2 (initial M2)))

lemma sequence-to-failure-ob :
assumes — M1 < M2
and well-formed M1
and well-formed M2
obtains 7o
where sequence-to-failure M1 M2 io
proof —
let ?diff = { io . io € language-state M1 (initial M1) A o ¢ language-state M2 (initial M2)}
have ?diff # empty
using assms by auto
moreover obtain o where io-def[simp] : {0 = arg-min length (X io . i0 € ?diff)
using assms by auto
ultimately have io-diff : io € ?diff
using assms by (meson all-not-in-conv arg-min-natl)

then have io # []
using assms io-def language-state by auto

then obtain io-init io-last where io-split[simp] : i0 = io-init Q [io-last]
by (metis append-butlast-last-id)

have io-init-inclusion : io-init € language-state M1 (initial M1)
A do-init € language-state M2 (initial M2)
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proof (rule ccontr)
assume assm : - (fo-init € language-state M1 (initial M1)
A io-init € language-state M2 (initial M2))

have io-init @ [io-last] € language-state M1 (initial M1)
using io-diff io-split by auto
then have io-init € language-state M1 (initial M1)
by (meson language-state language-state-split)
moreover have io-init ¢ language-state M2 (initial M2)
using assm calculation by auto
ultimately have io-init € ?diff
by auto
moreover have length io-init < length io
using 7o-split by auto
ultimately have io # arg-min length (X io . io € 2diff)
proof —
have Jps. ps € {ps € language-state M1 (initial M1).
ps ¢ language-state M2 (initial M2)} A — length io < length ps
using <io-init € {io€ language-state M1 (initial M1). io ¢ language-state M2 (initial M2)}>
<length io-init < length io> linorder-not-less
by blast
then show %thesis
by (meson arg-min-nat-le)
qed
then show Fulse using io-def by simp
qged

then have sequence-to-failure M1 M2 io
using io-split io-diff by auto
then show %thesis
using that by auto
qed

lemma sequence-to-failure-succ :
assumes sequence-to-failure M1 M2 io
shows V ¢ € io-targets M2 (initial M2) (butlast io) . succ M2 (last io) ¢ = {}
proof
have io # ||
using assms by auto
fix ¢ assume g € io-targets M2 (initial M2) (butlast io)
then obtain tr where ¢ = target (butlast io || tr) (initial M2)
and path M2 (butlast io || tr) (initial M2)
and length (butlast i0) = length tr
unfolding io-targets.simps by auto

show succ M2 (last io) ¢ = {}
proof (rule ccontr)
assume succ M2 (last i0) q¢ # {}
then obtain ¢’ where ¢’ € succ M2 (last i0) q
by blast
then have path M2 [(last io, q")] (target (butlast o || tr) (initial M2))
using «q = target (butlast io || tr) (initial M2)> by auto

have path M2 ((butlast io || tr) @Q [(last io, q')]) (initial M2)
using <path M2 (butlast io || tr) (initial M2)>
<path M2 [(last io, q’)] (target (butlast io || tr) (initial M2))> by auto

have butlast i0 @ [last i0] = io
by (meson <io # [> append-butlast-last-id)

have path M2 (io || (tr@[q")) (initial M2)
proof —
have path M2 ((butlast io || tr) @ ([last io] || [¢'])) (initial M2)
by (simp add: FSM.path-append <path M2 (butlast io || tr) (initial M2)>
<path M2 [(last 0, q')] (target (butlast io || tr) (initial M2))»)
then show %thesis
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by (metis (no-types) <butlast io Q [last i0] = io»
length (butlast i0) = length tr) zip-append)
qed

have io € L M2
proof —
have length tr + (0 + Suc 0) = length io
by (metis <butlast io @ [last io] = ios <length (butlast io) = length tr>
length-append list.size(3) list.size(4))
then show %thesis
using <path M2 (io || tr @ [q']) (initial M2)> by fastforce
qed
then show False
using assms by auto
qed
qed

lemma sequence-to-failure-non-nil :
assumes sequence-to-failure M1 M2 xs
shows zs # [|
proof
assume s = ||
then have zs € L M1 N L M2
by auto
then show Fulse using assms by auto
qed

lemma sequence-to-failure-from-arbitrary-failure :

assumes vsQxs € L M1 — L M2

and vs € L M2 N L M1

shows 3 s’ . prefiz zs’ xs A sequence-to-failure M1 M2 (vsQzs')
using assms proof (induction zs rule: rev-induct)

case Nil

then show ?case by auto
next

case (snoc T xs)

have vs @ zs € L M1
using snoc.prems(1) by (metis Diff-iff append.assoc language-state-prefiz)

show ?case
proof (cases vsQzs € L M2)
case True
have butlast (vsQzsQ[z]) € L M2 N L M1
using True <vs @ zs € L M1» by (simp add: butlast-append)
then show %thesis
using sequence-to-failure.simps snoc.prems by blast
next
case Fulse
then have vsQzs € L M1 — L M2
using (vs @Q zs € L M1 by blast
then obtain zs’ where prefiz zs' zs sequence-to-failure M1 M2 (vsQzs')
using snoc.prems(2) snoc.IH by blast
then show %thesis
using prefiz-snoc by auto
qed
qed

The following lemma shows that if M1 is not a reduction of M2, then a minimal sequence to a failure exists that
is of length at most the number of states in M1 times the number of states in M2.

lemma sequence-to-failure-length :
assumes well-formed M1
and well-formed M2
and observable M1
and observable M2
and - M1 X M2
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shows 3 zs . sequence-to-failure M1 M2 zs A length xs < |M2| * |M1|
proof —

obtain seq where sequence-to-failure M1 M2 seq
using assms sequence-to-failure-ob by blast
then have seq # [
by auto

let 2bls = butlast seq
have %bls € L M1 %bls € L M2
using <sequence-to-failure M1 M2 seq> by auto

then obtain ¢r1b tr2b where
path M1 (2bls || tr1b) (initial M1)
length tr1b = length ?bls
path M2 (2bls || tr2b) (initial M2)
length ?bls = length tr2b
by fastforce

then have length tr2b = length trib
by auto

let ?PM = product M2 M1
have well-formed ?PM
using well-formed-product[OF assms(1,2)] by assumption

have path ?PM (?bls || ¢tr2b || tr1b) (initial M2, initial M1)
using product-path[OF <length ?bls = length tr2bs <length tr2b = length trib,
of M2 M1 initial M2 initial M1]
using <path M1 (butlast seq || tr1b) (initial M1))
<path M2 (butlast seq || tr2b) (initial M2)»
by blast

let 2q1b = target (?bls || tr1b) (initial M1)
let 2g2b = target (?bls || tr2b) (initial M2)

have io-targets M2 (initial M2) ?bls = {?q2b}
by (metis <length (butlast seq) = length tr2b> <path M2 (butlast seq || tr2b) (initial M2)>
assms(4) obs-target-is-io-targets)
have io-targets M1 (initial M1) ?bls = {?q1b}
by (metis <length tr1b = length (butlast seq)> <path M1 (butlast seq || trib) (initial M1))
assms(8) obs-target-is-io-targets)

have (2¢2b, ?q1b) € reachable (product M2 M1) (initial M2, initial M1)
proof —
have target (butlast seq || tr2b || tr1b) (initial M2, initial M1)
€ reachable (product M2 M1) (initial M2, initial M1)
using <path (product M2 M1) (butlast seq || tr2b || tr1b) (initial M2, initial M1)> by blast
then show ?thesis
using <length (butlast seq) = length tr2b) <length tr2b = length trib> by auto
qed

have (initial M2, initial M1) € nodes (product M2 M1)
by (simp add: FSM.nodes.initial)

obtain p where repFreePath : path (product M2 M1) p (initial M2, initial M1) A
target p (initial M2, initial M1) =
(292b,%q1b)
distinct ((initial M2, initial M1) # states p (initial M2, initial M1))
using reaching-path-without-repetition| OF <well-formed ?PM>
«(2q2b, 2q1b) € reachable (product M2 M1) (initial M2, initial M1)»
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(initial M2, initial M1) € nodes (product M2 M1)))
by blast

then have set (states p (initial M2, initial M1)) C nodes ?PM
by (simp add: FSM.nodes-states «(initial M2, initial M1) € nodes (product M2 M1)»)
moreover have (initial M2, initial M1) ¢ set (states p (initial M2, initial M1))
using «distinct ((initial M2, initial M1) # states p (instial M2, initial M1))> by auto
ultimately have set (states p (initial M2, initial M1)) C nodes ?PM — {(initial M2 initial M1)}
by blast
moreover have finite (nodes ?PM)
using «well-formed ?PM)> by auto
ultimately have card (set (states p (initial M2, initial M1))) < card (nodes ?PM)
by (metis «(initial M2, initial M1) € nodes (product M2 M1)»
<(initial M2, initial M1) ¢ set (states p (initial M2, initial M1))»
«set (states p (initial M2, initial M1)) C nodes (product M2 M1)»
psubset] psubset-card-mono)

moreover have card (set (states p (initial M2, initial M1)))
= length (states p (initial M2, initial M1))
using distinct-card repFreePath(2) by fastforce
ultimately have length (states p (initial M2, initial M1)) < |?PM]|
by linarith
then have length p < |?PM]|
by auto

let ?p1 = map (snd o snd) p
let ?p2 = map (fst o snd) p
let ?pIO = map fst p

have p = ?pIO || 7p2 || ?pl
by (metis map-map zip-map-fst-snd)

have path M2 (?pIO || ?p2) (initial M2)
path M1 (?pIO || ?p1) (initial M1)
using product-path[of ?pIO ?p2 ?p1 M2 M1]
using <p = #pIO || ?p2 || ?p1» repFreePath(1) by auto

have (2¢2b, 2q1b) = (target (?pIO || ?p2 || ?p1) (initial M2, initial M1))
using <p = #pIO || ?p2 || ?p1» repFreePath(1) by auto

then have ?2¢q2b = target (?pIO || ?p2) (initial M2)
2q1b = target (?plO || ?p1) (initial M1)
by auto

have io-targets M2 (initial M2) ?pIO = {?q2b}
by (metis <path M2 (map fst p || map (fst o snd) p) (initial M2)>
<target (2bls || tr2b) (initial M2) = target (map fst p || map (fst o snd) p) (initial M2)>
assms(4) length-map obs-target-is-io-targets)

have io-targets M1 (initial M1) ?pIO = {?q1b}
by (metis <path M1 (map fst p || map (snd o snd) p) (initial M1)>
<target (2bls || trib) (initial M1) = target (map fst p || map (snd o snd) p) (initial M1)>
assms(8) length-map obs-target-is-io-targets)

have seq € L M1 seq ¢ L M2
using <sequence-to-failure M1 M2 seq> by auto

have io-targets M1 (initial M1) ?bls = {?q1b}

by (metis <length tr1b = length (butlast seq)> <path M1 (butlast seq || trib) (initial M1)>
assms(8) obs-target-is-io-targets)
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obtain ¢Is where io-targets M1 (initial M1) seq = {qls}
by (meson <seq € L M1) assms(8) io-targets-observable-singleton-ob)

moreover have seq = (butlast seq)@[last seq]
using <seq # [|» by auto

ultimately have io-targets M1 (initial M1) ((butlast seq)@[last seq]) = {qls}
by auto

have io-targets M1 2q1b [last seq] = {qls}
using observable-io-targets-suffixc| OF assms(3) <io-targets M1 (initial M1) ?bls = {?q1b}>
<io-targets M1 (initial M1) ((butlast seq)Qlast seq]) = {qls}>] by assumption
then obtain tris where qls = target ([last seq| || trls) 2q1b
path M1 ([last seq] || trls) ?q1b
length [last seq] = length tris
by auto

have path M1 ([last seq| || [¢1s]) ?q1b
by (metis (no-types) <length [last seq] = length tr1s
<path M1 ([last seq] || trls) (target (butlast seq || tr1b) (initial M1))»
<qls = target ([last seq| || trls) (target (butlast seq || tr1b) (initial M1))>
append-Nil append-butlast-last-id butlast.simps(2) length-butlast length-greater-0-conv
not-Cons-self2 target-alt-def (2))
then have qIs € succ M1 (last seq) ?q1b
by auto

have succ M2 (last seq) ?2q2b = {}
proof (rule ccontr)
assume succ M2 (last seq) (target (butlast seq || tr2b) (initial M2)) # {}
then obtain ¢2f where ¢2f € succ M2 (last seq) ?g2b
by blast
then have target ([last seq] || [¢2f]) 792b = ¢2f
path M2 ([last seq] || [¢2f]) ?q2b
length [q2f] = length [last seq]
by auto
then have ¢2f € io-targets M2 ?q2b [last seq]
by (metis io-target-from-path)
then have io-targets M2 ?q2b [last seq] = {q2f}
using assms(4) by (meson observable-io-target-is-singleton)

have io-targets M2 (initial M2) (butlast seq Q [last seq]) = {q2f}

using observable-io-targets-append|OF assms(4) <io-targets M2 (initial M2) 2bls = {?q2b}»
<io-targets M2 2q2b [last seq] = {q2f}»] by assumption

then have seq € L M2
using <seq = butlast seq Q [last seq]> by auto

then show Fulse
using <seq ¢ L M2) by blast

qed

have %pIO € L M1 %pIO € L M2

using <path M1 (2plO || ?p1) (initial M1)> <path M2 (?pIO || ?p2) (initial M2)> by auto
then have butlast (?pIOQ[last seq]) € L M1 N L M2

by auto

have ?pIOQ|last seq] € L M1
using observable-io-targets-append[OF assms(8) <io-targets M1 (initial M1) ?pIO = {?2q1b}>
<io-targets M1 2q1b [last seq] = {qls}]
by (metis all-not-in-conv insert-not-empty io-targets-elim language-state)

moreover have ?plOQ[last seq] ¢ L M2
proof
assume ?plOQ[last seq] € L M2
then obtain ¢2f where io-targets M2 (initial M2) (?pIOQ[last seq]) = {q2f}
by (meson assms(4) io-targets-observable-singleton-ob)
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have io-targets M2 2q2b [last seq] = {q2f}
using observable-io-targets-split| OF assms(4)
<io-targets M2 (initial M2) (?pIOQ[last seq]) = {q2f}»
<io-targets M2 (initial M2) (map fst p) = {?q2b}»] by assumption

then have ¢2f € succ M2 (last seq) ?q2b
by (simp add: io-targets-succ)
then show False
using «succ M2 (last seq) ?2q2b = {}> by auto
qged

ultimately have ?pIOQllast seq] € L M1 — L M2
by auto

have sequence-to-failure M1 M2 (?pIOQllast seq))
using <butlast (?pIOQ[last seq]) € L M1 N L M2> <?pIOQ|last seq] € L M1 — L M2» by auto

have length (?pI0OQ[last seq]) = Suc (length ?pIO)
by auto

then have length (?pIOQ|last seq]) < |?PM]|
using «length p < |?PM|s> by auto

have card (nodes M2 x nodes M1) < |M2| % |M1]
by (simp add: card-cartesian-product)

have finite (nodes M2 x nodes M1)
proof
show finite (nodes M2)
using assms by auto
show finite (nodes M1)
using assms by auto
qged

have |?PM| < |[M2| = |M1|
by (meson <card (nodes M2 x nodes M1) < |M2| = |M1|> «finite (nodes M2 X nodes M1))
card-mono dual-order.trans product-nodes)

then have length (?pIOQ[last seq]) < |M2| = |M1]
using «length (?pIOQ[last seq]) < |?PM|> by auto

then have sequence-to-failure M1 M2 (?pIOQ[last seq]) A length (?pIOQ[last seq]) < |M2| * |M1|
using <sequence-to-failure M1 M2 (?pIOQ[last seq])> by auto
then show ?%thesis
by blast
qed

1.11 Minimal sequence to failure extending

A minimal sequence to a failure extending some some set of I0-sequences is a sequence to a failure of minimal
length such that a prefix of that sequence is contained in the set.

fun minimal-sequence-to-failure-extending ::
"in list set = (in,’out,’state) FSM = ('in,’out,’state) FSM = ("in x 'out) list
= (“in X 'out) list = bool where
minimal-sequence-to-failure-extending V- M1 M2 v' io = (
v’ € Lin, M1 V A sequence-to-failure M1 M2 (v’ @ do)
A= (3 io". 3 w € Lin M1V . sequence-to-failure M1 M2 (w’ @ io")
A length io’ < length i0))

lemma minimal-sequence-to-failure-extending-det-state-cover-ob :
assumes well-formed M1
and well-formed M2
and observable M2
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and is-det-state-cover M2 V
and - M1 < M2
obtains vs xs
where minimal-sequence-to-failure-extending V M1 M2 vs xs
proof —
— set of all IO-sequences that extend some reaction of M1 to V to a failure
let ?exts = {xs. Jvs' € Lin M1 V. sequence-to-failure M1 M2 (vs'Qzs)}

— arbitrary sequence to failure
— must be contained in 7exts as V contains the empty sequence
obtain stf where sequence-to-failure M1 M2 stf
using assms sequence-to-failure-ob by blast
then have sequence-to-failure M1 M2 ([] Q stf)
by simp
moreover have || € L;, M1 V
by (meson assms(4) det-state-cover-initial language-state-for-inputs-empty)
ultimately have stf € ?exts
by blast

— the minimal length sequence of 7exts
— is a minimal sequence to a failure extending V by construction
let ?zsMin = arg-min length (Azs. zs € ?exts)
have zsMin-def : ?zsMin € ?exts
A (Vzs € Zexts. length ?zsMin < length xs)
by (metis (no-types, lifting) <stf € Zexts> arg-min-nat-lemma)
then obtain vs where vs € L;, M1V
A sequence-to-failure M1 M2 (vs @ 2zsMin)
by blast
moreover have ~(3zs . Jws € L;,, M1 V. sequence-to-failure M1 M2 (wsQuws)
A length zs < length ?zsMin)
using leD xsMin-def by blast
ultimately have minimal-sequence-to-failure-extending V- M1 M2 vs ?zsMin
by auto
then show ?thesis
using that by auto
qed

lemma mstfe-prefiz-input-in-V :
assumes minimal-sequence-to-failure-extending V M1 M2 vs xs
shows (map fst vs) € V
proof —
have vs € L, M1V
using assms by auto
then show ?%thesis
using language-state-for-inputs-map-fst-contained by auto
qed

1.12 Complete test suite derived from the product machine

The classical result of testing FSMs for language inclusion : Any failure can be observed by a sequence of length
at most n*m where n is the number of states of the reference model (here FSM M2) and m is an upper bound
on the number of states of the SUT (here FSM M1).

lemma product-suite-soundness :
assumes well-formed M1
and well-formed M2
and observable M1
and observable M2
and inputs M2 = inputs M1
and |[MI|<m
shows = M1 < M2 — — M1 <[{zs . set xzs C inputs M2 A length zs < |M2| * m}] M2
(is = M1 < M2 — — M1 =<[?TS] M2)
proof
assume — M1 < M2
obtain stf where sequence-to-failure M1 M2 stf A length stf < |M2| % |M1|
using sequence-to-failure-length|OF assms(1—4) <= M1 < M2>] by blast
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then have sequence-to-failure M1 M2 stf length stf < |M2| = |M1|
by auto

then have stf € L M1
by auto
let %zs = map fst stf
have set ?xs C inputs M1
by (meson <stf € L M1y assms(1) language-state-inputs)
then have set Zxs C inputs M2
using assms(5) by auto

have length %zs < |M2| * |M1|

using «length stf < |M2| « |[M1|» by auto
have length %zs < |M2| * m
proof —

show ?thesis

by (metis (no-types) <length (map fst stf) < |M2| x |[M1]> <|M1]| < m»
dual-order.trans mult.commute mult-le-monol)

qed

have stf € Lin, M1 {%zs}
by (meson <stf € L M1» insertll language-state-for-inputs-map-fst)
have %zs € ?TS
using «set ?zs C inputs M2 <length ?zs < |M2| * m» by blast
have stf € L;,, M1 ?TS
by (metis (no-types, lifting) <map fst stf € {zs. set zs C inputs M2 A length s < |M2| x m}»
<stf € L M1) language-state-for-inputs-map-fst)

have stf ¢ L M2

using <sequence-to-failure M1 M2 stf» by auto
then have stf ¢ L, M2 ?TS

by auto

show -~ M1 <[?TS] M2
using «stf € Lin M1 ?TS) <stf ¢ Lin M2 ?TS) by blast
qed

lemma product-suite-completeness :
assumes well-formed M1
and well-formed M2
and observable M1
and observable M2
and inputs M2 = inputs M1
and |[MI|<m
shows M1 <X M2 +— M1 X[{zs . set zs C inputs M2 A length zs < |M2| * m}] M2
(is M1 X M2 +— M1 <[?TS] M2)
proof
show M1 < M2 = M1 <[?TS] M2 — soundness holds trivially
unfolding language-state-for-inputs.simps io-reduction.simps by blast
show M1 <[?TS] M2 = M1 < M2
using product-suite-soundness|OF assms] by auto
qed

end

theory FSM-Product
imports FSM

begin

2 Product machines with an additional fail state

We extend the product machine for language intersection presented in theory FSM by an additional state that
is reached only by sequences such that any proper prefix of the sequence is in the language intersection, whereas
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the full sequence is only contained in the language of the machine B for which we want to check whether it is a
reduction of some machine A.

To allow for free choice of the FAIL state, we define the following property that holds iff AB is the product
machine of A and B extended with fail state FAIL.

fun productF :: (‘in, 'out, 'statel) FSM = ("in, 'out, 'state2) FSM = ('statel x 'state2)
= ("in, 'out, 'statel x'state2) FSM = bool where
productF' A B FAIL AB = (
(inputs A = inputs B)
A (fst FAIL ¢ nodes A)
A (snd FAIL ¢ nodes B)
ANAB =
succ = (A a (p1,p2) . (if (p1 € nodes A A p2 € nodes B A (fst a € inputs A)
A (snd a € outputs A U outputs B))
then (if (succ A a pI = {} A succ B a p2 # {})
then {FAIL}
else (succ A a pl1 X succ B a p2))
else {})),
inputs = inputs A,
outputs = outputs A U oulputs B,
initial = (initial A, initial B)

D)

lemma productF-simps[simp]:
productF A B FAIL AB = succ AB a (p1,p2) = (if (p! € nodes A A\ p2 € nodes B
A (fst a € inputs A) A (snd a € outputs A U outputs B))
then (if (succ A a pI = {} A succ B a p2 # {})
then {FAIL}
else (succ A a pl1 X succ B a p2))
else {})
productF A B FAIL AB = inputs AB = inputs A
productF A B FAIL AB = outputs AB = outputs A U outputs B
productF' A B FAIL AB = initial AB = (initial A, initial B)
unfolding productF.simps by simp+

lemma fail-next-productF :
assumes well-formed M1
and well-formed M2
and productFF M2 M1 FAIL PM
shows succ PM a FAIL = {}
proof (cases ((fst FAIL) € nodes M2 A (snd FAIL) € nodes M1))
case True
then show ?thesis
using assms by auto
next
case False
then show %thesis
using assms by (cases (succ M2 a (fst FAIL) = {} A (fst a € inputs M2)
A (snd a € outputs M2)); auto)
qed

lemma nodes-productF :
assumes well-formed M1
and well-formed M2
and productF M2 M1 FAIL PM
shows nodes PM C insert FAIL (nodes M2 X nodes M1)
proof
fix ¢ assume g¢-assm : ¢ € nodes PM
then show ¢ € insert FAIL (nodes M2 x nodes M1)
using assms proof (cases)
case initial
then show ?thesis using assms by auto
next
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case (ezecute p a)
then obtain p! p2 z y qI ¢2 where p-a-split[simp] : p = (p1,p2)
a= ((z9),9)
q = (q1,92)
by (metis eq-snd-iff)
have subnodes : p1 € nodes M2 A p2 € nodes M1 A x € inputs M2 A y € outputs M2 U outputs M1
proof (rule ccontr)
assume — (p! € nodes M2 A p2 € nodes M1 A z € inputs M2 A y € outputs M2 U outputs M1)
then have succ PM (z,y) (p1,p2) = {}
using assms(3) by auto
then show Fulse
using execute by auto
qed

show ?thesis proof (cases (succ M2 (z,y) p1 = {} N succ M1 (z,y) p2 # {}))
case True
then have ¢ = FAIL
using subnodes assms(3) execute by auto
then show ?Zthesis
by auto
next
case False
then have succ PM (fst a) p = succ M2 (z,y) pl X succ M1 (z,y) p2
using subnodes assms(3) ezecute by auto
then have ¢ € (succ M2 (z,y) pl X succ M1 (z,y) p2)
using execute by blast
then have g¢-succ : (q1,¢2) € (succ M2 (z,y) pl X succ M1 (z,y) p2)
by simp

have qI € succ M2 (z,y) pl
using ¢-succ by simp
then have g1 € successors M2 p1
by auto
then have ¢! € reachable M2 p1
by blast
then have qI € reachable M2 (initial M2)
using subnodes by blast
then have nodes! : q1 € nodes M2
by blast

have ¢2 € succ M1 (z,y) p2
using ¢-succ by simp
then have ¢2 € successors M1 p2
by auto
then have ¢2 € reachable M1 p2
by blast
then have ¢2 € reachable M1 (initial M1)
using subnodes by blast
then have nodes?2 : ¢2 € nodes M1
by blast

show ?thesis
using nodes! nodes2 by auto
qed
qed
qed

lemma well-formed-productF[simp] :
assumes well-formed M1
and well-formed M2
and productF" M2 M1 FAIL PM
shows well-formed PM
unfolding well-formed.simps proof
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have finite (nodes M1) finite (nodes M2)
using assms by auto
then have finite (insert FAIL (nodes M2 x nodes M1))
by simp
moreover have nodes PM C insert FAIL (nodes M2 x nodes M1)
using nodes-productF assms by blast
moreover have inputs PM = inputs M2 outputs PM = outputs M2 U outputs M1
using assms by auto
ultimately show finite-F'SM PM
using infinite-subset assms by auto
next
have inputs PM = inputs M2 outputs PM = outputs M2 U outputs M1
using assms by auto
then show (VsI zy. z ¢ inputs PM V y ¢ outputs PM — succ PM (z, y) s1 = {})
A inputs PM # {} A outputs PM # {}
using assms by auto
qed

lemma observable-productF [simp] :
assumes observable M1
and observable M2
and productF" M2 M1 FAIL PM
shows observable PM
unfolding observable.simps
proof —
have V ¢ s . succ M1t (fst s) = {} V (3s2. succ M1t (fst s) = {s2})
using assms by auto
moreover have V ¢ s . succ M2t (snd s) = {} V (3s2. succ M2t (snd s) = {s2})
using assms by auto
ultimately have sub-succs : V t s . succ M2 ¢ (fst s) x succ M1t (snd s) = {}
V (3 s2 . succ M2t (fst s) x succ M1t (snd s) = {s2})
by fastforce
moreover have succ-split : V ts. succ PMts = {}
V succ PM t s = {FAIL}
V succ PM t s = succ M2t (fst s) X succ M1t (snd s)
using assms by auto
ultimately show Vit s. succ PM t s = {} V (3s2. succ PM t s = {s2})
by metis
qed

lemma no-transition-after-FAIL :
assumes productF A B FAIL AB
shows succ AB io FAIL = {}
using assms by auto

lemma no-prefiz-targets-FAIL :
assumes productF M2 M1 FAIL PM
and path PM p q
and k < length p
shows target (take k p) q # FAIL
proof
assume assm : target (take k p) ¢ = FAIL
have path PM (take k p Q drop k p) ¢
using assms by auto
then have path PM (drop k p) (target (take k p) q)
by blast
then have path-from-FAIL : path PM (drop k p) FAIL
using assm by auto

have length (drop k p) # 0
using assms by auto

then obtain i0 ¢ where drop k p = (i0,q) # (drop (Suc k) p)
by (metis Cons-nth-drop-Suc assms(8) prod-cases3)

then have succ PM io FAIL # {}
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using path-from-FAIL by auto

then show False
using no-transition-after-FAIL assms by auto
qed

lemma productF-path-inclusion :
assumes length w = length r1 length r1 = length 72
and productF A B FAIL AB
and well-formed A
and well-formed B
and  path A (w || r1) pl A path B (w || 72) p2
and pl € nodes A
and p2 € nodes B
shows path (AB) (w || 71 || r2) (p1, p2)
using assms proof (induction w r1 r2 arbitrary: p1 p2 rule: list-induct3)
case Nil
then show ?case by auto
next
case (Cons w ws r1 r1s 12 r2s)
then have path A ([w] || [r1]) pI A path B ([w] || [r2]) p2

by auto

then have succs : r1 € succ A wpl A r2 € succ B w p2
by auto

then have succ A w pl # {}
by force

then have w-elem : fst w € inputs A A snd w € outputs A

using Cons by (metis assms(4) prod.collapse well-formed.elims(2))
then have (r1,r2) € succ AB w (p1,p2)

using Cons succs by auto
then have path-head : path AB ([w] || [(r1,72)]) (p1,p2)

by auto

have path A (ws || r1s) r1 A path B (ws || 72s) 72

using Cons by auto
moreover have r! € nodes A N\ 2 € nodes B

using succs Cons.prems succ-nodes[of r1 A w p1] succ-nodes[of 72 B w p2] by auto
ultimately have path AB (ws || r1s || r2s) (r1,r2)

using Cons by blast

then show ?Zcase
using path-head by auto
qed

lemma productF-path-forward :
assumes length w = length 1 length r1 = length r2
and productF A B FAIL AB
and well-formed A
and well-formed B
and  (path A (w || r1) pI A path B (w || r2) p2)
V (target (w || r1 || r2) (pl, p2) = FAIL
A length w > 0
A path A (butlast
A path B (butlast
A succ A (last w)
A succ B (last w)
and pl € nodes A
and p2 € nodes B
shows path (AB) (w || v1 || r2) (p1, p2)
using assms proof (induction w r1 r2 arbitrary: p1 p2 rule: list-induct3)
case Nil
then show Zcase by auto
next
case (Cons w ws r1 r1s r2 r2s)
then show ?case

w || r1
w || r2
target
target

) p1
) p2
butlast (w || r1)) p1) = {}
butlast (w || r2)) p2) £ {})

—~ e~
A~ SN —
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proof (cases (path A (w # ws || 1 # r1s) p1 A path B (w # ws || 2 # 12s) p2))
case True
then show ?2thesis
using Cons productF-path-inclusion[of w # ws r1 # ris r2 # r2s A B FAIL AB p1 p2]
by auto
next
case False
then have fail-prop : target (w # ws || r1 # ris || 2 # r2s) (p1, p2) = FAIL A
0 < length (w # ws) A
path A (butlast (w # ws || r1 # rls)) pl A
path B (butlast (w # ws || r2 # r2s)) p2 A
succ A (last (w # ws)) (target (butlast (w # ws || 1 # r1s)) pl) = {} A
succ B (last (w # ws)) (target (butlast (w # ws || r2 # r2s)) p2) # {}
using Cons.prems by fastforce

then show %thesis
proof (cases length ws)
case (
then have empty[simp] : ws =[] ris =[] r2s = ||
using Cons.hyps by auto
then have fail-prop-0 : target ( [w] || [r1] || [72]) (p1, p2) = FAIL A
0 < length ([w]) A
path A [| p1 A
path B[] p2 A
succ A wpl ={} A
succ B w p2 # {}
using fail-prop by auto
then have fst w € inputs B A snd w € outputs B
using Cons.prems by (metis prod.collapse well-formed.elims(2))
then have inputs-0 : fst w € inputs A A\ snd w € oulputs B
using Cons.prems by auto

moreover have fail-elems-0 : (r1,r2) = FAIL
using fail-prop by auto

ultimately have succ AB w (pl,p2) = {FAIL}
using fail-prop-0 Cons.prems by auto

then have path AB ( [w] || [r1] || [2]) (p1, p2)
using Cons.prems fail-elems-0 by auto
then show ?thesis
by auto
next
case (Suc nat)

then have path-r1 : path A ([w] || [r1]) p!
using fail-prop
by (metis Cons.hyps(1) FSM.nil FSM .path.intros(2) FSM.path-cons-elim Suc-neg-Zero
butlast.simps(2) length-0-conv zip-Cons-Cons zip-Nil zip-eq)
then have path-r1s : path A (butlast (ws || r1s)) r1
using Suc
by (metis (no-types, lifting) Cons.hyps(1) FSM .path-cons-elim Suc-neq-Zero butlast.simps(2)
fail-prop length-0-conv snd-conv zip.simps(1) zip-Cons-Cons zip-eq)

have path-r2 : path B ([w] || [r2]) p2
using Suc fail-prop
by (metis Cons.hyps(1) Cons.hyps(2) FSM.nil FSM .path.intros(2) FSM.path-cons-elim
Suc-neq-Zero butlast.simps(2) length-0-conv zip-Cons-Cons zip-Nil zip-eq)
then have path-r2s : path B (butlast (ws || r2s)) r2
using Suc
by (metis (no-types, lifting) Cons.hyps(1) Cons.hyps(2) FSM.path-cons-elim Suc-neq-Zero
butlast.simps(2) fail-prop length-0-conv snd-conv zip.simps(1) zip-Cons-Cons zip-eq)

have target (ws || ris || v2s) (r1, r2) = FAIL

using fail-prop by auto
moreover have r! € nodes A
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using Cons.prems path-r1 by (metis FSM.path-cons-elim snd-conv succ-nodes zip-Cons-Cons)
moreover have 72 € nodes B
using Cons.prems path-r2 by (metis FSM .path-cons-elim snd-conv succ-nodes zip-Cons-Cons)
moreover have succ A (last ws) (target (butlast (ws || r1s)) r1) = {}
by (metis (no-types, lifting) Cons.hyps(1) Suc Suc-neq-Zero butlast.simps(2) fail-prop
fold-simps(2) last-ConsR list.size(8) snd-conv zip-Cons-Cons zip-Nil zip-eq)
moreover have succ B (last ws) (target (butlast (ws || r2s)) r2) # {}
by (metis (no-types, lifting) Cons.hyps(1) Cons.hyps(2) Suc Suc-neg-Zero butlast.simps(2)
fail-prop fold-simps(2) last-ConsR list.size(3) snd-conv zip-Cons-Cons zip-Nil zip-eq)

have path AB (ws || r1s || m2s) (r1, 2)
using Cons.IH Suc <succ B (last ws) (target (butlast (ws || 72s)) r2) # {p
assms(3) assms(4) assms(5) calculation(1—4) path-r1s path-r2s zero-less-Suc
by presburger
moreover have path AB ([w] || [r1] || [r2]) (p1,p2)
using path-r1 path-r2 productF-path-inclusion]of [w] [r1] [r2] A B FAIL AB pl1 p2]
Cons.prems
by auto
ultimately show ?thesis
by auto
qed
qed
qed

lemma butlast-zip-cons : length ws = length ri1s = ws # ]
= butlast (w # ws || r1 # r1s) = ((w,rl) # (butlast (ws || r1s)))
proof —
assume al: length ws = length r1s
assume a2: ws # ||
have length (w # ws) = length r1s + Suc 0
using al by (metis list.size(4))
then have f3: length (w # ws) = length (r1 # rls)
by (metis list.size(4))
have f4: ws @ w # ws # w # ws
using a2 by (meson append-self-conv2)
have length (ws Q w # ws) = length (rls Q r1 # rls)
using al by auto
then have ws @ w # ws || 71s @ r1 # r1s # w # ws || r1 # rls
using f4 f3 by (meson zip-eq)
then show ?%thesis
using al by simp
qed

lemma productF-succ-fail-imp :
assumes productF A B FAIL AB
and FAIL € succ AB w (p1,p2)
and well-formed A
and well-formed B
shows pl € nodes A A p2 € nodes B A (fst w € inputs A) A (snd w € outputs A U outputs B)
A succ ABw (p1,p2) = {FAIL} A succ A wpl = {} A succ Bw p2 # {}
proof —
have path-head : path AB ([w] || [FAIL]) (p1,p2)
using assms by auto
then have succ-nonempty : succ AB w (p1,p2) # {}
by force
then have succ-if-1 : p! € nodes A N\ p2 € nodes B A (fst w € inputs A)
A (snd w € outputs A U outputs B)
using assms by auto
then have (p1,p2) # FAIL
using assms by auto
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have succ A w pl C nodes A
using assms succ-if-1 by (simp add: subsetl succ-nodes)
moreover have succ B w p2 C nodes B
using assms succ-if-1 by (simp add: subset] succ-nodes)
ultimately have FAIL ¢ (succ A w pl X succ B w p2)
using assms by auto
then have succ-no-inclusion : succ AB w (pl,p2) # (succ A w pl X succ B w p2)
using assms succ-if-1 by blast
moreover have succ AB w (pl,p2) = {} V succ AB w (pl,p2) = {FAIL}
V succ AB w (p1,p2) = (succ A w pl X succ B w p2)
using assms by simp
ultimately have succ-fail : succ AB w (p1,p2) = {FAIL}
using succ-nonempty by simp

have succ A wpl = {} A succ Bw p2 # {}
proof (rule ccontr)
assume — (succ A w pl = {} A succ Bw p2 # {})
then have succ AB w (p1,p2) = (succ A w pl X succ B w p2)
using assms by auto
then show Fulse
using succ-no-inclusion by simp
qed

then show ?thesis
using succ-if-1 succ-fail by simp
qed

lemma productF-path-reverse :
assumes length w = length r1 length r1 = length r2
and productF' A B FAIL AB
and well-formed A
and well-formed B
and  path AB (w || r1 || r2) (p1, p2)
and pl € nodes A
and p2 € nodes B
shows (path A (w || 71) pI1 A path B (w || 72) p2)
V (target (w || r1 || 72) (pl, p2) = FAIL
A length w > 0
A path A (butlast (w || r1))

( ) pl
A path B (butlast (w || 72)) p2
A succ A (last w) (target (butlast (w || v1)) p1) = {}
A suce B (last w) (target (butlast (w || 72)) p2) # {})
using assms proof (induction w r1 r2 arbitrary: pl p2 rule: list-induct3)
case Nil
then show ?case by auto
next

case (Cons w ws r1 r1s 72 r2s)

have path-head : path AB ([w] || [(r1,72)]) (p1,p2) using Cons by auto
then have succ-nonempty : succ AB w (p1,p2) # {} by force
then have succ-if-1 : pl € nodes A N\ p2 € nodes B N\ (fst w € inputs A)
A (snd w € outputs A U oulputs B)
using Cons by fastforce
then have (p1,p2) # FAIL
using Cons by auto

have path-tail : path AB (ws || r1s || r2s) (r1,r2)
using path-head Cons by auto

show ?case

proof (cases (r1,r2) = FAIL)
case True
have r1s = ||
proof (rule ccontr)
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assume - (r1s = [])
then have (= (ws = [])) A (= (r1s = [[)) A (= (r2s = []))
using Cons.hyps by auto
moreover have path AB (ws || r1s || r2s) FAIL
using True path-tail by simp
ultimately have path AB ([hd ws] @ tl ws || [hd r1s] @ ¢l ris || [hd r2s] @ ¢l r2s) FAIL

by simp

then have path AB ([hd ws] || [hd r1s] || [hd 72s]) FAIL
by auto

then have succ AB (hd ws) FAIL # {}
by auto

then show Fualse using no-transition-after-FAIL
using Cons.prems by auto
qed
then have tail-nil : ws = [| A rls =[] A r2s = ||
using Cons.hyps by simp

have succ-fail : FAIL € succ AB w (p1,p2)
using path-head True by auto

then have succs : succ A wpl = {} A succ Bw p2 # {}
using Cons.prems by (meson productF-succ-fail-imp)

have target (w # ws || 1 # ris || r2 # r2s) (pl, p2) = FAIL
using True tail-nil by simp

moreover have 0 < length (w # ws)
by simp

moreover have path A (butlast (w # ws || r1 # rls)) pl
using tail-nil by auto

moreover have path B (butlast (w # ws || 72 # 12s)) p2
using tail-nil by auto

moreover have succ A (last (w # ws)) (target (butlast (w # ws || 71 # r1s)) pl) = {}
using succs tail-nil by simp

moreover have succ B (last (w # ws)) (target (butlast (w # ws || r2 # r2s)) p2) # {}
using succs tail-nil by simp

ultimately show ?thesis
by simp

next
case Fulse

have (r1,r2) € succ AB w (p1,p2)
using path-head by auto

then have succ-not-fail : succ AB w (pl,p2) # {FAIL}
using succ-nonempty False by auto

have — (succ A wpl = {} A succ Bw p2 # {})
proof (rule ccontr)
assume - — (succ A w pl = {} A succ Bw p2 # {})
then have succ AB w (p1,p2) = {FAIL}
using succ-if-1 Cons by auto
then show Fulse
using succ-not-fail by simp
qed

then have succ AB w (p1,p2) = (succ A w pl X succ B w p2)
using succ-if-1 Cons by auto

then have (r1,r2) € (succ A w pl X succ B w p2)
using Cons by auto

then have succs-next : r1 € succ A wpl N 12 € succ B w p2
by auto

then have nodes-next : r1 € nodes A N\ r2 € nodes B
using Cons succ-nodes by metis

moreover have path-tail : path AB (ws || r1s || r2s) (r1,r2)

using Cons by auto
ultimately have prop-tail :
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path A (ws || r1s) r1 A path B (ws || r2s) 2 V
target (ws || r1s || r2s) (r1, r2) = FAIL A
0 < length ws A
path A (butlast (ws || r1s)) 1 A
path B (butlast (ws || 72s)) 2 A
succ A (last ws) (target (butlast (ws || r1s)) r1) = {} A
succ B (last ws) (target (butlast (ws || r2s)) r2) # {}
using Cons.IH[of r1 r2] Cons.prems by auto

moreover have path A ([w] || [r1]) p1 A path B ([w] || [r2]) p2
using succs-nexrt by auto
then show %thesis
proof (cases path A (ws || r1s) 1 A path B (ws || v2s) r2)
case True
moreover have paths-head : path A ([w] || [r1]) p1 A path B ([w] || [r2]) p2
using succs-next by auto
ultimately show ?thesis
by (metis (no-types) FSM.path.simps FSM .path-cons-elim True eq-snd-iff
paths-head zip-Cons-Cons)
next
case False

then have fail-prop : target (ws || ris || r2s) (r1, r2) = FAIL A
0 < length ws N
path A (butlast (ws || r1s)) r1 A
path B (butlast (ws || 72s)) 2 A
succ A (last ws) (target (butlast (ws || r1s)) r1) = {} A
suce B (last ws) (target (butlast (ws || r2s)) r2) # {}
using prop-tail by auto

then have paths-head : path A ([w] || [r1]) pI A path B ([w] || [r2]) p2
using succs-next by auto

have (last (w # ws)) = last ws
using fail-prop by simp

moreover have (target (butlast (w # ws || r1 # r1s)) pl) = (target (butlast (ws || r1s)) r1)
using fail-prop Cons.hyps(1) butlast-zip-cons by auto

moreover have (target (butlast (w # ws || 72 # 12s)) p2) = (target (butlast (ws || r2s)) r2)
using fail-prop Cons.hyps(1) Cons.hyps(2) butlast-zip-cons by auto

ultimately have succ A (last (w # ws)) (target (butlast (w # ws || 71 # r1s)) pl) = {}

A suce B (last (w # ws)) (target (butlast (w # ws || r2 # r2s)) p2) # {}

using fail-prop by auto

moreover have path A (butlast (w # ws || r1 # rl1s)) pl
using fail-prop paths-head by auto

moreover have path B (butlast (w # ws || 72 # r2s)) p2
using fail-prop paths-head by auto

moreover have target (w # ws || r1 # ris || r2 # r2s) (pl, p2) = FAIL
using fail-prop paths-head by auto

ultimately show ?thesis
by simp

qed

qed
qed

lemma butlast-zip[simp] :
assumes length xs = length ys
shows butlast (zs || ys) = (butlast zs || butlast ys)
using assms by (metis (no-types, lifting) map-butlast map-fst-zip map-snd-zip zip-map-fst-snd)

lemma productF-path-reverse-ob :
assumes length w = length r1 length r1 = length r2
and productF A B FAIL AB
and well-formed A
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and well-formed B
and  path AB (w || 71 || r2) (p1, p2)
and pl € nodes A
and p2 € nodes B
obtains 2’
where path B (w || r2') p2 A length w = length r2’
proof —
have path-prop : (path A (w || r1) pI A path B (w || r2) p2)
V (target (w || r1 || r2) (pl, p2) = FAIL
A length w > 0
A path A (butlast (w || 71)) pl
A path B (butlast (w || 72)) p2
A succ A (last w) (target (butlast (w || r1)) p1) = {}
A succ B (last w) (target (butlast (w || 72)) p2) # {})
using assms productF-path-reverse[of w r1 r2 A B FAIL AB p1 p2] by simp
have 3 r1’. path B (w || r1’) p2 A length w = length r1’
proof (cases path A (w || 1) p1 A path B (w || r2) p2)
case True
then show ?thesis
using assms by auto
next
case Fualse
then have B-prop : length w > 0
A path B (butlast (w || 72)) p2
A succ B (last w) (target (butlast (w || 72)) p2) # {}
using path-prop by auto
then obtain rz where rz € succ B (last w) (target (butlast (w || 72)) p2)
by auto

then have path B ([last w] || [rz]) (target (butlast (w || 72)) p2)
using B-prop by auto

then have path B ((butlast (w || r2)) @ ([last w] || [rz])) p2
using B-prop by auto

moreover have butlast (w || r2) = (butlast w || butlast r2)
using assms by simp

ultimately have path B ((butlast w) @ [last w] || (butlast 72) Q [rz]) p2
using assms B-prop by auto
moreover have (butlast w) @ [last w] = w
using B-prop by simp
moreover have length ((butlast r2) Q [rz]) = length w
using assms B-prop by auto
ultimately show ?thesis
by auto
qed
then obtain r1’ where path B (w || r1') p2 A length w = length 1’
by blast
then show %thesis
using that by blast
qed

The following lemma formalizes the property of paths of the product machine as described in the section
introduction.

lemma productF-path[iff] :
assumes length w = length r1 length r1 = length 72
and productF A B FAIL AB
and well-formed A
and well-formed B
and pl € nodes A
and p2 € nodes B
shows path AB (w || r1 || 72) (p1, p2) <— ((path A (w || r1) p1 A path B (w || r2) p2)
V (target (w || r1 || r2) (pl, p2) = FAIL
A length w > 0
A path A (butlast (w || 71)) pl
A path B (butlast (w || r2)) p2
A succ A (last w) (target (butlast (w || r1)) pl) = {}
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A succ B (last w) (target (butlast (w || 72)) p2) # {})) (is ?path <— ?paths)

proof

assume ?path

then show ?paths using assms productF-path-reverse[of w r1 r2 A B FAIL AB p1 p2] by simp
next

assume ?paths

then show ?path using assms productF-path-forward[of w r1 r2 A B FAIL AB p1 p2] by simp
qed

lemma path-last-succ :
assumes path A (ws || r1s) pl
and length r1s = length ws
and length ws > 0
shows  last rls € succ A (last ws) (target (butlast (ws || r1s)) pl)
proof —
have path A (butlast (ws || r1s)) p1
A path A [last (ws || r1s)] (target (butlast (ws || r1s)) pl)
by (metis FSM .path-append-elim append-butlast-last-id assms length-greater-0-conv
list.size(3) zip-Nil zip-eq)

then have snd (last (ws || r1s)) €
suce A (fst (last (ws || r1s))) (target (butlast (ws || r1s)) pl)
by auto
moreover have ws || r1s # ||
using assms(3) assms(2) by (metis length-zip list.size(3) min.idem neq0-conv)
ultimately have last r1s € succ A (last ws) (target (butlast (ws || r1s)) p1)
by (simp add: assms(2))
then show ?thesis
by auto
qed

lemma zip-last :
assumes length r1 > 0
and length r1 = length 2
shows last (r1 || 2) = (last 1, last r2)
by (metis (no-types) assms(1) assms(2) less-nat-zero-code list.size(3)
map-fst-zip zip-Nil zip-last)

lemma productF-path-reverse-o0b-2 :
assumes length w = length r1 length r1 = length r2
and productF A B FAIL AB
and well-formed A
and well-formed B
and  path AB (w || r1 || 2) (p1, p2)
and pl € nodes A
and p2 € nodes B
and w € language-state A pl1
and observable A
shows path A (w || 1) p1 A length w = length r1 path B (w || 2) p2 A length w = length r2
target (w || v1) p1 = fst (target (w || r1 || r2) (p1,p2))
target (w || 72) p2 = snd (target (w || r1 || 72) (p1,p2))
proof —

have (path A (w || r1) pl A path B (w || r2) p2)
V (target (w || r1 || r2) (pl, p2) = FAIL
A length w > 0

A path A (butlast (w || 71)) pl
A path B (butlast (w || 72)) p2
A suce A (last w) (target (butlast (w || r1)) pl) = {}
A succ B (last w) (target (butlast (w || r2)) p2) # {})

using productF-pathlof w r1 12 A B FAIL AB p1 p2] assms by blast

moreover have path A (butlast (w || r1)) pl
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A succ A (last w) (target (butlast (w || r1)) p1) = {}
A length w > 0 = False
proof —
assume assm : path A (butlast (w || r1)) pl
A succ A (last w) (target (butlast (w || v1)) p1) = {}
A length w > 0
obtain r1’ where r1’-def : path A (w || r1') p1 A length r1’ = length w
using assms(9) by auto
then have path A (butlast (w || r1”)) p1 A length (butlast r1’) = length (butlast w)
by (metis FSM .path-append-elim append-butlast-last-id butlast.simps(1) length-butlast)
moreover have path A (butlast (w || 1)) pl A length (butlast r1) = length (butlast w)
using assm assms(1) by auto
ultimately have butlast r1 = butlast r1’
by (metis assms(1) assms(10) butlast-zip language-state observable-path-unique r1’'-def)

then have butlast (w || r1) = butlast (w || 1)
using assms(1) r1’-def by simp
moreover have succ A (last w) (target (butlast (w || 1") p1) # {}
by (metis (no-types) assm empty-iff path-last-succ r1’'-def)
ultimately show Fulse
using assm by auto
qed

ultimately have paths : (path A (w || 1) p1 A path B (w || r2) p2)
by auto

show path A (w || r1) pl A length w = length r1
using assms(1) paths by simp

show path B (w || 72) p2 A length w = length r2
using assms(1) assms(2) paths by simp

have length w = 0 = target (w || 71 || 2) (p1,p2) = (p1,p2)
by simp
moreover have length w > 0 = target (w || r1 || 72) (p1,p2) = last (r1 || r2)
proof —
assume length w > 0
moreover have length w = length (r1 || 72)
using assms(1) assms(2) by simp
ultimately show ?thesis
using target-alt-def(2)[of w rl || 2 (p1,p2)] by simp
qed

ultimately have target (w || 71) pl = fst (target (w || r1 || r2) (p1, p2))
A target (w || r2) p2 = snd (target (w || 71 || r2) (p1, p2))

proof (cases length w)

case (

then show ?thesis by simp
next

case (Suc nat)

then have length w > 0 by simp

have target (w || r1 || r2) (p1,p2) = last (r1 || r2)
proof —
have length w = length (r1 || 2)
using assms(1) assms(2) by simp
then show ?thesis
using «length w > 0> target-alt-def(2)[of wrl || r2 (p1,p2)] by simp
qed
moreover have target (w || v1) pl = last r1
using <length w > 0> target-alt-def(2)[of w r1 p1] assms(1) by simp
moreover have target (w || 72) p2 = last r2
using «length w > 0» target-alt-def(2)[of w r2 p2] assms(1) assms(2) by simp
moreover have last (r1 || r2) = (last 1, last r2)
using «length w > 0> assms(1) assms(2) zip-last[of r1 r2] by simp
ultimately show ?2thesis
by simp
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qed

then show target (w || r1) pl = fst (target (w || v1 || r2) (p1,p2))
target (w || 72) p2 = snd (target (w || r1 || 72) (p1,p2))
by simp+
qed

lemma productF-path-unzip :
assumes productF A B FAIL AB
and  path AB (w || tr) ¢
and length tr = length w
shows path AB (w || (map fst tr || map snd tr)) q
proof —
have map fst tr || map snd tr = tr
by auto
then show ?thesis
using assms by auto
qed

lemma productF-path-io-targets :
assumes productF A B FAIL AB
and io-targets AB (qA,qB) w = {(pA,pB)}
and w € language-state A qA
and w € language-state B qB
and observable A
and observable B
and well-formed A
and well-formed B
and gA € nodes A
and gB € nodes B
shows pA € io-targets A gA w pB € io-targets B ¢B w
proof —
obtain ¢r where tr-def : target (w || tr) (¢A,qB) = (pA,pB)
A path AB (w || tr) (¢A,qB)
A length w = length tr using assms(2)
by blast
have path-A : path A (w || map fst tr) ¢A A length w = length (map fst tr)
using productF-path-reverse-ob-2[of w map fst tr map snd tr A B FAIL AB gA ¢B]|
assms tr-def by auto
have path-B : path B (w || map snd tr) ¢B A length w = length (map snd tr)
using productF-path-reverse-ob-2[of w map fst tr map snd tr A B FAIL AB gA ¢B]|
assms tr-def by auto

have targets : target (w || map fst tr) ¢A = pA A target (w || map snd tr) ¢B = pB
proof (cases tr)
case Nil
then have ¢gA = pA A ¢B = pB
using tr-def by auto
then show ?2thesis
by (simp add: local.Nil)
next
case (Cons a list)
then have last tr = (pA,pB)
using tr-def by (simp add: tr-def FSM .target-alt-def states-alt-def)

moreover have target (w || map fst tr) gA = last (map fst tr)
using Cons by (simp add: FSM.target-alt-def states-alt-def tr-def)
moreover have last (map fst tr) = fst (last tr)
using last-map Cons by blast
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moreover have target (w || map snd tr) ¢B = last (map snd tr)
using Cons by (simp add: FSM.target-alt-def states-alt-def tr-def)
moreover have last (map snd tr) = snd (last tr)
using last-map Cons by blast

ultimately show ?thesis
by simp
qed

show pA € io-targets A ¢A w
using path-A targets by auto
show pB € io-targets B ¢B w
using path-B targets by auto
qged

lemma productF-path-io-targets-reverse :
assumes productF A B FAIL AB
and pA € io-targets A gA w
and pB € io-targets B ¢B w
and w € language-state A qA
and w € language-state B ¢B
and observable A
and observable B
and well-formed A
and well-formed B
and gA € nodes A
and gB € nodes B
shows io-targets AB (qA,qB) w = {(pA,pB)}
proof —
obtain irA where path A (w || trA) gA
length w = length trA
target (w || trA) ¢4 = pA
using assms(2) by auto
obtain ¢rB where path B (w || trB) ¢B
length trA = length trB
target (w || trB) ¢B = pB
using <length w = length trA> assms(3) by auto

have path AB (w || trA || trB) (¢A,qB)
length (trA || trB) = length w
using productF-path-inclusion

[OF <length w = length trA> <length trA = length trB> assms(1) assms(8,9) - assms(10,11)]

by (simp add: <length trA = length trB) <length w = length trA> <path A (w || trA) qA»
<path B (w || trB) ¢B>)+

have target (w || trA || trB) (¢A,¢B) = (pA,pB)
by (simp add: <length trA = length trB> <length w = length trAy <target (w || trd) ¢A = pA»
<target (w || trB) ¢B = pB»)

have (pA,pB) € io-targets AB (qA,qB) w
by (metis <length (trA || trB) = length w» <path AB (w || trA || trB) (qA, ¢B)»
<target (w || trA || trB) (g4, ¢B) = (pA, pB)» io-target-from-path)

have observable AB
by (metis (no-types) assms(1) assms(6) assms(7) observable-productF’)

show %thesis
by (meson «(pA, pB) € io-targets AB (qA, ¢B) w) <observable AB)»
observable-io-target-is-singleton)
qed
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2.1 Sequences to failure in the product machine

A sequence to a failure for A and B reaches the fail state of any product machine of A and B with added fail
state.

lemma fail-reachable-by-sequence-to-failure :
assumes sequence-to-failure M1 M2 io
and well-formed M1
and well-formed M2
and productF M2 M1 FAIL PM
obtains p
where path PM (io||p) (initial PM) A length p = length io A target (io||p) (initial PM) = FAIL
proof —
have io # ||
using assms by auto
then obtain io-init io-last where io-split[simp] : {0 = io-init Q [io-last]
by (metis append-butlast-last-id)
have io-init-inclusion : io-init € language-state M1 (initial M1)
A to-init € language-state M2 (initial M2)
using assms by auto

have io-init Q [io-last] € language-state M1 (initial M1)
using assms by auto
then obtain tri-init tri-last where tri-def :
path M1 (io-init @Q [io-last] || tri-init Q [tri-last]) (initial M1)
A length (tri-init Q [tri-last]) = length (io-init @ [io-last])
by (metis append-butlast-last-id language-state-elim length-0-conv length-append-singleton
nat.simps(8))

then have path-init-1 : path M1 (io-init || tri-init) (initial M1)
A length tri-init = length to-init
by auto
then have path M1 ([io-last] || [trl-last]) (target (io-init || tri-init) (initial M1))
using tri-def by auto
then have succ-1 : succ M1 io-last (target (io-init || tri-init) (initial M1)) # {}
by auto

obtain ir2 where tr2-def : path M2 (io-init || tr2) (initial M2) A length tr2 = length io-init
using io-init-inclusion by auto
have succ-2 : succ M2 io-last (target (io-init || tr2) (initial M2)) = {}
proof (rule ccontr)
assume succ M2 io-last (target (io-init || tr2) (initial M2)) # {}
then obtain tr2-last where tr2-last € succ M2 io-last (target (io-init || tr2) (initial M2))
by auto
then have path M2 ([io-last] || [tr2-last]) (target (io-init || tr2) (initial M2))
by auto
then have io-init @ [io-last] € language-state M2 (initial M2)
by (metis FSM .path-append language-state length-Cons length-append list.size(8) tr2-def
zip-append)
then show False
using assms io-split by simp
qed

have fail-lengths : length (io-init Q [io-last]) = length (tr2 Q [fst FAIL])
A length (tr2 Q [fst FAIL]) = length (trl-init @ [snd FAIL])
using assms tr2-def tri-def by auto
then have fail-tgt : target (io-init @ [io-last] || tr2 Q [fst FAIL] || tri-init Q [snd FAIL))
(initial M2, initial M1) = FAIL
by auto

have fail-butlast-simp[simp] :
butlast (io-init Q [io-last] || tr2 @ [fst FAIL]) = io-init || tr2
butlast (io-init Q [io-last] || tri-init Q [snd FAIL)) = io-init || tri-init
using fail-lengths by simp+

have path M2 (butlast (io-init Q [io-last] || tr2 Q [fst FAIL])) (initial M2)
A path M1 (butlast (io-init @ [io-last] || tri-init @Q [snd FAIL])) (initial M1)
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using tri-def tr2-def by auto
moreover have succ M2 (last (io-init Q [io-last]))
(target (butlast (io-init @Q [io-last] || tr2 Q [fst FAIL))) (initial M2)) = {}
using succ-2 by simp
moreover have succ M1 (last (io-init Q [io-last]))
(target (butlast (io-init @ [io-last] || tri-init @ [snd FAIL])) (initial M1))
#{}
using succ-1 by simp
moreover have initial M2 € nodes M2 N initial M1 € nodes M1
by auto
ultimately have path PM (io-init Q [io-last] || tr2 Q [fst FAIL] || tri-init Q [snd FAIL])
(indtial M2, initial M1)
using fail-lengths fail-tgt assms path-init-1 tr2-def productF-path-forward
[of i0-init @ [io-last] tr2 Q [fst FAIL] trl-init Q [snd FAIL] M2 M1 FAIL PM
initial M2 initial M1 |
by simp

moreover have initial PM = (initial M2, initial M1)
using assms(4) productF-simps(4) by blast

ultimately have
path PM (io-init Q [io-last] || tr2 Q [fst FAIL] || trl-init Q [snd FAIL)) (initial PM)
A length (tr2 Q [fst FAIL] || tri-init @ [snd FAIL]) = length (io-init Q [io-last])
A target (io-init @ [io-last] || tr2 Q [fst FAIL] || tri-init @Q [snd FAIL]) (initial PM)= FAIL
using fail-lengths fail-tgt by auto

then show ?thesis using that
using io-split by blast

qed

lemma fail-reachable :
assumes - M1 < M2
and well-formed M1
and well-formed M2
and productF M2 M1 FAIL PM
shows FAIL € reachable PM (initial PM)
proof —
obtain 70 where sequence-to-failure M1 M2 io
using sequence-to-failure-ob assms by blast
then show ?%thesis
using assms fail-reachable-by-sequence-to-failure[of M1 M2 io FAIL PM]
by (metis FSM.reachable.reflexive FSM .reachable-target)
qed

lemma fail-reachable-ob :
assumes -~ M1 < M2
and well-formed M1
and well-formed M2
and observable M2
and productF' M2 M1 FAIL PM
obtains p
where path PM p (initial PM) target p (initial PM) = FAIL
using assms fail-reachable by (metis FSM.reachable-target-elim)

lemma fail-reachable-reverse :
assumes well-formed M1
and well-formed M2
and productF M2 M1 FAIL PM
and  FAIL € reachable PM (initial PM)
and observable M2
shows = M1 < M2
proof —
obtain pathF where pathF-def : path PM pathF (initial PM) A target pathF (initial PM) = FAIL
using assms by auto
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let ?io = map fst pathF
let ?tr2 = map fst (map snd pathF')
let ?tr1 = map snd (map snd pathF)

have initial PM # FAIL
using assms by auto
then have pathF # ||
using pathF-def by auto
moreover have initial PM = (initial M2, initial M1)
using assms by simp
ultimately have path M2 (%io || ?tr2) (initial M2) A path M1 (%io || ?trl) (initial M1) V
target (%io || ?tr2 || ?trl) (initial M2, initial M1) = FAIL A
0 < length (%io) A
path M2 (butlast (%io || ?tr2)) (initial M2) A
path M1 (butlast (%io || 2trl)) (indtial M1) A
succ M2 (last (%i0)) (target (butlast (%io || ?tr2)) (initial M2)) = {} A
succ M1 (last (%io)) (target (butlast (%io || 2irl)) (initial M1)) # {}
using productF-path-reverse[of %io ?tr2 ?tr1 M2 M1 FAIL PM initial M2 initial M1]
using assms pathF-def
proof —
have f1: path PM (%io || ?2tr2 || ?tr1) (initial M2, initial M1)
by (metis (no-types) <initial PM = (initial M2, initial M1)> pathF-def zip-map-fst-snd)
have f2: length (?%i0) = length pathF — length (%io) = length (?tr2)
by auto
have length (%i0) = length pathF A length (?tr2) = length (?trl)
by auto
then show ?thesis
using f2 f1 <productF M2 M1 FAIL PM)» <well-formed M1 <well-formed M2> by blast
qed

moreover have — (path M2 (%io || ?tr2) (initial M2) N path M1 (%io || ?trl) (initial M1))
proof (rule ccontr)
assume — - (path M2 (%io || ?tr2) (initial M2) A
path M1 (%o || 2tr1) (initial M1))
then have path M2 (%io || ?tr2) (initial M2)
by simp
then have target (%io || ?tr2) (initial M2) € nodes M2
by auto
then have target (%io || ?tr2) (initial M2) # fst FAIL
using assms by auto
then show Fulse
using pathF-def
proof —
have FAIL = target (map fst pathF || map fst (map snd pathF') || map snd (map snd pathF))
(initial M2, initial M1)
by (metis (no-types) <initial PM = (initial M2, initial M1)»
<path PM pathF (initial PM) A target pathF (initial PM) = FAIL) zip-map-fst-snd)
then show ?Zthesis
using <target (map fst pathF || map fst (map snd pathF')) (initial M2) # fst FAIL> by auto
qed
qed

ultimately have fail-prop :
target (%io || ?tr2 || 2trl) (initial M2, initial M1) = FAIL A
0 < length (%io) A

path M2 (butlast (%io || ?tr2)) (initial M2) A

)
path M1 (butlast (%io || ?trl)) (initial M1) A
succ M2 (last (%i0)) (target (butlast (%io || 7tr2)) (initial M2)) = {} A
succ M1 (last (%i0)) (target (butlast (%io || ?¢rl)) (initial M1)) # {}
by auto

then have %io € language-state M1 (initial M1)

proof —
have f1: path PM (map fst pathF || map fst (map snd pathF) || map snd (map snd pathF))
(éndtial M2, initial M1)
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by (metis (no-types) <initial PM = (initial M2, initial M1)> pathF-def zip-map-fst-snd)
have V¢ f. ¢ # initial (f::('a, 'b, 'c) FSM) V ¢ € nodes f
by blast
then show ?%thesis
using fI by (metis (no-types) assms(1) assms(2) assms(3) language-state length-map
productF-path-reverse-ob)
qed

moreover have %io ¢ language-state M2 (initial M2)
proof (rule ccontr)
assume — %o ¢ language-state M2 (initial M2)
then have assm : %io € language-state M2 (initial M2)
by simp
then obtain r2’ where tr2’-def : path M2 (%io || tr2’) (initial M2)
A length ?io = length tr2’
by auto
then obtain tr2’-init tr2’-last where tr2’-split : tr2’ = tr2’-init Q [tr2’-last]
using fail-prop by (metis <pathF # [> append-butlast-last-id length-0-conv map-is-Nil-conv)

have butlast %io € language-state M2 (initial M2)
using fail-prop by auto
then have {t. path M2 (butlast %io || t) (initial M2) A length (butlast ?io) = length t}
= {butlast ?tr2}
using assms(5) observable-path-unique[of butlast ?io M2 initial M2 butlast ?tr2]
fail-prop by fastforce
then have V ¢ ts . path M2 ((butlast ?io) Q [last %io] || ts @ [t]) (initial M2)
A length ((butlast ?io) @ [last %io]) = length (ts @ [t])
— ts = butlast ?tr2
by (metis (no-types, lifting) FSM .path-append-elim
<butlast (map fst pathF) € language-state M2 (initial M2)> assms(5) butlast-snoc
butlast-zip fail-prop length-butlast length-map observable-path-unique zip-append)

then have tr2’-init = butlast ?tr2
using tr2’-def tr2’-split <pathF # [» by auto
then have path M2 ((butlast ?io) Q@ [last %io] || (butlast ?tr2) @ [tr2’-last]) (initial M2)
A length ((butlast %io) Q [last ?io]) = length ((butlast ?tr2) @ [tr2’-last])
using tr2’-def fail-prop tr2’-split by auto
then have path M2 ([last %io] || [tr2'-last])
(target (butlast %io || butlast ?tr2) (initial M2))
A length [last %io] = length [tr2'-last]
by auto
then have tr2’-last € succ M2 (last (?i0)) (target (butlast (?io || ?tr2)) (initial M2))
by auto
then show Fulse
using fail-prop by auto
qed

ultimately show ?thesis by auto
qed

lemma fail-reachable-iff [iff] :
assumes well-formed M1
and well-formed M2
and productF M2 M1 FAIL PM
and observable M2
shows FAIL € reachable PM (initial PM) <— — M1 < M2
proof
show FAIL € reachable PM (initial PM) = -~ M1 < M2
using assms fail-reachable-reverse by blast
show = M1 < M2 = FAIL € reachable PM (initial PM)
using assms fail-reachable by blast
qed
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lemma reaching-path-length :

assumes productF A B FAIL AB

and well-formed A

and well-formed B

and q2 € reachable AB q1

and q2 # FAIL

and ql € nodes AB
shows 3 p . path AB p ql1 A target p q1 = g2 A length p < card (nodes A) * card (nodes B)
proof —

obtain p where p-def : path AB p q1 A target p g1 = q2 A distinct (q1 # states p q1)

using assms reaching-path-without-repetition by (metis well-formed-productF')

have FAIL ¢ set (q1 # states p q1)
proof(cases p)
case Nil
then have ¢qI = ¢2
using p-def by auto
then have q1 # FAIL
using assms by auto
then show %thesis
using Nil by auto
next
case (Cons a list)
have FAIL ¢ set (butlast (g1 # states p q1))
proof (rule ccontr)
assume assm : - FAIL ¢ set (butlast (g1 # states p q1))
then obtain ¢ where i-def : i < length (butlast (q1 # states p q1))
A butlast (g1 # statesp q1) !¢ = FAIL
by (metis distinct-Ez1 distinct-butlast p-def)
then have i < Suc (length (butlast p))
using local. Cons by fastforce
then have i < length p
by (metis append-butlast-last-id length-append-singleton list.simps(3) local.Cons)

then have butlast (q1 # states p q1) ! i = target (take i p) ql
using i-def assm proof (induction i)
case (
then show ?case by auto
next
case (Suc 1)
then show ?case by (metis Suc-lessD nth-Cons-Suc nth-butlast states-target-inder)
qed

then have target (take i p) q1 = FAIL using i-def by auto
moreover have V k . k < length p — target (take k p) q1 # FAIL
using no-prefiz-targets-FAIL[of A B FAIL AB p q1] assms p-def by auto
ultimately show False
by (metis assms(5) linorder-neqE-nat nat-less-le order-refl p-def take-all)
qed

moreover have last (q1 # states p q1) # FAIL
using assms(5) local. Cons p-def transition-system-universal.target-alt-def by force
ultimately show ?Zthesis
by (metis (no-types, lifting) UnE append-butlast-last-id list.set(1) list.set(2)
list.simps(8) set-append singletonD)
qed

moreover have set (q1 # states p q1) C nodes AB
using assms by (metis FSM .nodes-states insert-subset list.simps(15) p-def)
ultimately have states-subset : set (q1 # states p q1) C nodes A x nodes B

using nodes-productF assms by blast

have finite-nodes : finite (nodes A x modes B)
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using assms(2) assms(3) by auto
have length p < length (states p q1)
by simp
then have length p < card (nodes A) * card (nodes B)
by (metis (no-types) finite-nodes states-subset card-cartesian-product card-mono distinct-card
impossible-Cons less-le-trans not-less p-def)

then show %thesis
using p-def by blast
qed

lemma reaching-path-fail-length :

assumes productF A B FAIL AB

and well-formed A

and well-formed B

and q2 € reachable AB q1

and ql € nodes AB
shows 3 p . path AB p q1 A target p q1 = g2 A length p < card (nodes A) % card (nodes B)
proof (cases ¢2 = FAIL)

case True

then have ¢2-def : ¢2 = FAIL
by simp
then show ?thesis
proof (cases q1 = ¢2)
case True
then show ?thesis by auto
next
case Fulse
then obtain pr where px-def : path AB px q1 A target pr q1 = ¢2
using assms by auto
then have pz-nonempty : px # ]
using ¢2-def False by auto
let ?qx = target (butlast pz) ql
have ?qz € reachable AB q1
using pz-def pr-nonempty
by (metis FSM .path-append-elim FSM .reachable.reflexive FSM .reachable-target
append-butlast-last-id)
moreover have ?qz # FAIL
using False q2-def assms
by (metis One-nat-def Suc-pred butlast-conv-take length-greater-0-conv lessl
no-prefiz-targets-FAIL px-def pz-nonempty)
ultimately obtain pz’ where pz'-def : path AB px’ q1
A target pz' q1 = Pqx
A length pz’ < card (nodes A) x card (nodes B)
using assms reaching-path-length[of A B FAIL AB ?qz q1] by blast

have pz-split : path AB ((butlast pz) Q [last pz]) q1
A target ((butlast pz) Q [last pz]) q1 = ¢2
using pz-def pz-nonempty by auto
then have path AB [last pz] ?qz A target [last pz] P9z = q2
using pz-nonempty
proof —
have target [last pz] (target (butlast pz) q1) = q2
using pz-split by force
then show %thesis
using pz-split by blast
qed

then have path AB (pz' Q [last px]) q1 A target (pz' @ [last pz]) g1 = ¢2
using pz’'-def by auto

moreover have length (pz’ @ [last pz]) < card (nodes A) x card (nodes B)
using pz’-def by auto

ultimately show ?2thesis
by blast
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qed
next
case Fulse
then show ?thesis
using assms reaching-path-length by (metis less-imp-le)
qed

lemma productF-language :
assumes productF A B FAIL AB
and well-formed A
and well-formed B
and ioe LANLB
shows i0 € L AB
proof —
obtain trA trB where tr-def : path A (io || trA) (initial A) A length io = length trA
path B (io || trB) (initial B) A length io = length trB
using assms by blast
then have path AB (io || trA || trB) (initial A, initial B)
using assms by (metis FSM .nodes.initial productF-path-inclusion)
then show ?thesis
using tr-def by (metis assms(1) language-state length-zip min.idem productF-simps(4))
qed

lemma productF-language-state-intermediate :
assumes vs Q zs € L M2 N L M1
and productF M2 M1 FAIL PM
and observable M2
and well-formed M2
and observable M1
and well-formed M1
obtains ¢2 ¢ tr
where io-targets PM (initial PM) vs = {(¢2,q1)}
path PM (zs || tr) (¢2,q1)
length xs = length tr
proof —
have vs Q@ zs € L PM
using productF-language[OF assms(2,4,6,1)] by simp
then obtain trVX where path PM (vsQgzs || trVX) (initial PM) A length trVX = length (vsQus)
by auto
then have tgt-VX : io-targets PM (initial PM) (vsQzs) = {target (vsQuzs || trVX) (initial PM)}
by (metis assms(2) assms(8) assms(5) obs-target-is-io-targets observable-productF’)

have vs € L PM using (vsQzs € L PM>»
by (meson language-state-prefiz)

then obtain ¢rV where path PM (vs || trV) (initial PM) A length trV = length vs
by auto

then have tgt-V : io-targets PM (initial PM) vs = {target (vs || trV) (initial PM)}
by (metis assms(2) assms(3) assms(5) obs-target-is-io-targets observable-productF)

let 9g2 = fst (target (vs || trV) (initial PM))
let 2q1 = snd (target (vs || trV) (initial PM))

have observable PM
by (meson assms(2,38,5) observable-productF)

have io-targets PM (2q2,7q1) zs = {target (vs Q zs || trVX) (initial PM)}
using observable-io-targets-splitf OF <observable PM> tgt-VX tgt-V] by simp

then have zs € language-state PM (292,%q1)
by auto

then obtain tr where path PM (zs || tr) (992,%q1)

length xs = length tr
by auto
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then show %thesis
by (metis prod.collapse tgt-V that)
qed

lemma sequence-to-failure-reaches-FAIL :
assumes sequence-to-failure M1 M2 io
and OFSM M1
and OFSM M2
and productF M2 M1 FAIL PM
shows FAIL € io-targets PM (initial PM) io
proof —
obtain p where path PM (io || p) (initial PM)
A length p = length io
A target (io || p) (initial PM) = FAIL
using fail-reachable-by-sequence-to-failure[OF assms(1)]
using assms(2) assms(3) assms(4) by blast
then show ?thesis
by auto
qed

lemma sequence-to-failure-reaches-FAIL-0b :
assumes sequence-to-failure M1 M2 io
and OFSM M1
and OFSM M2
and productF" M2 M1 FAIL PM
shows do-targets PM (initial PM) io = {FAIL}
proof —
have FAIL € io-targets PM (initial PM) io
using sequence-to-failure-reaches-FAIL[OF assms(1—4)] by assumption
have observable PM
by (meson assms(2) assms(3) assms(4) observable-productF’)
show ?thesis
by (meson <FAIL € io-targets PM (initial PM) ios <observable PM»
observable-io-target-is-singleton)
qed

lemma sequence-to-failure-alt-def :
assumes io-targets PM (initial PM) io = {FAIL}
and OFSM M1
and OFSM M2
and productF M2 M1 FAIL PM
shows sequence-to-failure M1 M2 io
proof —
obtain p where path PM (io || p) (initial PM)
length p = length io
target (io || p) (initial PM) = FAIL
using assms(1) by (metis io-targets-elim singletonl)
have io # ||
proof
assume io = ||
then have io-targets PM (initial PM) io = {initial PM}
by auto
moreover have initial PM # FAIL
proof —
have initial PM = (initial M2, initial M1)
using assms(4) by auto
then have initial PM € (nodes M2 x nodes M1)
by (simp add: FSM.nodes.initial)
moreover have FAIL ¢ (nodes M2 x nodes M1)
using assms(4) by auto
ultimately show ?%thesis
by auto
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qed
ultimately show Fulse
using assms(1) by blast
qed
then have 0 < length io
by blast

have target (butlast (io||p)) (initial PM) # FAIL
using no-prefiz-targets-FAIL[OF assms(4) <path PM (io || p) (initial PM)>, of (length io) — 1]
by (metis (no-types, lifting) <0 < length io0> <length p = length io> butlast-conv-take
diff-less length-map less-numeral-extra(1) map-fst-zip)
have target (butlast (iol|p)) (initial PM) € nodes PM
by (metis FSM.nodes.initial FSM .nodes-target FSM .path-append-elim
<path PM (io || p) (initial PM)> append-butlast-last-id butlast.simps(1))
moreover have nodes PM C insert FAIL (nodes M2 x nodes M1)
using nodes-productF[OF - - assms(4)] assms(2) assms(3) by linarith
ultimately have target (butlast (io||p)) (initial PM) € insert FAIL (nodes M2 X nodes M1)
by blast

have target (butlast (io||p)) (initial PM) € (nodes M2 x nodes M1)
using <target (butlast (io || p)) (initial PM) € insert FAIL (nodes M2 x nodes M1)»
<target (butlast (io || p)) (initial PM) # FAIL»
by blast
then obtain s2 sI where target (butlast (io||p)) (initial PM) = (s2,s1)
s2 € nodes M2 sl € nodes M1
by blast

have length (butlast i0) = length (map fst (butlast p))
length (map fst (butlast p)) = length (map snd (butlast p))
by (simp add: <length p = length i0))+

have path PM (butlast (io||p)) (initial PM)
by (metis FSM .path-append-elim <path PM (io || p) (initial PM)» append-butlast-last-id
butlast.simps(1))
then have path PM ((butlast io) || (map fst (butlast p)) || (map snd (butlast p)))
(initial M2, initial M1)
using <length p = length ioy assms(4) by auto
have target (butlast io || map fst (butlast p) || map snd (butlast p)) (initial M2, initial M1)
+ FAIL
using <length p = length io> <target (butlast (io || p)) (initial PM) # FAIL) assms(4)
by auto

have path M2 (butlast io || map fst (butlast p)) (initial M2) A
path M1 (butlast io || map snd (butlast p)) (initial M1) V
target (butlast io || map fst (butlast p) || map snd (butlast p)) (initial M2, initial M1)
= FAIL
using productF-path-reverse
[OF <length (butlast io) = length (map fst (butlast p))»
<length (map fst (butlast p)) = length (map snd (butlast p))»
assms(4) - -
<path PM ((butlast io) || (map fst (butlast p)) || (map snd (butlast p)))
(indtial M2, initial M1)» - -]
using assms(2) assms(3) by auto
then have path M2 (butlast io || map fst (butlast p)) (initial M2)
path M1 (butlast io || map snd (butlast p)) (initial M1)
using <target (butlast io || map fst (butlast p) || map snd (butlast p))
(initial M2, initial M1) # FAIL»
by auto

then have butlast 5o € L M2 N L M1
using <length (butlast i0) = length (map fst (butlast p))» by auto

have path PM (io || map fst p || map snd p) (initial M2, initial M1)
using «path PM (io || p) (initial PM)> assms(4) by auto
have length i0 = length (map fst p)
length (map fst p) = length (map snd p)
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by (simp add: <length p = length i0))+

obtain p!’ where path M1 (io || p1’) (initial M1) A length io = length p1’
using productF-path-reverse-ob
[OF <length io = length (map fst p)>
<length (map fst p) = length (map snd p)> assms(4) - -
<path PM (io || map fst p || map snd p) (initial M2, initial M1)]
using assms(2) assms(3) by blast
then have io € L M1
by auto

moreover have io ¢ L M2
proof
assume {0 € L M2 — only possible if io does not target FAIL
then obtain p2’ where path M2 (io || p2’) (initial M2) length io = length p2’
by auto
then have length p2’' = length p1’
using ¢path M1 (do || p1’) (initial M1) A length io = length p1"
by auto

have path PM (io || p2’|| p1’) (initial M2, initial M1)
using productF-path-inclusion|OF <length io = length p2') «length p2' = length p1’> assms(4),
of initial M2 initial M1]
<path M1 (io || p1") (initial M1) A length io = length p1’s
<path M2 (io || p2") (initial M2)> assms(2) assms(3)
by blast

have target (io || p2' || p1’) (initial M2, initial M1) € (nodes M2 x nodes M1)
using (length io = length p2" <path M1 (io || p1') (initial M1) A length io = length p1"
<path M2 (io || p2") (initial M2)>
by auto
moreover have FAIL ¢ (nodes M2 x nodes M1)
using assms(4) by auto
ultimately have target (io || p2’ || p1’) (initial M2, initial M1) # FAIL
by blast

have length io = length (p2' || p1’)
by (simp add: <length io = length p2"s <length p2' = length p1’)
have target (io || p2' || p1’) (initial M2, initial M1)
€ do-targets PM (initial M2, initial M1) io
using ¢path PM (io || p2' || p1’) (initial M2, initial M1)» <length io = length (p2' || p1')
unfolding io-targets.simps by blast

have io-targets PM (initial PM) io # {FAIL}
using <target (io || p2' || p1’) (initial M2, initial M1)
€ io-targets PM (initial M2, initial M1) io»
<target (io || p2' || p1’) (initial M2, initial M1) # FAIL> assms(4)
by auto
then show False
using assms(1) by blast
qed

ultimately have io € L M1 — L M2
by blast

show sequence-to-failure M1 M2 io
using <butlast 1o € L M2 N L M1y <io € L M1 — L M2) by auto
qed

end

theory ATC
imports ../FSM /FSM
begin
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3 Adaptive test cases

Adaptive test cases (ATCs) are tree-like structures that label nodes with inputs and edges with outputs such
that applying an ATC to some FSM is performed by applying the label of its root node and then applying the
ATC connected to the root node by an edge labeled with the observed output of the FSM. The result of such
an application is here called an ATC-reaction.

ATCs are here modelled to have edges for every possible output from each non-leaf node. This is not a restriction
on the definition of ATCs by Hierons [2] as a missing edge can be expressed by an edge to a leaf.

datatype (‘in, ‘out) ATC = Leaf | Node "in 'out = ('in, 'out) ATC

inductive atc-reaction :: ('in, ‘out, 'state) FSM = 'state = ('in, 'out) ATC
= ("in x 'out) list = bool
where
leaf[intro!]: atc-reaction M q1 Leaf [] |
nodelintrol]: ¢2 € succ M (z,y) q1
= atc-reaction M ¢2 (f y) io
= atc-reaction M q1 (Node z f) ((z,y)#1io0)

inductive-cases leaf-elim[elim!] : atc-reaction M q1 Leaf ||
inductive-cases node-elim[elim!] : atc-reaction M q1 (Node z f) ((z,y)#io)

3.1 Properties of ATC-reactions

lemma atc-reaction-empty[simp] :
assumes atc-reaction M q t ||
shows ¢t = Leaf

using assms atc-reaction.simps by force

lemma atc-reaction-nonempty-no-leaf :
assumes atc-reaction M q t (Cons a 7o)
shows ¢t # Leaf
using assms
proof —
have A\f ¢ a ps. = atc-reaction f (c::'c) (a::('a, 'b) ATC) ps V a # Leaf V a # Leaf V ps = ||
using atc-reaction.simps by fastforce
then show ?%thesis
using assms by blast
qed

lemma atc-reaction-nonemptylelim] :
assumes atc-reaction M g1 t (Cons (z,y) o)
obtains ¢2 f
where ¢t = Node z f ¢2 € succ M (z,y) ql atc-reaction M q2 (f y) io
proof —
obtain z2 f where t = Node z2 f
using assms by (metis ATC.exhaust atc-reaction-nonempty-no-leaf)
moreover have z = z2
using assms calculation atc-reaction.cases by fastforce
ultimately show ?%thesis
using assms using that by blast
qed

lemma atc-reaction-path-ex :
assumes atc-reaction M ql t io
shows 3 tr . path M (io || tr) g1 A length io = length tr
using assms proof (induction io arbitrary: ql t rule: list.induct)
case Nil
then show ?case by (simp add: FSM .nil)
next
case (Cons io-hd io-tl)
then obtain z y where io-hd-def : io-hd = (z,y)
by (meson surj-pair)
then obtain f where f-def : t = (Node z f)
using Cons atc-reaction-nonempty by metis
then obtain ¢2 where ¢2-def : ¢2 € succ M (z,y) ql atc-reaction M q2 (f y) io-tl
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using Cons io-hd-def atc-reaction-nonempty by auto
then obtain tr-tl where tr-tl-def : path M (io-tl || tr-tl) q2 length io-tl = length tr-tl
using Cons.IH[of q2 f y] by blast
then have path M (io-hd # io-tl || q2 # tr-tl) q1
using Cons q2-def by (simp add: FSM.path.intros(2) io-hd-def)
then show ?case using tr-tl-def by fastforce
qed

lemma atc-reaction-path[elim] :

assumes atc-reaction M ql t io
obtains ¢r

where path M (io || tr) ql length io = length tr
by (meson assms atc-reaction-path-ex)

3.2 Applicability

An ATC can be applied to an FSM if each node-label is contained in the input alphabet of the FSM.

inductive subtest :: (“in, ‘out) ATC = ('in, ‘out) ATC = bool where
t € range f = subtest t (Node z f)

lemma accp-subtest : Wellfounded.accp subtest t
proof (induction t)

case Leaf

then show ?case by (meson ATC .distinct(1) accp.simps subtest.cases)
next

case (Node z f)

have [H: Wellfounded.accp subtest t if t € range f for t

using Node[of t] and that by (auto simp: eq-commute)

show ?case by (rule acepl) (auto intro: IH elim!: subtest.cases)

qed

definition subtest-rel where subtest-rel = {(t, Node z f) |f = t. t € range f}

lemma subtest-rel-altdef: subtest-rel = {(s, t) |s t. subtest s t}
by (auto simp: subtest-rel-def subtest.simps)

lemma subtest-rell [intro]: t € range f => (¢, Node z f) € subtest-rel
by (simp add: subtest-rel-def)

lemma subtest-rell’ [intro]: t = fy = (t, Node = f) € subtest-rel
by (auto simp: subtest-rel-def ran-def)

lemma wf-subtest-rel [simp, intro]: wf subtest-rel
using accp-subtest unfolding subtest-rel-altdef accp-eq-acc wf-iff-acc
by auto

function inputs-atc :: (‘a,’b) ATC = 'a set where

inputs-atc Leaf = {} |

inputs-atc (Node z f) = insert z (|J (image inputs-atc (range f)))
by pat-completeness auto
termination by (relation subtest-rel) auto

fun applicable :: ("in, 'out, 'state) FSM = ('in, 'out) ATC = bool where
applicable M t = (inputs-atc t C inputs M)

fun applicable-set :: (in, ‘out, 'state) FSM = ('in, 'out) ATC set = bool where
applicable-set M Q = (V t € Q . applicable M t)

lemma applicable-subtest :
assumes applicable M (Node z f)
shows applicable M (f y)
using assms inputs-atc.simps
by (simp add: Sup-le-iff)
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3.3 Application function 10

Function I0 collects all ATC-reactions of some FSM to some ATC.

fun 10 :: ('in, ‘out, 'state) FSM = 'state = ("in, ‘out) ATC = (‘in x 'out) list set where
I0 M gt ={ tr . atc-reaction M q t tr }

fun I0-set :: ("in, ‘out, 'state) FSM = ’state = ('in, ‘out) ATC set = ("in x 'out) list set
where
I0-set Mg Q=) {IOMqt]|t.teQ}

lemma 1O-language : 10 M q t C language-state M q
by (metis atc-reaction-path I10.elims language-state mem-Collect-eq subsetl)

lemma I0-leaf[simp] : 10 M q Leaf = {[]}
proof
show 10 M q Leaf C {[]}
proof (rule ccontr)
assume assm : = [0 M q Leaf C {[|}
then obtain io-hd io-tl where elem-ex : Cons io-hd io-tl € 10 M q Leaf
by (metis (no-types, opaque-lifting) insertl1 neq-Nil-conv subset-eq)
then show Fulse
using atc-reaction-nonempty-no-leaf assm by (metis 10.simps mem-Collect-eq)
qed
next
show {[]} C I0 M q Leaf by auto
qed

lemma I0-applicable-nonempty :
assumes applicable M t
and completely-specified M
and ql € nodes M
shows 10 M q1 t # {}
using assms proof (induction ¢ arbitrary: q1)
case Leaf
then show ?case by auto
next
case (Node z f)
then have z € inputs M by auto
then obtain y ¢2 where z-appl : ¢2 € succ M (z, y) ql
using Node unfolding completely-specified.simps by blast
then have applicable M (f y)
using applicable-subtest Node by metis
moreover have ¢2 € nodes M
using Node(4) «q2 € succ M (z, y) q1> FSM.nodes.intros(2)[of g1 M ((z,y),92)] by auto
ultimately have I0 M ¢2 (fy) # {}
using Node by auto
then show ?case unfolding 10.simps
using z-appl by blast
qed

lemma [0-in-language :
IOMqgt C LS Mg
unfolding /0.simps by blast

lemma [0-set-in-language :

10-set M ¢ Q C LS M ¢q
using IO-in-language[of M q] unfolding IO-set.simps by blast

3.4 R-distinguishability
A non-empty ATC r-distinguishes two states of some FSM if there exists no shared ATC-reaction.

fun r-dist :: ("in, ‘out, 'state) FSM = ('in, ‘out) ATC = 'state = 'state = bool where
r-dist M ¢t s1 s2 = (t # Leaf N IO M s1 t N 10 M s2t = {})
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fun r-dist-set :: ('in, ‘out, 'state) FSM = ('in, ‘out) ATC set = ’'state = 'state = bool where
r-dist-set M T s1 s2 = (3 t € T . r-dist M t s1 s2)

lemma r-dist-dist :
assumes applicable M t
and completely-specified M
and r-dist M t q1 q2
and ql € nodes M
shows qI # ¢2
proof (rule ccontr)
assume —(ql # ¢2)
then have q1 = ¢2
by simp
then have IO M g1 t = {}
using assms by simp
moreover have IO M q1 t # {}
using assms [0-applicable-nonempty by auto
ultimately show False
by simp
qed

lemma r-dist-set-dist :
assumes applicable-set M 2
and completely-specified M
and r-dist-set M €2 q1 q2
and ql € nodes M
shows ¢l # ¢2
using assms r-dist-dist by (metis applicable-set.elims(2) r-dist-set.elims(2))

lemma r-dist-set-dist-disjoint :
assumes applicable-set M 2
and completely-specified M
and VitieTi .V t2eT2. rdist-set M Q t1 t2
and T1 C nodes M
shows T1 N T2 = {}
by (metis assms disjoint-iff-not-equal r-dist-set-dist subsetCE)

3.5 Response sets

The following functions calculate the sets of all AT C-reactions observed by applying some set of ATCs on every
state reached in some FSM using a given set of 10-sequences.
fun B :: ('in, ‘out, 'state) FSM = ("in * 'out) list = ('in, ‘out) ATC set
= ("in * 'out) list set where
B Mio Q =] (image (A s . I0-set M s Q) (io-targets M (initial M) 7o0))

fun D :: (‘in, ‘out, 'state) FSM = "in list set = ('in, 'out) ATC set
= ("in * 'out) list set set where
D M ISegqs 2 = image (X i0 . B M i0 Q) (LSin M (initial M) ISegs)

fun append-io-B :: ('in, ‘out, 'state) FSM = ('in * 'out) list = ("in, ‘out) ATC set
= ("in * 'out) list set where
append-io-B M i0 Q = { i0Qres | res . res € B M io Q }

lemma B-dist’ :
assumes df: B M iol Q # B M i02 Q
shows (io-targets M (initial M) iol) # (io-targets M (initial M) i02)
using assms by force

lemma B-dist :
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assumes io-targets M (initial M) iol = {q1}
and  do-targets M (initial M) i02 = {¢2}
and B M iol Q # B M io2 Q

shows q1 # ¢2
using assms by force

lemma D-bound :
assumes wf: well-formed M
and ob: observable M
and fi: finite ISeqs
shows finite (D M ISeqs Q) card (D M ISeqs ) < card (nodes M)
proof —
have D M ISeqs Q C image (A s . I0-set M s Q) (nodes M)
proof
fix RS assume RS-def : RS € D M ISeqs Q2
then obtain zs ys where RS-tr : RS = B M (s || ys)
(zs € 1Segs N length zs = length ys
A (zs || ys) € language-state M (initial M))
by auto
then obtain ¢z where gz-def : io-targets M (initial M) (xs || ys) = { ¢z }
by (meson io-targets-observable-singleton-ex ob)
then have RS = IO-set M qz Q)
using RS-tr by auto
moreover have gr € nodes M
by (metis FSM.nodes.initial io-targets-nodes qz-def singletonl)
ultimately show RS € image (A s . 10-set M s Q) (nodes M)
by auto
qged
moreover have finite (nodes M)
using assms by auto
ultimately show finite (D M ISeqs Q) card (D M ISeqs Q) < card (nodes M)
by (meson finite-imagel infinite-super surj-card-le)+
qed

lemma append-io-B-in-language :
append-io-B M i0 Q C L M
proof
fix z assume z € append-io-B M io Q)
then obtain res where x = i0Qres res € B M io )
unfolding append-io-B.simps by blast
then obtain ¢ where ¢ € io-targets M (initial M) io res € 10-set M q Q
unfolding B.simps by blast
then have res € LS M q
using [O0-set-in-language[of M q 2] by blast

obtain pIO where path M (io || pIO) (initial M)
length pIO = length io target (io || pIO) (initial M) = ¢

using <q € io-targets M (initial M) io> by auto

moreover obtain pRes where path M (res || pRes) q length pRes = length res
using <«res € LS M ¢» by auto

ultimately have ioQres € L M
using FSM .path-append|of M io||pIO initial M res||pRes]
by (metis language-state length-append zip-append)

then show z € L M
using <z = i0Qres> by blast

qed

lemma append-io-B-nonempty :
assumes applicable-set M 2
and completely-specified M
and io € language-state M (initial M)
and Q#{}
shows append-io-B M io Q # {}
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proof —

obtain ¢ where ¢t € Q
using assms(4) by blast

then have applicable M t
using assms(1) by simp

moreover obtain tr where path M (io || tr) (initial M) A length tr = length io
using assms(3) by auto

moreover have target (io || tr) (initial M) € nodes M
using calculation(2) by blast

ultimately have IO M (target (io || tr) (initial M)) t # {}
using assms(2) I0-applicable-nonempty by simp

then obtain io’ where io’ € 10 M (target (io || tr) (initial M)) t
by blast

then have io’ € I10-set M (target (io || tr) (initial M)) Q
using <t € (1> unfolding IO-set.simps by blast

moreover have (target (io || tr) (initial M)) € io-targets M (initial M) io
using «path M (io || tr) (initial M) A length tr = length io» by auto

ultimately have io’ € B M io Q
unfolding B.simps by blast

then have i0Qio’ € append-io-B M io
unfolding append-io-B.simps by blast

then show ?thesis by blast

qed

lemma append-io- B-prefix-in-language :
assumes append-io-B M io Q # {}
shows 70 € L M
proof —
obtain res where io @Q res € append-io-B M io Q2 A res € B M io 2
using assms by auto
then have io-targets M (initial M) io # {}
by auto
then obtain ¢ where ¢ € io-targets M (initial M) io
by blast
then obtain tr where target (io || tr) (initial M) = q A path M (io || tr) (initial M)
A length tr = length io by auto
then show ?thesis by auto
qed

3.6 Characterizing sets

A set of ATCs is a characterizing set for some FSM if for every pair of r-distinguishable states it contains an
ATC that r-distinguishes them.

fun characterizing-atc-set :: (“in, ‘out, 'state) FSM = ('in, 'out) ATC set = bool where
characterizing-atc-set M Q = (applicable-set M Q A (V s1 € (nodes M) .V s2 € (nodes M) .
(3 td . r-dist M td s1 s2) — (3 tt € Q . r-dist M tt sl s2)))

3.7 Reduction over ATCs

Some state is a an ATC-reduction of another over some set of ATCs if for every contained ATC every ATC-
reaction to it of the former state is also an AT C-reaction of the latter state.

fun atc-reduction :: (in, ‘out, 'state) FSM = 'state = ('in, ‘out, 'state) FSM = 'state
= ('in, 'out) ATC set = bool where
ate-reduction M2 s2 M1 s1 Q= (V t € Q.10 M2 s2t C IO M1 sl t)

— r-distinguishability holds for atc-reductions
lemma atc-rdist-dist[intro] :

assumes wf2 : well-formed M2

and cs2 : completely-specified M2

and ap2 : applicable-set M2 2

and el-t1 : t1 € nodes M2

and redl : atc-reduction M2 t1 M1 s1
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and red?2 : atc-reduction M2 t2 M1 s2 Q
and rdist : r-dist-set M1 € s1 s2

and t1 € nodes M2
shows r-dist-set M2 Q t1 t2
proof —

obtain td where td-def : td € Q0 A r-dist M1 td s1 s2
using rdist by auto
then have 10 M1 s1 td N IO M1 s2 td = {}
using td-def by simp
moreover have [0 M2 t1 td C 10 M1 s1 td
using red! td-def by auto
moreover have 10 M2 t2 td C 10 M1 s2 td
using red?2 td-def by auto
ultimately have no-inter : 10 M2 t1 td N 10 M2 t2 td = {}
by blast

then have td # Leaf
by auto
then have 10 M2 t1 td # {}
by (meson ap2 I0-applicable-nonempty applicable-set.elims(2) cs2 td-def assms(8))
then have IO M2 t1 td # IO M2 t2 td
using no-inter by auto
then show %thesis
using no-inter td-def by auto
qed

3.8 Reduction over ATCs applied after input sequences

The following functions check whether some FSM is a reduction of another over a given set of input sequences
while furthermore the response sets obtained by applying a set of ATCs after every input sequence to the first
FSM are subsets of the analogously constructed response sets of the second FSM.

fun atc-io-reduction-on :: ('in, 'out, 'statel) FSM = ('in, 'out, 'state2) FSM = 'in list
= ("in, 'out) ATC set = bool where
atc-io-reduction-on M1 M2 iseq Q = (Lin M1 {iseq} C Lin, M2 {iseq}
A (Y io € Lin M1 {iseq} . B M1 i0 Q C B M2 i0 Q))

fun atc-io-reduction-on-sets :: ('in, 'out, 'statel) FSM = 'in list set = (in, ‘out) ATC set
= (“in, 'out, 'state2) FSM = bool where
atc-io-reduction-on-sets M1 TS Q M2 = (¥ iseq € TS . atc-io-reduction-on M1 M2 iseq )

notation
atc-io-reduction-on-sets (<(- X[-.-] -)» [1000,1000,1000,1000])

lemma io-reduction-from-atc-io-reduction :
assumes atc-io-reduction-on-sets M1 T Q M2
and finite T
shows io-reduction-on M1 T M2
using assms(2,1) proof (induction T)
case empty
then show ?case by auto
next
case (insert t T)
then have atc-io-reduction-on M1 M2 t 2
by auto
then have L;, M1 {t} C L;,, M2 {t}
using atc-io-reduction-on.simps by blast

have L;, M1 T C L;n M2 T
using insert.IH
proof —
have atc-io-reduction-on-sets M1 T Q M2
by (meson contra-subsetD insert.prems atc-io-reduction-on-sets.simps subset-insertl)
then show %thesis
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using insert.IH by blast
ged
then have L;, M1 T C L;, M2 (insert ¢t T)
by (meson insert-iff language-state-for-inputs-in-language-state
language-state-for-inputs-map-fst language-state-for-inputs-map-fst-contained
subsetCE subsetl)
moreover have L;, M1 {t} C L;n, M2 (insertt T)
proof —
obtain pps :: (‘a x 'b) list set = (‘a x 'b) list set = (‘a x 'b) list where
Va0 z1. (3v2. v2 € ©1 AN v2 ¢ z0) = (pps 20 1 € z1 A pps 20 z1 ¢ z0)
by moura
then have VP Pa. pps Pa P € P N\ pps Pa P ¢ Pa NV P C Pa
by blast
moreover
{ assume map fst (pps (Lin M2 (insert t T)) (Lin M1 {t})) ¢ insert t T
then have pps (Lin M2 (insert t T)) (Lin M1 {t}) ¢ Lin M1 {t}
V pps (Lin, M2 (insert t T)) (Lin M1 {t}) € Lin M2 (insertt T)
by (metis (no-types) insertll language-state-for-inputs-map-fst-contained singletonD) }
ultimately show ?thesis
by (meson <L;n, M1 {t} C L;, M2 {t}» language-state-for-inputs-in-language-state
language-state-for-inputs-map-fst set-rev-mp)
qed

ultimately show ?case
proof —
have f1: Vps P Pa. (ps::(a x 'b) list) ¢ PV -~ P C PaV ps € Pa
by blast
obtain pps :: (‘a x 'b) list set = (‘a x 'b) list set = ('a x 'b) list where
Va0 z1. (3v2. v2 € x1 AN v2 ¢ 20) = (pps 20 1 € z1 A pps z0 z1 ¢ z0)
by moura
moreover
{ assume pps (Lin, M2 (insert t T)) (Lin M1 (insertt T))
¢ Lin M1 {t}
moreover
{ assume map fst (pps (Lin M2 (insert t T)) (Lin M1 (insert t T)))
¢ {t}
then have map fst (pps (Lin M2 (insert t T))
(Lin M1 (insertt T))) # t
by blast
then have pps (Lin, M2 (insert t T)) (Lin, M1 (insert t T))
¢ Lin M1 (insertt T)
V pps (Lin M2 (insert t T)) (Lin M1 (insertt T))
€ Lin M2 (insertt T)
using fI by (meson <Lin, M1 T C L;n M2 (insert t T)»
insertE language-state-for-inputs-in-language-state
language-state-for-inputs-map-fst
language-state-for-inputs-map-fst-contained) }
ultimately have io-reduction-on M1 (insert t T) M2
V pps (Lin M2 (insert t T)) (Lin M1 (insert t T))
¢ Lin M1 (insertt T)
V pps (Lin M2 (insertt T)) (Lin M1 (insertt T))
€ Lin M2 (insertt T)
using fI1 by (meson language-state-for-inputs-in-language-state
language-state-for-inputs-map-fst) }
ultimately show ?%thesis
using f1 by (meson <Lin, M1 {t} C Lin M2 (insert t T)» subsetl)
qed
qed

lemma atc-io-reduction-on-subset :
assumes atc-io-reduction-on-sets M1 T Q M2
and T'CT
shows atc-io-reduction-on-sets M1 T' Q M2
using assms unfolding atc-io-reduction-on-sets.simps by blast
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lemma atc-reaction-reduction[intro| :
assumes [s : language-state M1 q1 C language-state M2 q2
and ell : q1 € nodes M1
and el2 : q2 € nodes M2
and rct : ate-reaction M1 q1 t io
and 0b2 : observable M2
and obl : observable M1
shows atc-reaction M2 q2 t io
using assms proof (induction t arbitrary: io q1 ¢2)
case Leaf
then have 0 = [
by (metis atc-reaction-nonempty-no-leaf list.exhaust)
then show ?case
by (simp add: leaf)
next
case (Node z f)
then obtain io-hd io-tl where io-split : i0 = i0-hd # io-tl
by (metis ATC.distinct(1) atc-reaction-empty list.exhaust)
moreover obtain y where y-def : i0-hd = (z,y)
using Node calculation by (metis ATC.inject atc-reaction-nonempty surj-pair)
ultimately obtain ¢/z where qlz-def : qlx € succ M1 (z,y) ql atc-reaction M1 qlz (fy) io-tl
using Node.prems(4) by blast

then have pt! : path M1 ([(z,y)] || [qlz]) ¢f

by auto
then have ls! : [(z,y)] € language-state M1 q1

unfolding language-state-def path-def using list.simps(9) by force
moreover have glz € io-targets M1 q1 [(z,y)]

unfolding io-targets.simps

proof —
have f1: length [(z, y)] = length [q1z]
by simp
have giz = target ([(z, )] || [ala]) o
by simp

then show gz € {target ([(z, y)] || ¢s) qI |cs. path M1 ([(z, y)] || es) qf
A length [(z, y)] = length cs}
using f1 pt! by blast
qed
ultimately have tgt! : io-targets M1 q1 [(z,y)] = {qlz}
using Node.prems io-targets-observable-singleton-ex qlz-def
by (metis (no-types, lifting) singletonD)

then have [s2 : [(z,y)] € language-state M2 ¢2
using Node.prems(1) ls1 by auto
then obtain ¢2z where ¢2z-def : q2z € succ M2 (z,y) ¢2
unfolding language-state-def path-def
using transition-system.path.cases by fastforce
then have pt2 : path M2 ([(z,y)] || [¢2z]) ¢2
by auto
then have ¢2z € io-targets M2 q2 [(z,y)]
using [s2 unfolding io-targets.simps

proof —
have f1: length [(z, y)] = length [¢2z]
by simp
have g2 = target ([(z, 9)] || [42]) o2
by simp

then show ¢2z € {target ([(z, y)] || ¢s) ¢2 |cs. path M2 ([(z, y)] || cs) q2
A length [(z, y)] = length cs}
using f1 pt2 by blast
qed

then have tgt2 : io-targets M2 q2 [(z,y)] = {¢2z}

using Node.prems io-targets-observable-singleton-ex ls2 q2z-def
by (metis (no-types, lifting) singletonD)

64



then have language-state M1 qlz C language-state M2 q2z
using language-state-inclusion-of-state-reached-by-same-sequence
[of M1 q1 M2 g2 [(z,y)] qlz q21]
tgtl tgt2 Node.prems by auto
moreover have qlz € nodes M1
using qlz-def(1) Node.prems(2) by (metis insertll io-targets-nodes tgtl1)
moreover have ¢2x € nodes M2
using ¢2z-def(1) Node.prems(8) by (metis insertll io-targets-nodes tgt2)
ultimately have ¢2z € succ M2 (z,y) q2 A atc-reaction M2 q2z (f y) io-tl
using Node.IH[of f y qlz q2z io-tl] obl 0b2 qlz-def(2) q2z-def by blast

then show atc-reaction M2 q2 (Node x f) io using io-split y-def by blast
qed

lemma [O-reduction :
assumes [s : language-state M1 q1 C language-state M2 q2
and ell : q1 € nodes M1
and el2 : g2 € nodes M2
and obl : observable M1
and 0b2 : observable M2
shows 10 M1 q1 t C IO M2 ¢2 t
using assms atc-reaction-reduction unfolding 10.simps by auto

lemma 10-set-reduction :
assumes [s : language-state M1 q1 C language-state M2 q2
and ell : q1 € nodes M1
and el2 : g2 € nodes M2
and obl : observable M1
and 0b2 : observable M2
shows 10-set M1 q1 Q C IO-set M2 q2 Q)
proof —
haveV t € Q. 10 M1 q1 t C IO M2 ¢2 t
using assms [0-reduction by metis
then show ?thesis
unfolding I0-set.simps by blast
qed

lemma B-reduction :
assumes red : M1 <X M2
and obl : observable M1
and 0b2 : observable M2
shows B M1 i0 Q2 C B M2 io )
proof
fix zy assume zy-assm : zy € B M1 io Q
then obtain ¢Iz where glz-def : qlz € (io-targets M1 (initial M1) i0) A zy € IO-set M1 qlz Q
unfolding B.simps by auto
then obtain tr! where ¢ri-def : path M1 (io || tr1) (initial M1) A length io = length trl
by auto

then have qlz-0b : io-targets M1 (initial M1) io = {qlz}
using assms
by (metis io-targets-observable-singleton-ex language-state qlz-def singleton-iff)

then have s : io € language-state M1 (initial M1)
by auto

then have Is2 : io € language-state M2 (initial M2)
using red by auto

then obtain tr2 where tr2-def : path M2 (io || tr2) (initial M2) A length io = length tr2
by auto

then obtain ¢2z where ¢2z-def : q2z € (io-targets M2 (initial M2) io)
by auto
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then have ¢2z-0b : io-targets M2 (initial M2) io = {q2z}
using tr2-def assms
by (metis io-targets-observable-singleton-ex language-state singleton-iff)

then have language-state M1 glz C language-state M2 q2x
using qlz-ob assms unfolding io-reduction.simps
by (simp add: language-state-inclusion-of-state-reached-by-same-sequence)
then have [0-set M1 qlz Q2 C 10-set M2 q2zx ()
using assms I0-set-reduction by (metis FSM.nodes.initial io-targets-nodes qlz-def g2z-def)
moreover have B M1 io Q = 10-set M1 qlz 2
using qlz-0b by auto
moreover have B M2 io Q = 10-set M2 q2z 2
using ¢2z-0b by auto
ultimately have B M1 i0 2 C B M2 io Q2
by simp
then show zy € B M2 io ) using zy-assm
by blast
qed

lemma append-io-B-reduction :
assumes red : M1 < M2
and obl : observable M1
and 0b2 : observable M2
shows append-io-B M1 i0 Q C append-io-B M2 io )
proof
fix toR assume ioR-assm : ioR € append-io-B M1 io Q
then obtain res where res-def : 10R = 10 Q res res € B M1 io Q2
by auto
then have res € B M2 io Q)
using assms B-reduction by (metis (no-types, opaque-lifting) subset-iff)
then show ioR € append-io-B M2 io )
using ioR-assm res-def by auto
qed

lemma atc-io-reduction-on-reduction|intro] :
assumes red : M1 <X M2
and obl : observable M1
and 0b2 : observable M2
shows atc-io-reduction-on M1 M2 iseq )
unfolding atc-io-reduction-on.simps proof
show L;, M1 {iseq} C Lin M2 {iseq}
using red by auto
next
show Vio€L;, M1 {iseq}. B M1 i0 Q C B M2 io0 Q2
using B-reduction assms by blast
qed

lemma atc-io-reduction-on-sets-reduction[intro] :
assumes red : M1 < M2
and obl : observable M1
and ob2 : observable M2
shows atc-io-reduction-on-sets M1 TS M2
using assms atc-io-reduction-on-reduction by (metis atc-io-reduction-on-sets.elims(3))

lemma atc-io-reduction-on-sets-via-LS;y :
assumes atc-io-reduction-on-sets M1 TS Q M2
shows (Lin M1 TS U ({Ji0€Lin M1 TS. B M1 i0 Q))
C (Lin M2 TS U (|Ji0€Lin M2 TS. B M2 io Q))
proof —
have V iseq € TS . (Lin M1 {iseq} C Lin M2 {iseq}
A (VY io € Lin M1 {iseq} . B M1 io Q C B M2 io Q))
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using assms by auto
then have V iseq € TS . (|Jio€Lin M1 {iseq}. B M1 io Q)
C (Jio€Lin M2 {iseq}. B M2 io Q)
by blast
moreover have V iseq € TS . (|Jio€Lin M2 {iseq}. B M2 io Q)
C (Jio€Lin M2 TS. B M2 io Q)
unfolding language-state-for-inputs.simps by blast
ultimately have elem-subset : YV iseq € TS .
(Uéo€Lin M1 {iseq}. B M1 io )
C (Jio€Lin M2 TS. B M2 io Q)
by blast

show ?thesis
proof
fix z assume z € L;, M1 TS U (|Ji0€Lin M1 TS. B M1 io Q)
then show z € Lin M2 TS U (|Jio€Lin M2 TS. B M2 io )
proof (cases © € Li, M1 TS)
case True
then obtain iseq where iseq € TS z€ L;n, M1 {iseq}
unfolding language-state-for-inputs.simps by blast
then have atc-io-reduction-on M1 M2 iseq €2
using assms by auto
then have L;,, M1 {iseq} C L;n M2 {iseq}
by auto
then have v € L;,, M2 TS
by (metis (no-types, lifting) UN-I
«N\thesis. (N\iseq. [iseq € TS; x € Lin M1 {iseq}] = thesis) => thesis
ViseqeTS. Lin, M1 {iseq} C Lin M2 {iseq} N (Vio€Lin M1 {iseq}. B M1 io Q C B M2 io Q)»
language-state-for-input-alt-def language-state-for-inputs-alt-def set-rev-mp)
then show %thesis
by blast
next
case False
then have z € (U t0€L;n M1 TS. B M1 io Q)
using <z € Li, M1 TS U (U 10€L;n, M1 TS. B M1 io Q) by blast
then obtain 0 where 0 € L;, M1 TS x € B M1 i0 Q2
by blast
then obtain iseq where iseq € TS i0€L;n, M1 {iseq}
unfolding language-state-for-inputs.simps by blast
have z € (| Jio€Lin M1 {iseq}. B M1 io )
using <o € Lin M1 {iseq}> <x € B M1 io Q> by blast
then have z € (| Ji0€Lin M2 TS. B M2 io Q)
using <iseq € TS» elem-subset by blast
then show ?thesis
by blast
qed
qed
qed

end

theory ASC-LB

imports ../ATC/ATC ../]FSM /FSM-Product
begin

4 The lower bound function

This theory defines the lower bound function LB and its properties.

Function LB calculates a lower bound on the number of states of some FSM in order for some sequence to not
contain certain repetitions.
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4.1 Permutation function Perm

Function Perm calculates all possible reactions of an FSM to a set of inputs sequences such that every set in the
calculated set of reactions contains exactly one reaction for each input sequence.

fun Perm :: 'in list set = ('in, ‘out, 'state) FSM = ("in x 'out) list set set where
Perm VM = {image f V | f .V v € V . fv € language-state-for-input M (initial M) v }

lemma perm-empty :
assumes is-det-state-cover M2 V
and V' € Perm V M1
shows [| € V"
proof —
have init-seq : [| € V using det-state-cover-empty assms by simp
obtain f where f-def : V' = image f V
AN (Y v e V. fove language-state-for-input M1 (initial M1) v)
using assms by auto
then have [ [| = ||
using init-seq by (metis language-state-for-input-empty singleton-iff)
then show %thesis
using init-seq f-def by (metis image-eql)
qed

lemma perm-elem-finite :
assumes is-det-state-cover M2 V
and well-formed M2
and V' e Perm V M1
shows finite V'’
proof —
obtain f where is-det-state-cover-ass M2 f N 'V = f ¢ d-reachable M2 (initial M2)
using assms by auto
moreover have finite (d-reachable M2 (initial M2))
proof —
have finite (nodes M2)
using assms by auto
moreover have nodes M2 = reachable M2 (initial M2)
by auto
ultimately have finite (reachable M2 (initial M2))
by simp
moreover have d-reachable M2 (initial M2) C reachable M2 (initial M2)
by auto
ultimately show ?thesis
using nfinite-super by blast
qed
ultimately have finite V
by auto
moreover obtain "’ where V' = image f"' V
A (Y ve V. f"v e language-state-for-input M1 (initial M1) v)
using assms(3) by auto
ultimately show ?%thesis
by simp
qed

lemma perm-inputs :
assumes V' ' € Perm V M
and vs € V"
shows map fst vs € V
proof —
obtain f where f-def : V' = image f V
AN (Y v e V. fu € language-state-for-input M (initial M) v)
using assms by auto
then obtain v where v-def : v € V A fv = vs
using assms by auto
then have vs € language-state-for-input M (initial M) v
using f-def by auto
then show ?thesis
using v-def unfolding language-state-for-input.simps by auto
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qed

lemma perm-inputs-diff :
assumes V'’ € Perm V M
and wsl € V"
and vs2 € V"
and vsl # vs2
shows map fst vs1 # map fst vs2
proof —
obtain f where f-def : V'’ = image f V
AV v e V. fuv € language-state-for-input M (initial M) v)
using assms by auto
then obtain v! v2 where v-def : v1 € VA fvl =wvsl ANv2 € VA fo2 = vs2
using assms by auto
then have vs! € language-state-for-input M (initial M) vl
vs2 € language-state-for-input M (initial M) v2
using f-def by auto
moreover have vl # v2
using v-def assms(4) by blast
ultimately show ?thesis
by auto
qed

lemma perm-language :
assumes V'’ € Perm V M
and wse V"
shows vs € L M
proof —
obtain f where f-def : image f V = V"
ANV v e V. fve language-state-for-input M (initial M) v)
using assms(1) by auto
then have 3 v . fv = vs A fv € language-state-for-input M (initial M) v
using assms(2) by blast
then show ?thesis
by auto
qed

4.2 Helper predicates

The following predicates are used to combine often repeated assumption.

abbreviation asc-fault-domain M2 M1 m = (inputs M2 = inputs M1 A card (nodes M1) < m )

lemma asc-fault-domain-props|elim!] :
assumes asc-fault-domain M2 M1 m
shows inputs M2 = inputs M1
card (nodes M1) < musing assms by auto

abbreviation
test-tools M2 M1 FAIL PM V Q = (
productF M2 M1 FAIL PM
A is-det-state-cover M2 V
A applicable-set M2 Q)

)

lemma test-tools-props|elim] :
assumes test-tools M2 M1 FAIL PM V Q
and asc-fault-domain M2 M1 m
shows productF" M2 M1 FAIL PM
is-det-state-cover M2 V
applicable-set M2 Q
applicable-set M1
proof —
show productF M2 M1 FAIL PM using assms(1) by blast
show is-det-state-cover M2 V using assms(1) by blast
show applicable-set M2 Q using assms(1) by blast
then show applicable-set M1 Q)
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unfolding applicable-set.simps applicable.simps
using asc-fault-domain-props(1)[OF assms(2)] by simp
qed

lemma perm-nonempty :
assumes is-det-state-cover M2 V
and OFSM M1
and OFSM M2
and inputs M1 = inputs M2
shows Perm V M1 # {}
proof —
have finite (nodes M2)
using assms(3) by auto
moreover have d-reachable M2 (initial M2) C nodes M2
by auto
ultimately have finite V
using det-state-cover-card[OF assms(1)]
by (metis assms(1) finite-imagel infinite-super is-det-state-cover.elims(2))

have [] € V
using assms(1) det-state-cover-empty by blast

have \ VS . VS C V A VS # {} = Perm VS M1 # {}
proof —
fix VS assume VS C V A VS # {}
then have finite VS using «<finite V>
using infinite-subset by auto
then show Perm VS M1 # {}
using «VS C V A VS # {} «<finite VS)
proof (induction VS)
case empty
then show ?case by auto
next
case (insert vs F)
then have vs € V by blast

obtain ¢2 where d-reaches M2 (initial M2) vs q2
using det-state-cover-d-reachable[ OF assms(1) <vs € V] by blast
then obtain vs’ vsP where io-path : length vs = length vs’
A length vs = length vsP
A (path M2 ((vs || vs’) || vsP) (initial M2))
A target ((vs || vs’) || vsP) (initial M2) = ¢2
by auto

have well-formed M2
using assms by auto

have map fst (map fst ((vs || vs') || vsP)) = wvs
proof —
have length (vs || vs') = length vsP
using io-path by simp
then show ?thesis
using io-path by auto
qed
moreover have set (map fst (map fst ((vs || vs’) || vsP))) C inputs M2
using path-input-containment[OF <well-formed M2», of (vs || vs') || vsP initial M2]
10-path
by linarith
ultimately have set vs C inputs M2
by presburger

then have set vs C inputs M1
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using assms by auto

then have L;, M1 {vs} # {}
using assms(2) language-state-for-inputs-nonempty
by (metis FSM .nodes.initial)
then have language-state-for-input M1 (initial M1) vs # {}
by auto
then obtain vs’ where vs’ € language-state-for-input M1 (initial M1) wvs
by blast

show ?case
proof (cases F = {})
case True
moreover obtain f where f vs = vs’
by force
ultimately have image f (insert vs F)) € Perm (insert vs F) M1
using Perm.simps <vs' € language-state-for-input M1 (initial M1) vs> by blast
then show ?thesis by blast
next
case False
then obtain F'' where F'' € Perm F M1
using insert.IH insert.hyps(1) insert.prems(1) by blast
then obtain f where F''' = image f F
(V v € F. fv € language-state-for-input M1 (initial M1) v)
by auto
let 2f = f(vs := vs’)
have V v € (insert vs F) . ?f v € language-state-for-input M1 (initial M1) v
proof
fix v assume v € insert vs F
then show ?f v € language-state-for-input M1 (initial M1) v
proof (cases v = vs)
case True
then show %thesis
using «vs’ € language-state-for-input M1 (initial M1) vs) by auto
next
case False
then have v € F
using <v € insert vs F'» by blast
then show ?%thesis
using Fualse <V veF. f v € language-state-for-input M1 (initial M1) v> by auto
qged
qed
then have image ?f (insert vs F') € Perm (insert vs F)) M1
using Perm.simps by blast
then show ?%thesis
by blast
qed
qed
qed

then show ?thesis
using ([] € V» by blast
qged

lemma perm-elem :
assumes is-det-state-cover M2 V
and OFSM M1
and OFSM M2
and inputs M1 = inputs M2
and vs € V
and vs’ € language-state-for-input M1 (initial M1) vs
obtains V"’
where V' € Perm V M1 vs' € V"
proof —
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obtain V' where V' € Perm V M1
using perm-nonempty[OF assms(1—4)] by blast
then obtain f where V' = image f V
(V v e V. fov € language-state-for-input M1 (initial M1) v)
by auto

let ?f = f(vs := vs’)

have V v € V . (2fv) € (language-state-for-input M1 (initial M1) v)
using Ve V. (fv) € (language-state-for-input M1 (initial M1) v)> assms(6) by fastforce

then have (image ?f V) € Perm V M1
unfolding Perm.simps by blast
moreover have vs’ € image ?f V
by (metis assms(5) fun-upd-same imagel)
ultimately show ?thesis
using that by blast
qed

4.3 Function R

Function R calculates the set of suffixes of a sequence that reach a given state if applied after a given other
sequence.

fun R :: ("in, ‘out, 'state) FSM = 'state = ('in x 'out) list
= (in x 'out) list = ("in x 'out) list set
where
R M s vsxs={vsQzs' | zs". zs' # ||
A prefiz xs' zs
A s € io-targets M (initial M) (vsQzs’) }

lemma finite-R : finite (R M s vs xs)
proof —
have R M s vs zs C { vs Q zs’ | xs’ .prefiz s’ zs }
by auto
then have R M s vs zs C image (A s’ . vs @Q xs”) {zs’ . prefiz xs’ zs}
by auto
moreover have {zs’ . prefiz xs' zs} = {take n xs | n . n < length zs}
proof
show {zs’. prefiz xs' zs} C {take n zs |n. n < length zs}
proof
fix zs' assume zs’ € {zs’. prefiz zs' s}
then obtain zs’ where zs’ @ zs' = zs
by (metis (full-types) mem-Collect-eq prefixE)
then obtain i where s’ = take i zs A i < length s
by (metis (full-types) append-eq-conv-conj le-cases take-all)
then show zs’ € {take n zs |n. n < length zs}
by auto
qed
show {take n zs |n. n < length zs} C {xs’. prefiz zs’ zs}
using take-is-prefiz by force
qed
moreover have finite {take n zs | n . n < length xs}
by auto
ultimately show ?thesis
by auto
qed

lemma card-union-of-singletons :
assumes V S € S5 . (3 t.S ={t})
shows card (|J SS) = card SS
proof —
let of = Xz . {z}
have bij-betw 2f (|J S9) SS
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unfolding bij-betw-def inj-on-def using assms by fastforce
then show %thesis
using bij-betw-same-card by blast
qed

lemma card-union-of-distinct :
assumes V S1 € SS.V S2€ 85 .81 =852V fSinfs2={}
and finite SS
and V SeSS.fS#{}
shows card (image f SS) = card SS
proof —
from assms(2) haveV S1 € SS.V S2 € S5.51 =82V fS1NfsS2={}
=V S€S8S.fS#{} = %hesis
proof (induction SS)
case empty
then show ?case by auto
next
case (insert z F)
then have - (3 y€ F . fy = fz)
by auto
then have fz ¢ image f F
by auto
then have card (image f (insert x F)) = Suc (card (image [ F))
using insert by auto
moreover have card (f ‘ F) = card F
using insert by auto
moreover have card (insert © F) = Suc (card F)
using insert by auto
ultimately show ?case
by simp
qed
then show ?thesis
using assms by simp
qed

lemma R-count :
assumes (vs Q zs) € L M1 N L M2
and observable M1
and observable M2
and well-formed M1
and well-formed M2
and s € nodes M2
and productF M2 M1 FAIL PM
and do-targets PM (initial PM) vs = {(¢2,q1)}
and path PM (zs || tr) (¢2,q1)
and length xs = length tr
and distinct (states (zs || tr) (¢2,q1))
shows card (| (image (io-targets M1 (initial M1)) (R M2 s vs zs))) = card (R M2 s vs zs)
— each sequence in the set calculated by R reaches a different state in M1
proof —

— Proof sketch: - states of PM reached by the sequences calculated by R can differ only in their second value - the
sequences in the set calculated by R reach different states in PM due to distinctness

have obs-PM : observable PM using observable-productF assms(2) assms(3) assms(7) by blast

have state-component-2 : V io € (R M2 s vs xs) . io-targets M2 (initial M2) io = {s}
proof
fix i0 assume 0 € R M2 s vs xs
then have s € io-targets M2 (initial M2) io
by auto
moreover have io € language-state M2 (initial M2)
using calculation by auto
ultimately show io-targets M2 (initial M2) io = {s}
using assms(3) io-targets-observable-singleton-ex by (metis singletonD)
qed
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moreover have V io € R M2 s vs xs . io-targets PM (initial PM) io
= ijo-targets M2 (initial M2) io X io-targets M1 (initial M1) io
proof
fix i0 assume {o-assm : i0o € R M2 s vs zs
then have io-prefiz : prefiz io (vs Q xs)
by auto
then have io-lang-subs : io € L M1 N i0o € L M2
using assms(1) unfolding prefiz-def by (metis IntE language-state language-state-split)
then have io-lang-inter : 70 € L M1 N L M2
by simp
then have io-lang-pm : i0o € L PM
using productF-language assms by blast
moreover obtain p2 p! where (p2,p1) € io-targets PM (initial PM) io
by (metis assms(2) assms(83) assms(7) calculation insert-absorb insert-ident insert-not-empty
{o-targets-observable-singleton-ob observable-productF singleton-insert-inj-eq subrell)
ultimately have targets-pm : io-targets PM (initial PM) io = {(p2,p1)}
using assms io-targets-observable-singleton-ex singletonD by (metis observable-productF)
then obtain ¢rP where ¢rP-def : target (io || trP) (initial PM) = (p2,p1)
A path PM (io || trP) (initial PM)
A length io = length trP
proof —
assume al: \irP. target (o || trP) (initial PM) = (p2, p1)
A path PM (io || trP) (initial PM)
A length io = length trP —> thesis
have I ps. target (io || ps) (initial PM) = (p2, pl)
A path PM (io || ps) (initial PM) A length io = length ps
using «(p2, pl) € io-targets PM (initial PM) io> by auto
then show ?thesis
using al by blast
qed
then have trP-unique : { tr . path PM (io || tr) (initial PM) A length io = length tr }
={ P}
using observable-productF observable-path-unique-ex|[of PM io initial PM|
io-lang-pm assms(2) assms(3) assms(7)
proof —
obtain pps :: ('d x 'c) list where
f1: {ps. path PM (io || ps) (initial PM) A length io = length ps} = {pps}
V — observable PM
by (metis (no-types) </\thesis. [observable PM; io € L PM; Ntr.
{t. path PM (io || t) (initial PM)
A length io = length t} = {tr} = thesis] = thesis»
to-lang-pm)
have f2: observable PM
by (meson <observable M1» <observable M2 <productF M2 M1 FAIL PM> observable-productF’)
then have trP € {pps}
using f1 trP-def by blast
then show ?%thesis
using f2 f1 by force
qed

obtain tr/02 where triO2-def : {tr . path M2 (io||tr) (initial M2) A length io = length tr}
={trl02 }
using observable-path-unique-ex[of M2 io initial M2] io-lang-subs assms(3) by blast
obtain tr/O1 where triO1-def : {tr . path M1 (io||tr) (initial M1) A length io = length tr}
={trlIO1 }
using observable-path-unique-ex[of M1 io initial M1] io-lang-subs assms(2) by blast

have path PM (io || trIO2 || trIO1) (initial M2, initial M1)
A length io = length trIO2
A length trIO2 = length triO1
proof —
have f1: path M2 (io || trIO2) (initial M2) A length io = length trlO2
using trlO2-def by auto
have f2: path M1 (io || trIO1) (initial M1) A length io = length trIO1
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using trl[O1-def by auto
then have length trI02 = length triO1
using f1 by presburger
then show ?Zthesis
using f2 f1 assms(4) assms(5) assms(7) by blast
qed
then have trP-split : path PM (io || trIO2 || trIO1) (initial PM)
A length io = length trlO2
A length trIO2 = length trlO1
using assms(7) by auto
then have trP-zip : trIO2 || trIO1 = trP
using trP-def trP-unique using length-zip by fastforce

have target (io || trIO2) (initial M2) = p2
A path M2 (io || trIO2) (initial M2)
A length io = length tr102
using trP-zip trP-split assms(7) trP-def trIO2-def by auto
then have p2 € io-targets M2 (initial M2) io
by auto
then have targets-2 : io-targets M2 (initial M2) io = {p2}
by (metis state-component-2 io-assm singletonD)

have target (io || trIO1) (initial M1) = p1
A path M1 (io || trIO1) (initial M1)
A length io = length triO1
using trP-zip trP-split assms(7) trP-def trlO1-def by auto
then have p! € io-targets M1 (initial M1) io
by auto
then have targets-1 : io-targets M1 (initial M1) io = {p1}
by (metis io-lang-subs assms(2) io-targets-observable-singleton-ex singletonD)

have io-targets M2 (initial M2) io X io-targets M1 (initial M1) i0 = {(p2,p1)}
using targets-2 targets-1 by simp
then show io-targets PM (initial PM) io
= djo-targets M2 (initial M2) io X io-targets M1 (initial M1) io
using targets-pm by simp
qed

ultimately have state-components : ¥ io € R M2 s vs s . io-targets PM (initial PM) io
= {s} x io-targets M1 (initial M1) io
by auto

then have |J (image (io-targets PM (initial PM)) (R M2 s vs xs))
= (image (X io . {s} x io-targets M1 (initial M1) i0) (R M2 s vs zs))
by auto
then have |J (image (io-targets PM (initial PM)) (R M2 s vs xs))
= {s} x | (image (io-targets M1 (initial M1)) (R M2 s vs zs))
by auto
then have card (|J (image (io-targets PM (initial PM)) (R M2 s vs xs)))
= card (|J (image (io-targets M1 (initial M1)) (R M2 s vs zs)))
by (metis (no-types) card-cartesian-product-singleton)

moreover have card (| (image (io-targets PM (initial PM)) (R M2 s vs zs)))
= card (R M2 s vs xs)
proof (rule ccontr)
assume assm : card (| (io-targets PM (initial PM) ‘ R M2 s vs zs) ) # card (R M2 s vs xs)

haveV 0o € R M2 svszs .0 € L PM
proof
fix 70 assume io-assm : 10 € R M2 s vs xs
then have prefiz io (vs Q xs)
by auto
then have i0o € L M1 A io € L M2
using assms(1) unfolding prefiz-def by (metis IntE language-state language-state-split)
then show i0 € L PM
using productF-language assms by blast
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qed
then have singletons : V io € R M2 s vs zs . (3 t . io-targets PM (initial PM) i0o = {t})

using 7o-targets-observable-singleton-ex observable-productF assms by metis
then have card-targets : card (| (io-targets PM (initial PM) ‘ R M2 s vs zs))

= card (image (io-targets PM (initial PM)) (R M2 s vs zs))
using finite-R card-union-of-singletons
[of image (io-targets PM (initial PM)) (R M2 s vs xs)]
by simp

moreover have card (image (io-targets PM (initial PM)) (R M2 s vs xs)) < card (R M2 s vs zs)
using finite-R by (metis card-image-le)
ultimately have card-le : card (| (fo-targets PM (initial PM) ‘ R M2 s vs xs))
< card (R M2 s vs zs)
using assm by linarith

have 3 0l € (R M2 s vs zs) . 3 02 € (R M2 s vs xs) . i0l # i02
A do-targets PM (initial PM) iol N io-targets PM (initial PM) i02 # {}
proof (rule ccontr)
assume - (Fi0l €ER M2 s vs xs. i02€R M2 s vs zs. 10l # i02
A do-targets PM (initial PM) iol N io-targets PM (initial PM) i02 # {})
then have Viol €R M2 s vs zs. Vio2€R M2 s vs xs. ol = 02
V io-targets PM (initial PM) iol N io-targets PM (initial PM) i02 = {}
by blast
moreover have Vio€R M2 s vs zs. io-targets PM (initial PM) io # {}
by (metis insert-not-empty singletons)
ultimately have card (image (io-targets PM (initial PM)) (R M2 s vs xs))
= card (R M2 s vs xs)
using finite-R[of M2 s vs xs| card-union-of-distinct
[of R M2 s vs zs (io-targets PM (initial PM))]
by blast
then show Fualse
using card-le card-targets by linarith
qed

then have 3 iol i02 . iol € (R M2 s vs x5)
A t02 € (R M2 s vs xs)
A ol # i02
A do-targets PM (initial PM) iol N io-targets PM (initial PM) i02 # {}
by blast
moreover have V ol 02 . (ol € (R M2 s vs zs) A ©02 € (R M2 s vs zs) A tol # i02)
— length o1 # length 702
proof (rule ccontr)
assume — (Yiol i02. o1 € R M2 s vs zs A\ 02 € R M2 s vs zs A 10l # i02
— length iol # length i02)
then obtain io! {02 where io-def : to1 € R M2 s vs xs
A 102 € R M2 s vs xs
A 1ol # i02
A length i0o1 = length i02
by auto
then have prefiz iol (vs @ xs) A prefiz 02 (vs Q zs)
by auto
then have iol = take (length iol) (vs @ zs) A {02 = take (length i02) (vs Q zs)
by (metis append-eq-conv-conj prefizE)
then show Fulse
using io-def by auto
qed

ultimately obtain io1 i02 where rep-ios-def :
iol € (R M2 s vs zs)
A 02 € (R M2 s vs xs)
A length i01 < length i02
A do-targets PM (initial PM) iol N io-targets PM (initial PM) i02 # {}
by (metis inf-sup-aci(1) linorder-neqE-nat)

obtain rep where (s,rep) € io-targets PM (initial PM) i01 N do-targets PM (initial PM) i02
proof —
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assume al: A\rep. (s, rep) € io-targets PM (initial PM) iol N do-targets PM (initial PM) 02
— thesis
have 3f. Sigma {s} f N (io-targets PM (initial PM) iol N io-targets PM (initial PM) i02)
#{}
by (metis (no-types) inf.left-idem rep-ios-def state-components)
then show %thesis
using al by blast
qed
then have rep-state : io-targets PM (initial PM) iol = {(s,rep)}
A to-targets PM (initial PM) i02 = {(s,rep)}
by (metis Int-iff rep-ios-def singletonD singletons)

obtain 01X 702X where rep-ios-split : 101 = vs Q 01X
A prefix 101X xs
A 02 = vs @ 02X
A prefiz 102X zs
using rep-ios-def by auto
then have length i01 > length vs
using rep-ios-def by auto

— get a path from (initial PM) to (q2,q1)

have vsQzs € L PM

by (metis (no-types) assms(1) assms(4) assms(5) assms(7) inf-commute productF-language)
then have vs € L PM

by (meson language-state-prefiz)
then obtain ¢V where trV-def : {tr . path PM (vs || tr) (initial PM) A length vs = length tr}

={trV}
using observable-path-unique-ez[of PM vs initial PM)]
assms(2) assms(3) assms(7) observable-productF

by blast

let ?qv = target (vs || trV) (initial PM)

have ?qu € io-targets PM (initial PM) vs
using trV-def by auto

then have qu-simp[simp] : 2qv = (¢2,q1)
using singletons assms by blast

then have ?qu € nodes PM
using trV-def assms by blast

— get a path using iolX from the state reached by vs in PM

obtain {ri1X-all where tr1X-all-def : path PM (vs @ i01X || tr1X-all) (initial PM)
A length (vs @ i01X) = length tr1X-all
using rep-ios-def rep-ios-split by auto
let ?tr1X = drop (length vs) tr1X-all
have take (length vs) triX-all = trV
proof —
have path PM (vs || take (length vs) tr1X-all) (initial PM)
A length vs = length (take (length vs) tri1X-all)
using triX-all-def trV-def
by (metis (no-types, lifting) FSM.path-append-elim append-eq-conv-conj
length-take zip-appendl)
then show take (length vs) triX-all = trV
using trV-def by blast
qed
then have tr1X-def : path PM (io1X || ?tr1X) 2qu A length io1X = length ?triX
proof —
have length triX-all = length vs + length 01X
using tr1X-all-def by auto
then have length 101X = length triX-all — length vs
by presburger
then show ?thesis
by (metis (no-types) FSM.path-append-elim <take (length vs) triX-all = trV»
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length-drop tri1X-all-def zip-appendl)
qed
then have i01X-lang : 101X € language-state PM ?qu
by auto
then obtain tr1X’ where tr1X'-def : {tr . path PM (io1X || tr) ?qu A length i01X = length tr}
={trixX'}
using observable-path-unique-ex[of PM 01X ?qu]
assms(2) assms(8) assms(7) observable-productF
by blast
moreover have ?triX € { tr . path PM (i01X || tr) ?qu A length i01X = length tr }
using triX-def by auto
ultimately have triz-unique : triX’' = ?2triX
by simp

— get a path using i02X from the state reached by vs in PM

obtain tr2X-all where tr2X-all-def : path PM (vs Q 02X || tr2X-all) (initial PM)
A length (vs @Q §02X) = length tr2X-all
using rep-ios-def rep-ios-split by auto
let ?tr2X = drop (length vs) tr2X-all
have take (length vs) tr2X-all = trV
proof —
have path PM (vs || take (length vs) tr2X-all) (initial PM)
A length vs = length (take (length vs) tr2X-all)
using tr2X-all-def trV-def
by (metis (no-types, lifting) FSM.path-append-elim append-eq-conv-conj
length-take zip-appendl)
then show take (length vs) tr2X-all = trV
using trV-def by blast
qed
then have tr2X-def : path PM (i02X || ?tr2X) ?qu A length i02X = length ?tr2X
proof —
have length tr2X-all = length vs + length 102X
using tr2X-all-def by auto
then have length 102X = length tr2X-all — length vs
by presburger
then show %thesis
by (metis (no-types) FSM.path-append-elim <take (length vs) tr2X-all = trV>»
length-drop tr2X-all-def zip-appendl)
qed
then have i02X-lang : 102X € language-state PM ¢qu by auto
then obtain ¢r2X’ where tr2X -def : {tr . path PM (i02X || tr) ?qu A length i02X = length tr}
={tr2X'}
using observable-path-unique-ex[of PM i02X ?qu] assms(2) assms(3) assms(7) observable-productF
by blast
moreover have ?tr2X € { tr . path PM (i02X || tr) ?qu A length 02X = length tr }
using tr2X-def by auto
ultimately have tr2z-unique : tr2X’' = ?2tr2X
by simp

— both paths reach the same state

have io-targets PM (initial PM) (vs @ i01X) = {(s,rep)}
using rep-state rep-ios-split by auto
moreover have io-targets PM (initial PM) vs = {?qu}
using assms(8) by auto
ultimately have rep-via-1 : io-targets PM ?qu i01X = {(s,rep)}
by (meson obs-PM observable-io-targets-split)
then have rep-tgt-1 : target (io1X || triX’) ?qu = (s,rep)
using obs-PM observable-io-target-unique-target|of PM ?qu i01X (s,rep)] tr1X'-def by blast
have length-1 : length (io1X || triX') > 0
using <length vs < length i01»> rep-ios-split triX-def triz-unique by auto

have triX-alt-def : tr1X' = take (length i01X) tr

by (metis (no-types) assms(10) assms(9) obs-PM observable-path-prefiz qu-simp
rep-t0s-split tr1X-def triz-unique)
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moreover have 01X = take (length i01X) xs
using rep-ios-split by (metis append-eq-conv-conj preficE)
ultimately have (i01X || triX") = take (length io1X) (zs || tr)
by (metis take-zip)
moreover have length (xs || tr) > length (i01X || tr1X’)
by (metis (no-types) <iolX = take (length i01X) zs» assms(10) length-take length-zip
nat-le-linear take-all tri1X-def triz-unique)
ultimately have rep-idz-1 : (states (zs || tr) 2qu) ! ((length i01X) — 1) = (s,rep)
by (metis (no-types, lifting) One-nat-def Suc-less-eq Suc-pred rep-tgt-1 length-1
less-Suc-eg-le map-snd-zip scan-length scan-nth states-alt-def tr1X-def triz-unique)

have io-targets PM (initial PM) (vs Q 102X) = {(s,rep)}

using rep-state rep-ios-split by auto
moreover have io-targets PM (initial PM) vs = {?qu}

using assms(8) by auto
ultimately have rep-via-2 : io-targets PM ?quv i02X = {(s,rep)}

by (meson obs-PM observable-io-targets-split)
then have rep-tgt-2 : target (i02X || tr2X’) 2qu = (s,rep)

using obs-PM observable-io-target-unique-target[of PM ?qu i02X (s,rep)] tr2X’-def by blast
moreover have length-2 : length (i02X || tr2X’) > 0

by (metis <length vs < length i0l) append.right-neutral length-0-conv length-zip less-asym min.idem meq0-conv
rep-ios-def rep-ios-split tr2X-def tr2z-unique)

have tr2X-alt-def : tr2X’ = take (length i02X) tr
by (metis (no-types) assms(10) assms(9) obs-PM observable-path-prefix qu-simp rep-ios-split tr2X-def tr2z-unique)
moreover have 02X = take (length i02X) zs
using rep-ios-split by (metis append-eq-conv-conj prefizE)
ultimately have (i02X || tr2X") = take (length i02X) (zs || tr)
by (metis take-zip)
moreover have length (xs || tr) > length (02X || tr2X’)
using calculation by auto
ultimately have rep-idz-2 : (states (zs || tr) 2qu) ! ((length i02X) — 1) = (s,rep)
by (metis (no-types, lifting) One-nat-def Suc-less-eq Suc-pred rep-tgt-2 length-2
less-Suc-eg-le map-snd-zip scan-length scan-nth states-alt-def tr2X-def tr2z-unique)

— thus the distinctness assumption is violated

have length 101X # length 102X
by (metis <io1X = take (length i01X) zs> <i02X = take (length 102X) xs) less-irrefl
rep-ios-def rep-ios-split)
moreover have (states (zs || tr) ?qu) ! ((length i01X) — 1)
= (states (zs || tr) 2qu) ! ((length i02X) — 1)
using rep-idz-1 rep-idz-2 by simp
ultimately have — (distinct (states (xs || tr) ?qu))
by (metis Suc-less-eq <i01X = take (length i01X) zs»
iolX || triX’ = take (length i01X) (xs || tr)» «i02X = take (length i02X) x5
<i02X || tr2X’' = take (length i02X) (zs || tr)»
dength (i01X || tr1X’) < length (xs || tr)> «ength (i02X || tr2X’) < length (s || tr)
assms(10) diff-Suc-1 distinct-conv-nth gr0-conv-Suc le-imp-less-Suc length-1 length-2
length-take map-snd-zip scan-length states-alt-def)
then show Fulse
by (metis assms(11) states-alt-def)
qed

ultimately show ?thesis
by linarith
qed

lemma R-state-component-2 :
assumes 0 € (R M2 s vs xs)
and observable M2
shows io-targets M2 (initial M2) io = {s}
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proof —
have s € io-targets M2 (initial M2) io
using assms(1) by auto
moreover have io € language-state M2 (initial M2)
using calculation by auto
ultimately show io-targets M2 (initial M2) io = {s}
using assms(2) io-targets-observable-singleton-ex by (metis singletonD)
qed

lemma R-union-card-is-suffiz-length :

assumes OFSM M2

and i0Qzxs € L M2
shows sum (X ¢ . card (R M2 q io zs)) (nodes M2) = length zs
using assms proof (induction zs rule: rev-induct)

case Nil

show ?case

by (simp add: sum.neutral)

next

case (snoc T xs)

have finite (nodes M2)
using assms by auto

have R-update : \ ¢ . R M2 q io (zsQ[z]) = (if (q € io-targets M2 (initial M2) (io Q zs Q [z]))
then insert (i0QxsQ[z]) (R M2 q io xs)
else R M2 q io zs)
by auto

obtain ¢ where io-targets M2 (initial M2) (io Q zs Q [z]) = {q}
by (meson assms(1) io-targets-observable-singleton-ex snoc.prems(2))

then have R M2 q io (zsQ[z]) = insert (i0QzsQ[z]) (R M2 q io xs)
using R-update by auto

moreover have (i0QzsQ[z]) ¢ (R M2 q io xs)
by auto

ultimately have card (R M2 q io (zsQ[z])) = Suc (card (R M2 q io zs))
by (metis card-insert-disjoint finite-R)

have ¢ € nodes M2
by (metis (full-types) FSM.nodes.initial <io-targets M2 (initial M2) (i0Qzs Q [z]) = {q}>
insertll io-targets-nodes)

have V ¢’ . ¢ # ¢ — R M2 q’ io (zsQ[z]) = R M2 q' io ws
using <io-targets M2 (initial M2) (ioQzs @ [z]) = {¢}» R-update
by auto

then have V ¢’ . ¢’ # ¢ — card (R M2 q' io (zsQ[z])) = card (R M2 q’ io xs)
by auto

then have (3 g€(nodes M2 — {q}). card (R M2 g io (zsQl[z])))
= (3. qe(nodes M2 — {q}). card (R M2 q io zs))
by auto
moreover have (3 genodes M2. card (R M2 g io (zsQ[z])))
= (3. qe(nodes M2 — {q}). card (R M2 q io (zsQ[z]))) + (card (R M2 q io (zsQ[z])))
(> q€nodes M2. card (R M2 q io xs))
= (> gc(nodes M2 — {q}). card (R M2 q io zs)) + (card (R M2 q io xs))
proof —
have V C c f. (infinite C V (c::'c) ¢ C) V sum f C = (f c:inat) + sum f (C — {c})
by (meson sum.remove)
then show (> g€nodes M2. card (R M2 q io (zsQ[z])))
= (> g€(nodes M2 — {q}). card (R M2 q io (zsQ[z]))) + (card (R M2 q io (zsQ[z])))
(3" genodes M2. card (R M2 q io zs))
= (3 q€(nodes M2 — {q}). card (R M2 q io zs)) + (card (R M2 q io zs))
using «finite (nodes M2)) <q € nodes M2» by presburger+
qed
ultimately have () g€nodes M2. card (R M2 q io (zsQ[z])))

80



= Suc (D g€nodes M2. card (R M2 q io zs))
using <«card (R M2 q io (zsQ[z])) = Suc (card (R M2 q io zs))»
by presburger

have (> g€nodes M2. card (R M2 q io zs)) = length xs
using snoc.IH snoc.prems language-state-prefix[of i0Qwxs [x] M2 initial M2]
proof —
show ?thesis
by (metis (no-types) «(io Q zs) Q [z] € L M2 = i0o Q zs € L M2»
<OFSM M2) <io @Q zs Q [z] € L M2) append.assoc snoc.IH)
qged

show ?case
proof —
show ?thesis
by (metis (no-types)

«(>_ genodes M2. card (R M2 q io (zs Q [z]))) = Suc (> g€nodes M2. card (R M2 q io xs))»
«(>" genodes M2. card (R M2 q io zs)) = length zs» length-append-singleton)

qed

qed

lemma R-state-repetition-via-long-sequence :
assumes OFSM M
and  card (nodes M) < m
and  Suc (m * m) < length zs
and vsQgxs € L M
shows 3 ¢ € nodes M . card (R M q vs zs) > m
proof (rule ccontr)
assume — (3 g€nodes M. m < card (R M q vs xs))
then have V ¢ € nodes M . card (R M q vs zs) < m
by auto
then have sum (A ¢ . card (R M q vs zs)) (nodes M) < sum (A q . m) (nodes M)
by (meson sum-mono)
moreover have sum (A ¢ . m) (nodes M) < m x m
using assms(2) by auto
ultimately have sum (A ¢ . card (R M q vs zs)) (nodes M) < m x m
by presburger

moreover have Suc (m+xm) < sum (X q . card (R M q vs zs)) (nodes M)
using R-union-card-is-suffiz-length|OF assms(1), of vs zs] assms(4,3) by auto
ultimately show Fulse by simp
qed

lemma R-state-repetition-distribution :
assumes OFSM M
and  Suc (card (nodes M) * m) < length zs
and vsQgxs € L M
shows 3 ¢ € nodes M . card (R M q vs zs) > m
proof (rule ccontr)
assume — (3 g€nodes M. m < card (R M q vs xs))
then have V ¢ € nodes M . card (R M q vs zs) < m
by auto
then have sum (X ¢ . card (R M q vs zs)) (nodes M) < sum (A ¢ . m) (nodes M)
by (meson sum-mono)
moreover have sum (A ¢ . m) (nodes M) < card (nodes M) * m
using assms(2) by auto
ultimately have sum (A ¢ . card (R M q vs xs)) (nodes M) < card (nodes M) * m
by presburger

moreover have Suc (card (nodes M)xm) < sum (X q . card (R M q vs zs)) (nodes M)
using R-union-card-is-suffiz-length|OF assms(1), of vs zs] assms(3,2) by auto
ultimately show False
by simp
qed
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4.4 Function RP

Function RP extends function MR by adding all elements from a set of I0-sequences that also reach the given
state.

fun RP :: ('in, ‘out, 'state) FSM = 'state = ('in x 'out) list
= (“in X ‘out) list = (“in X ‘out) list set
= ("in x 'out) list set
where
RPMsvszs V''=R M s vs xs
U {vs" € V" .io-targets M (initial M) vs' = {s}}

lemma RP-from-R:
assumes is-det-state-cover M2 V
and V' e Perm V M1
shows RP M2 svsxs V' = R M2 s vs s
V(3 wvs'€V". vs'"¢ RM2swvsazs NRP M2 s wvsas V' = insert vs’ (R M2 s vs 1s))
proof (rule ccontr)
assume assm : = (RP M2 svsaxs V' = R M2 s vs zs V
(Fuvs’eV". vs' ¢ R M2 s vs zs AN RP M2 s vs zs V' = insert vs’ (R M2 s vs 1s)))

moreover have R M2 s vs xs C RP M2 s vs xs V"'
by simp
moreover have RP M2 swvsxs V' C R M2 swvsas U V"
by auto
ultimately obtain vs! vs2 where vs-def :
vsl # vs2 ANwsl € V' ANwvs2 e V"
ANwvsl ¢ RM2swvsxs A wvs2 ¢ R M2 s vs xs
ANwvsl € RPM2svsazs V' ANwvs2 € RPM2swvszs V"
by blast

then have io-targets M2 (initial M2) vsl = {s} A io-targets M2 (initial M2) vs2 = {s}
by (metis (mono-tags, lifting) RP.simps Un-iff mem-Collect-eq)

then have io-targets M2 (initial M2) vsl = io-targets M2 (initial M2) vs2
by simp

obtain f where f-def : is-det-state-cover-ass M2 f A V = f ¢ d-reachable M2 (initial M2)
using assms by auto

moreover have V = image f (d-reachable M2 (initial M2))
using f-def by blast

moreover have map fst vs1 € V A map fst vs2 € V
using assms(2) perm-inputs vs-def by blast

ultimately obtain r1 r2 where r-def :
frl = map fst vs1 A r1 € d-reachable M2 (initial M2)
fr2 = map fst vs2 A r2 € d-reachable M2 (initial M2)
by force

then have d-reaches M2 (initial M2) (map fst vsl) r1

d-reaches M2 (initial M2) (map fst vs2) r2

by (metis f-def is-det-state-cover-ass.elims(2))+

then have io-targets M2 (initial M2) vs1 C {rl}
using d-reaches-io-target[of M2 initial M2 map fst vsl r1 map snd vsl] by simp
moreover have io-targets M2 (initial M2) vs2 C {r2}
using d-reaches-io-target[of M2 initial M2 map fst vs2 r2 map snd vs2]
<d-reaches M2 (initial M2) (map fst vs2) r2> by auto
ultimately have r1 = r2
using <io-targets M2 (initial M2) vsl = {s} A io-targets M2 (initial M2) vs2 = {s}» by auto

have map fst vs1 # map fst vs2

using assms(2) perm-inputs-diff vs-def by blast
then have r1 # r2

using r-def (1) r-def(2) by force

then show Fulse

using «rl = r2) by auto
qed

82



lemma finite-RP :
assumes is-det-state-cover M2 V
and V' € Perm V M1
shows finite (RP M2 s vs zs V")
using assms RP-from-R finite-R by (metis finite-insert)

lemma RP-count :
assumes (vs Q@ zs) € L M1 N L M2
and observable M1
and observable M2
and well-formed M1
and well-formed M2
and s € nodes M2
and productF M2 M1 FAIL PM
and do-targets PM (initial PM) vs = {(¢2,q1)}
and path PM (zs || tr) (¢2,q1)
and length s = length tr
and distinct (states (zs || tr) (¢2,q1))
and is-det-state-cover M2 V
and V"' € Perm V M1
and V s’ € set (states (ws || map fst tr) ¢2) . = (3 v € V . d-reaches M2 (initial M2) v s’)
shows card (| (image (io-targets M1 (initial M1)) (RP M2 s vs zs V''))) = card (RP M2 s vs zs V"
— each sequence in the set calculated by RP reaches a different state in M1
proof —

— Proof sketch: - RP calculates either the same set as R or the set of R and an additional element - in the first case,
the result for R applies - in the second case, the additional element is not contained in the set calcualted by R due to
the assumption that no state reached by a non-empty prefix of xs after vs is also reached by some sequence in V (see
the last two assumptions)

have RP-cases : RP M2 svs s V' = R M2 s vs xs
V(3 wvs'€ V" vs'¢ RM2svs as
A RP M2 s vs xs V' = insert vs' (R M2 s vs zs))
using RP-from-R assms by metis
show ?thesis
proof (cases RP M2 s vs zs V'' = R M2 s vs xs)
case True
then show ?thesis using R-count assms by metis
next
case Fulse
then obtain vs’ where vs’-def : vs' € V"
Awvs' ¢ R M2 s vs zs
A RP M2 s vs xs V'' = insert vs' (R M2 s vs zs)
using RP-cases by auto

have obs-PM : observable PM
using observable-productF assms(2) assms(3) assms(7) by blast

have state-component-2 : ¥V io € (R M2 s vs xs) . io-targets M2 (initial M2) io = {s}
proof
fix io assume o € R M2 s vs xs
then have s € {o-targets M2 (initial M2) io
by auto
moreover have io € language-state M2 (initial M2)
using calculation by auto
ultimately show io-targets M2 (initial M2) io = {s}
using assms(3) io-targets-observable-singleton-ex by (metis singletonD)
qed

have vs’ € L M1

using assms(13) perm-language vs'-def by blast
then obtain s’ where s’-def : io-targets M1 (initial M1) vs' = {s'}
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by (meson assms(2) io-targets-observable-singleton-ob)

moreover have s’ ¢ |J (image (io-targets M1 (initial M1)) (R M2 s vs s))
proof (rule ccontr)
assume — s’ ¢ | J (io-targets M1 (initial M1) * R M2 s vs s)
then obtain zs’ where zs'-def : vs @ s’ € R M2 s vs xs A s’ € do-targets M1 (initial M1) (vs @ zs’)
proof —
assume al: A\zs’. vs Q@ zs' € R M2 s vs xs A\ s’ € io-targets M1 (initial M1) (vs @ zs’)

= thesis
obtain pps :: (‘a x 'b) list set = (('a x 'b) list = 'c set) = ‘¢ = (‘a x 'b) list
where
Va0 z1 22. (3v3. v8 € 20 N 22 € z1 v8) = (pps z0 z1 22 € 20 A 22 € z1 (pps z0 z1 z2))
by moura

then have f2: pps (R M2 s vs zs) (io-targets M1 (initial M1)) s’ € R M2 s vs s
A s’ € io-targets M1 (initial M1) (pps (R M2 s vs zs)
(io-targets M1 (initial M1)) s')
using <~ s’ ¢ | (io-targets M1 (initial M1) ‘ R M2 s vs zs)> by blast
then have 3 ps. pps (R M2 s vs zs) (io-targets M1 (initial M1)) s' = vs @ ps
A ps # [| A prefiz ps xs A s € io-targets M2 (initial M2) (vs Q ps)
by simp
then show ?thesis
using f2 al by (metis (no-types))
ged
then obtain ¢r’ where tr'-def : path M2 (vs @ zs' || tr') (initial M2)
A length tr' = length (vs @ xs’)
by auto

then obtain trV' trX' where tr'-split : trV' = take (length vs) tr’
trX' = drop (length vs) tr’
tr'=trvV’ @ trX’
by fastforce
then have path M2 (vs || trV') (initial M2) A length trV' = length vs
by (metis (no-types) FSM.path-append-elim <trV' = take (length vs) tr’
append-eq-conv-conj length-take tr'-def zip-appendl)

have initial PM = (initial M2, initial M1)
using assms(7) by simp
moreover have vs € L M2 vs € L M1
using assms(1) language-state-prefiz by auto
ultimately have io-targets M1 (initial M1) vs = {ql}
io-targets M2 (initial M2) vs = {¢2}
using productF-path-io-targets|of M2 M1 FAIL PM initial M2 initial M1 vs q2 q1]
by (metis FSM.nodes.initial assms(7) assms(8) assms(2) assms(8) assms(4) assms(5)
io-targets-observable-singleton-ex singletonD)+

then have target (vs || trV’) (initial M2) = q2
using <path M2 (vs || trV") (initial M2) A length trV' = length vs> io-target-target
by metis
then have path-zs’ : path M2 (zs' || trX') q2 A length trX' = length zs’
by (metis (no-types) FSM.path-append-elim
<path M2 (vs || trV') (initial M2) A length trV' = length vs)
<target (vs || trV') (initial M2) = ¢2) append-eq-conv-conj length-drop tr'-def
tr'-split(1) tr'-split(2) zip-append2)

have do-targets M2 (initial M2) (vs @ zs') = {s}
using state-component-2 xzs’-def by blast
then have io-targets M2 q2 xs' = {s}
by (meson assms(8) observable-io-targets-split <io-targets M2 (initial M2) vs = {q2}»)
then have target-zs’ : target (zs’ || trX') q2 = s
using io-target-target path-zs’ by metis
moreover have length xs' > 0
using zs’-def by auto
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ultimately have last (states (zs' || trX’) ¢2) = s
using path-zs’ target-in-states by metis

moreover have length (states (zs’ || trX') ¢2) > 0
using <0 < length xs”> path-zs’ by auto

ultimately have states-zs' : s € set (states (zs' || trX’) q2)
using last-in-set by blast

have vs Q zs € L M2

using assms by simp
then obtain ¢’ where io-targets M2 (initial M2) (vsQzs) = {q’}

using io-targets-observable-singleton-oblof M2 vsQuzs initial M2] assms(3) by auto
then have zs € language-state M2 q2

using assms(3) <io-targets M2 (initial M2) vs = {¢2}

observable-io-targets-split[of M2 initial M2 vs zs q' ¢2]
by auto

moreover have path PM (zs || map fst tr || map snd tr) (¢2,q1)
A length zs = length (map fst tr)

using assms(7) assms(9) assms(10) productF-path-unzip by simp
moreover have zs € language-state PM (q2,q1)

using assms(9) assms(10) by auto
moreover have ¢2 € nodes M2

using <io-targets M2 (initial M2) vs = {q2}> io-targets-nodes

by (metis FSM.nodes.initial insertll)
moreover have ¢! € nodes M1

using <io-targets M1 (initial M1) vs = {q1}> io-targets-nodes

by (metis FSM.nodes.initial insertll)
ultimately have path-zs : path M2 (zs || map fst tr) ¢2

using productF-path-reverse-ob-2(1)[of xs map fst tr map snd tr M2 M1 FAIL PM q2 q1]

assms(2,3,4,5,7)
by simp

moreover have prefir vs’ s
using zs’-def by auto
ultimately have trX’' = take (length zs') (map fst tr)
using «path PM (xs || map fst tr || map snd tr) (¢2, q1) A length zs = length (map fst tr)>
assms(8) path-zs’
by (metis observable-path-prefiz)

then have states-zs : s € set (states (zs || map fst tr) ¢2)
by (metis assms(10) in-set-takeD length-map map-snd-zip path-zs’ states-alt-def states-zs')

have d-reaches M2 (initial M2) (map fst vs') s
proof —
obtain fV where fV-def : is-det-state-cover-ass M2 fV
AN V = fV “ d-reachable M2 (initial M2)
using assms(12) by auto
moreover have V = image fV (d-reachable M2 (initial M2))
using fV-def by blast
moreover have map fst vs' € V
using perm-inputs vs'-def assms(13) by metis
ultimately obtain qv where qu-def : fV qu = map fst vs’ A que€ d-reachable M2 (initial M2)
by force
then have d-reaches M2 (initial M2) (map fst vs') qu
by (metis fV-def is-det-state-cover-ass.elims(2))
then have io-targets M2 (initial M2) vs’' C {qu}
using d-reaches-io-target[of M2 initial M2 map fst vs' qu map snd vs'] by simp
moreover have jo-targets M2 (initial M2) vs' = {s}
using vs'-def by (metis (mono-tags, lifting) RP.simps Un-iff insertI1 mem-Collect-eq)
ultimately have qv = s
by simp
then show %thesis
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using <d-reaches M2 (initial M2) (map fst vs’) quv» by blast
ged

then show False by (meson assms(14) assms(13) perm-inputs states-zs vs'-def)
qed

moreover have ] (image (io-targets M1 (initial M1)) (insert vs’ (R M2 s vs s)))
= dnsert s’ (|J (tmage (io-targets M1 (initial M1)) (R M2 s vs zs)))
using s’-def by simp

moreover have finite (| J (image (io-targets M1 (initial M1)) (R M2 s vs zs)))
proof
show finite (R M2 s vs xs)
using finite-R by simp
show Aa. a € R M2 s vs zs = finite (io-targets M1 (initial M1) a)
proof —
fix a assume a € R M2 s vs s
then have prefiz a (vsQzs)
by auto
then have a € L M1
using language-state-prefiz by (metis IntD1 assms(1) prefiz-def)
then obtain p where io-targets M1 (initial M1) a = {p}
using assms(2) io-targets-observable-singleton-ob by metis
then show finite (io-targets M1 (initial M1) a)
by simp
ged
qed

ultimately have card (| (image (io-targets M1 (initial M1)) (insert vs’ (R M2 s vs s))))
= Suc (card (|J (image (io-targets M1 (initial M1)) (R M2 s vs 2s))))
by (metis (no-types) card-insert-disjoint)

moreover have card (| J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V"))
= card (|J (image (io-targets M1 (initial M1)) (insert vs' (R M2 s vs zs))))
using vs’-def by simp

ultimately have card (| (image (io-targets M1 (initial M1)) (RP M2 s vs zs V"))
= Suc (card (|J (image (io-targets M1 (initial M1)) (R M2 s vs zs))))
by linarith

then have card (| J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V"))
= Suc (card (R M2 s vs xs))
using R-count[of vs zs M1 M2 s FAIL PM q2 ql1 tr] assms(1,10,11,2—9) by linarith

moreover have card (RP M2 s vs zs V') = Suc (card (R M2 s vs zs))
using vs’-def by (metis card-insert-if finite-R)

ultimately show ?thesis
by linarith
qed
qed

lemma RP-state-component-2 :
assumes 0 € (RP M2 s vs xs V')
and observable M2
shows io-targets M2 (initial M2) io = {s}
by (metis (mono-tags, lifting) RP.simps R-state-component-2 Un-iff assms mem-Collect-eq)

lemma RP-io-targets-split :
assumes (vs Q zs) € L M1 N L M2
and observable M1
and observable M2
and well-formed M1
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and well-formed M2
and productF M2 M1 FAIL PM
and is-det-state-cover M2 V
and V' € Perm V M1
and i0 € RP M2 svsxs V"
shows io-targets PM (initial PM) io
= do-targets M2 (initial M2) io X io-targets M1 (initial M1) io
proof —
have RP-cases : RP M2 svsxs V' = R M2 s vs xs
V(3 wvs'e€ V" vs'¢ RM2s vs s
A RP M2 s vs xs V' = insert vs' (R M2 s vs xs))
using RP-from-R assms by metis
show ?thesis
proof (cases io € R M2 s vs xs)
case True
then have io-prefiz : prefiz io (vs Q xs)
by auto
then have io-lang-subs : io € L M1 A i0 € L M2
using assms(1) unfolding prefiz-def by (metis IntE language-state language-state-split)
then have io-lang-inter : 50 € L M1 N L M2
by simp
then have io-lang-pm : i0o € L PM
using productF-language assms by blast
moreover obtain p2 p! where (p2,p1) € io-targets PM (initial PM) io
by (metis assms(2) assms(8) assms(6) calculation insert-absorb insert-ident insert-not-empty
io-targets-observable-singleton-ob observable-productF singleton-insert-inj-eq subrell)
ultimately have targets-pm : io-targets PM (initial PM) io = {(p2,p1)}
using assms io-targets-observable-singleton-ex singletonD
by (metis observable-productF')
then obtain trP where ¢rP-def : target (io || trP) (initial PM) = (p2,p1)
A path PM (io || trP) (initial PM) A length io = length trP
proof —
assume al: \irP. target (io || ¢trP) (initial PM) = (p2, p1)
A path PM (io || trP) (initial PM) A length io = length trP = thesis
have I ps. target (io || ps) (initial PM) = (p2, p1) A path PM (io || ps) (initial PM)
A length io = length ps
using «(p2, pl) € io-targets PM (initial PM) io> by auto
then show ?%thesis
using al by blast
qed
then have trP-unique : {tr . path PM (io || tr) (initial PM) A length io = length tr} = {trP}
using observable-productF observable-path-unique-ex[of PM io initial PM]
to-lang-pm assms(2) assms(3) assms(7)
proof —
obtain pps :: ('d x 'c) list where
f1: {ps. path PM (io || ps) (initial PM) A length io = length ps} = {pps}
V - observable PM
by (metis (no-types) </\thesis. [observable PM; io € L PM; Ntr.
{t. path PM (io || t) (initial PM) A length io = length t} = {tr}
= thesis] = thesis
io-lang-pm)
have f2: observable PM
by (meson <observable M1 <observable M2» <productF M2 M1 FAIL PM> observable-productF)
then have trP € {pps}
using f1 trP-def by blast
then show ?%thesis
using f2 f1 by force
qed

obtain tr/02 where triO2-def : {tr . path M2 (io || tr) (initial M2) A length io = length tr}
={ trlI02 }
using observable-path-unique-ezx[of M2 io initial M2] io-lang-subs assms(3) by blast
obtain tr/O1 where triO1-def : {tr . path M1 (io || tr) (initial M1) A length io = length tr}
={l01 }
using observable-path-unique-ex[of M1 io initial M1] io-lang-subs assms(2) by blast
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have path PM (io || trIO2 || trIO1) (initial M2, initial M1)
A length io = length trlO2 A length trIO2 = length trlO1
proof —
have f1: path M2 (io || trIO2) (initial M2) A length io = length trlO2
using trlO2-def by auto
have f2: path M1 (io || trIO1) (initial M1) A length io = length trlIO1
using trlO1-def by auto
then have length trlO2 = length triO1
using f1 by presburger
then show ?thesis
using f2 f1 assms(4) assms(5) assms(6) by blast
qed
then have trP-split : path PM (io || trIO2 || trIO1) (initial PM)
A length io = length trIO2 A length trIO2 = length trlO1
using assms(6) by auto
then have trP-zip : trIO2 || trIO1 = trP
using trP-def trP-unique length-zip by fastforce

have target (io || trIO2) (initial M2) = p2
A path M2 (io || trIO2) (initial M2)
A length io = length trIO2
using trP-zip trP-split assms(6) trP-def trlO2-def by auto
then have p2 € io-targets M2 (initial M2) io
by auto
then have targets-2 : io-targets M2 (initial M2) io = {p2}
by (meson assms(3) observable-io-target-is-singleton)

have target (io || trIO1) (initial M1) = p1
A path M1 (io || trIO1) (initial M1)
A length io = length triO1
using trP-zip trP-split assms(6) trP-def trlO1-def by auto
then have p! € io-targets M1 (initial M1) io
by auto
then have targets-1 : io-targets M1 (initial M1) io = {p1}
by (metis io-lang-subs assms(2) io-targets-observable-singleton-ex singletonD)

have io-targets M2 (initial M2) io X io-targets M1 (initial M1) i0 = {(p2,p1)}
using targets-2 targets-1 by simp
then show io-targets PM (initial PM) io
= ijo-targets M2 (initial M2) io X io-targets M1 (initial M1) io
using targets-pm by simp

next
case Fulse
then have io ¢ R M2 s vs zs A RP M2 s vs zs V'’ = insert io (R M2 s vs zs)
using RP-cases assms(9) by (metis insertE)

have io € L M1 using assms(8) perm-language assms(9)
using False by auto
then obtain s’ where s’-def : io-targets M1 (initial M1) io = {s'}
by (meson assms(2) io-targets-observable-singleton-ob)
then obtain tri where tri-def : target (io || tr1) (initial M1) = s’
A path M1 (io || tr1) (initial M1) A length tr1 = length io
by (metis io-targets-elim singletonl)

have io-targets M2 (initial M2) io = {s}
using assms(9) assms(8) RP-state-component-2 by simp
then obtain ¢r2 where tr2-def : target (io || tr2) (initial M2) = s
A path M2 (io || tr2) (initial M2) A length tr2 = length io
by (metis io-targets-elim singletonlI)
then have paths : path M2 (io || tr2) (initial M2) A path M1 (io || trl) (initial M1)
using tri-def by simp

have length i0o = length tr2
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using tr2-def by simp
moreover have length tr2 = length tri
using tri-def tr2-def by simp
ultimately have path PM (io || tr2 || tr1) (initial M2, initial M1)
using assms(6) assms(5) assms(4) paths
productF-path-forward|of io tr2 tr1 M2 M1 FAIL PM initial M2 initial M1]
by blast

moreover have target (io || tr2 || tr1) (initial M2, initial M1) = (s,s")
by (simp add: tri-def tr2-def)
moreover have length (tr2 || tr2) = length io
using tri-def tr2-def by simp
moreover have (initial M2, initial M1) = initial PM
using assms(6) by simp
ultimately have (s,s’) € io-targets PM (initial PM) io
by (metis io-target-from-path length-zip tr1-def tr2-def)
moreover have observable PM
using assms(2) assms(3) assms(6) observable-productF by blast
then have io-targets PM (initial PM) io = {(s,s)}
by (meson calculation observable-io-target-is-singleton)

then show ?thesis
using <io-targets M2 (initial M2) io = {s}> <io-targets M1 (initial M1) i0o = {s'p
by simp
qed
qed

lemma RP-io-targets-finite-M1 :
assumes (vs Q@ zs) € L M1 N L M2
and observable M1
and is-det-state-cover M2 V
and V" € Perm V M1
shows finite () (image (io-targets M1 (initial M1)) (RP M2 s vs zs V'")))
proof
show finite (RP M2 s vs xs V') using finite-RP assms(8) assms(4) by simp
show Aa. a € RP M2 s vs zs V'' = finite (io-targets M1 (initial M1) a)
proof —
fix o assume a € RP M2 s vs s V"

have RP-cases : RP M2 svszs V' = R M2 s vs xs
V(3 wvs' e V" vs'¢ R M2s vsus
A RP M2 s vs xs V' = insert vs' (R M2 s vs zs))
using RP-from-R assms by metis
have a € L M1
proof (cases a € R M2 s vs xs)
case True
then have prefiz a (vsQuzs)
by auto
then show a € L M1
using language-state-prefiz by (metis IntD1 assms(1) prefiz-def)
next
case False
then have a € V" A RP M2 s vs s V"' = insert a (R M2 s vs xs)
using RP-cases <a € RP M2 s vs xs V''» by (metis insertE)
then show a € L M1
by (meson assms(4) perm-language)
qed
then obtain p where io-targets M1 (initial M1) a = {p}
using assms(2) io-targets-observable-singleton-ob by metis
then show finite (io-targets M1 (initial M1) a)
by simp
qed
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qed

lemma RP-io-targets-finite-PM :
assumes (vs Q zs) € L M1 N L M2
and observable M1
and observable M2
and well-formed M1
and well-formed M2
and productF' M2 M1 FAIL PM
and is-det-state-cover M2 V
and V" € Perm V M1
shows finite (| (image (io-targets PM (initial PM)) (RP M2 s vs zs V'')))
proof —
have V io € RP M2 s vs zs V'' . io-targets PM (initial PM) io
= {s} x io-targets M1 (initial M1) io
proof
fix i0 assume io € RP M2 s vs xs V"'
then have io-targets PM (initial PM) io
= do-targets M2 (initial M2) io X io-targets M1 (initial M1) io
using assms RP-io-targets-split[of vs zs M1 M2 FAIL PM V V' io s] by simp
moreover have io-targets M2 (initial M2) io = {s}
using <io € RP M2 s vs zs V" assms(3) RP-state-component-2[of io M2 s vs zs V']
by blast
ultimately show io-targets PM (initial PM) io = {s} X io-targets M1 (initial M1) io
by auto
qged
then have | J (image (io-targets PM (initial PM)) (RP M2 s vs zs V"))
= (image (X io . {s} x io-targets M1 (initial M1) i0) (RP M2 s vs zs V"))
by simp
moreover have || (image (X io . {s} x io-targets M1 (initial M1) io) (RP M2 s vs zs V"))
= {s} x U (image (X io . io-targets M1 (initial M1) i0) (RP M2 s vs zs V"))
by blast
ultimately have | J (image (io-targets PM (initial PM)) (RP M2 s vs zs V''))
= {s} x U (image (io-targets M1 (initial M1)) (RP M2 s vs zs V"))
by auto
moreover have finite ({s} x |J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V'')))
using assms(1,2,7,8) RP-io-targets-finite-M1[of vs xs M1 M2 V V"' 5] by simp
ultimately show ?%thesis
by simp
qed

lemma RP-union-card-is-suffiz-length :
assumes OFSM M2
and 10Qzs € L M2
and is-det-state-cover M2 V
and V'€ Perm V M1
shows A q . card (R M2 q io zs) < card (RP M2 qio zs V')
sum (X q . card (RP M2 q i0 s V")) (nodes M2) > length zs
proof —
have sum (X ¢ . card (R M2 q io xs)) (nodes M2) = length xs
using R-union-card-is-suffiz-length|OF assms(1,2)] by assumption
show A ¢ . card (R M2 q io zs) < card (RP M2 q io zs V")
by (metis RP-from-R assms(3) assms(4) card-insert-le eq-iff finite-R)
show sum (\ q . card (RP M2 q i0 s V")) (nodes M2) > length zs
by (metis (no-types, lifting) <«(>_ g€nodes M2. card (R M2 q io zs)) = length zs
<\gq. card (R M2 q io zs) < card (RP M2 g io zs V")) sum-mono)
qed

lemma R P-state-repetition-distribution-productF :
assumes OFSM M2
and OFSM M1
and (card (nodes M2) = m) < length zs
and  card (nodes M1) < m
and vs@Qxs € L M2 N L M1
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and is-det-state-cover M2 V
and V'€ Perm V M1
shows 3 ¢ € nodes M2 . card (RP M2 qvszs V'') > m
proof —
have finite (nodes M1)
finite (nodes M2)
using assms(1,2) by auto
then have card(nodes M2 x nodes M1) = card (nodes M2) * card (nodes M1)
using card-cartesian-product by blast

have nodes (product M2 M1) C nodes M2 x nodes M1
using product-nodes by auto

have card (nodes (product M2 M1)) < card (nodes M2) * card (nodes M1)
by (metis (no-types) <card (nodes M2 x nodes M1) = |M2| = |M1|> «finite (nodes M1)»
«finite (nodes M2)> <nodes (product M2 M1) C nodes M2 X nodes M1
card-mono finite-cartesian-product)

have (V ¢ € nodes M2 . card (R M2 q vs zs) = m) V (3 q € nodes M2 . card (R M2 q vs zs) > m)
proof (rule ccontr)
assume - ((V genodes M2. card (R M2 q vs zs) = m) V (3 g€nodes M2. m < card (R M2 q vs zs)))

then have V ¢ € nodes M2 . card (R M2 q vs zs) < m
by auto
moreover obtain ¢’ where q'€nodes M2 card (R M2 q' vs zs) < m
using «— ((V g€nodes M2. card (R M2 q vs zs) = m) V (3 g€nodes M2. m < card (R M2 q vs zs)))»
nat-neq-iff
by blast

have sum (A ¢ . card (R M2 q vs zs)) (nodes M2)
= sum (X q . card (R M2 q vs xs)) (nodes M2 — {q'})
+ sum (X q . card (R M2 q vs zs)) {q'}
using «q'€nodes M2,
by (meson <finite (nodes M2)s empty-subsetl insert-subset sum.subset-diff)
moreover have sum (A ¢ . card (R M2 q vs zs)) (nodes M2 — {q'})
< sum (A g . m) (nodes M2 — {q'})
using <V ¢ € nodes M2 . card (R M2 q vs zs) < m»
by (meson sum-mono DiffD1)
moreover have sum (X ¢ . card (R M2 q vs zs)) {q'} < m
using <card (R M2 q' vs zs) < m» by auto
ultimately have sum (A q . card (R M2 q vs xs)) (nodes M2) < sum (X q . m) (nodes M2)
proof —
have V C ¢ f. infinite C V (c::'c) ¢ C V sum f C = (f c:nat) + sum f (C — {c})
by (meson sum.remove)
then have (3 c€nodes M2. m) = m + (D cEnodes M2 — {q'}. m)
using «finite (nodes M2)»> <q' € nodes M2) by blast
then show ?%thesis
using «(>_ g€nodes M2 — {q'}. card (R M2 q vs zs)) < (Y. q€nodes M2 — {q'}. m)»
«>_ genodes M2. card (R M2 q vs zs)) = (> g€nodes M2 — {q'}. card (R M2 q vs zs))
+ (O qe{q'}. card (R M2 q vs zs))»
«>" qe{q’}. card (R M2 q vs z5)) < m»
by linarith
qed

moreover have sum (A ¢ . m) (nodes M2) < card (nodes M2) * m
using assms(2) by auto

ultimately have sum (A q . card (R M2 q vs zs)) (nodes M2) < card (nodes M2) x m
by presburger

moreover have Suc (card (nodes M2)xm) < sum (A q . card (R M2 q vs zs)) (nodes M2)
using R-union-card-is-suffiz-length{OF assms(1), of vs zs] assms(5,8)
by (metis Int-iff «vs @ zs € L M2 = (> q€nodes M2. card (R M2 q vs zs)) = length zs)
ws @ xzs € L M2 N L M1 (|M2| x m < length xs) calculation less-eq-Suc-le not-less-eg-eq)
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ultimately show Fualse by simp
ged
then show ?thesis
proof

let ?q = initial M2

assume YV g€nodes M2. card (R M2 q vs zs) = m
then have card (R M2 ?q vs xs) = m
by auto

have [| € V"
by (meson assms(6) assms(7) perm-empty)
then have || € RP M2 ?q vs zs V"
by auto
have [| ¢ R M2 ?q vs s
by auto
have card (RP M2 ?q vs xzs V'") > card (R M2 ?q vs xs)

using finite-R[of M2 ?q vs xs] finite-RP[OF assms(6,7),0f ?q vs zs] unfolding RP.simps

by (simp add: card-mono)

have card (RP M2 ?q vs zs V'") > card (R M2 ?q vs zs)
proof —
have f1: Vn na. (= (n:nat) < naVn=na)Vn<na
by (meson le-neg-trans)
have RP M2 (initial M2) vs xs V"' # R M2 (initial M2) vs xs
using <[] € RP M2 (initial M2) vs zs V''s <[] ¢ R M2 (initial M2) vs zs)> by blast
then show ?thesis
using f1 by (metis (no-types) RP-from-R
<card (R M2 (initial M2) vs zs) < card (RP M2 (initial M2) vs zs V'')>
assms(6) assms(7) card-insert-disjoint finite-R le-simps(2))
qed

then show ?thesis
using <card (R M2 ?q vs xs) = m»
by blast

next

assume 3 genodes M2. m < card (R M2 q vs xs)

then obtain ¢ where g€nodes M2 m < card (R M2 q vs zs)
by blast

moreover have card (RP M2 q vs s V'") > card (R M2 q vs xs)
using finite-R[of M2 q vs xs| finite-RP[OF assms(6,7),0f q vs xs] unfolding RP.simps
by (simp add: card-mono)

ultimately have m < card (RP M2 q vs zs V")
by simp

show ?thesis
using <q € nodes M2> «m < card (RP M2 q vs zs V'')> by blast
qed
qed

4.5 Conditions for the result of LB to be a valid lower bound

The following predicates describe the assumptions necessary to show that the value calculated by LB is a lower

bound on the number of states of a given FSM.

fun Prereq :: ('in, 'out, 'statel) FSM = ('in, ‘out, 'state2) FSM = ('in x 'out) list
= (Yin X ‘out) list = 'in list set = 'statel set = ('in, 'out) ATC set
= ("in x 'out) list set = bool
where
Prereq M2 M1 vszs TS Q V' = (
(finite T)
A (vs @xs) € L M2 N L M1
A S C nodes M2
NNV s1eS.Vs2elS.sl#s2
— (V d01 € RP M2 sl vsas V' .
V i02 € RP M2 s2vsxs V' .
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B M1 iol Q # B M1 i02 Q)))

fun Rep-Pre :: ('in, ‘out, 'statel) FSM = ('in, 'out, 'state2) FSM = (in x 'out) list
= ("in x 'out) list = bool where
Rep-Pre M2 M1 vs s = (3 zs1 zs2 . prefiz xsl zs2 N prefix xs2 xs N zs1 # xs2
A (3 s2 . io-targets M2 (initial M2) (vs @ zs1) = {s2}
A do-targets M2 (initial M2) (vs Q zs2) = {s2})
A (3 sl . io-targets M1 (initial M1) (vs Q zs1) = {s1}
A do-targets M1 (initial M1) (vs @ zs2) = {s1}))

fun Rep-Cov :: ('in, ‘out, 'statel) FSM = ('in, 'out, 'state2) FSM = ('in x 'out) list set
= ("in x ‘out) list = ("in x 'out) list = bool where
Rep-Cov M2 M1 V" vsxs = (3 xs’ vs’ . xs’ # [| A prefiz xs’ xs AN vs' € V'
A (3 s2 . io-targets M2 (initial M2) (vs @ zs’) = {s2}
A io-targets M2 (initial M2) (vs') = {s2})
A (3 s1 . io-targets M1 (initial M1) (vs @ zs’) = {s1}
( ) (vs’

A to-targets M1 (initial M1) (vs’) = {s1}))

lemma distinctness-via-Rep-Pre :
assumes — Rep-Pre M2 M1 vs zs
and productF M2 M1 FAIL PM
and observable M1
and observable M2
and io-targets PM (initial PM) vs = {(¢2,q1)}
and path PM (zs || tr) (¢2,q1)
and length xs = length tr
and (vs @ zs) € L M1 N L M2
and well-formed M1
and well-formed M2
shows distinct (states (xs || tr) (¢2, q1))
proof (rule ccontr)
assume assm : - distinct (states (zs || tr) (¢2, q1))
then obtain i! {2 where indez-def :
i1 #0
A il # 02
A i1 < length (states (zs || tr) (g2, q1))
A 12 < length (states (zs || tr) (¢2, q1))
A (states (zs || tr) (g2, q1)) ! il = (states (zs || tr) (¢2, q1)) ! i2
by (metis distinct-conv-nth)
then have length zs > 0 by auto

)

let %zs1 = take (Suc il) xs
let ?xzs2 = take (Suc i2) s
let ?ir1 = take (Suc il) tr
let ?tr2 = take (Suc i2) tr
let st = (states (zs || tr) (¢2, q1)) ! il

have obs-PM : observable PM
using observable-productF assms(2) assms(3) assms(4) by blast

have initial PM = (initial M2, initial M1)
using assms(2) by simp
moreover have vs € L M2 vs € L M1
using assms(8) language-state-prefiz by auto
ultimately have io-targets M1 (initial M1) vs = {ql} io-targets M2 (initial M2) vs = {q2}
using productF-path-io-targets|of M2 M1 FAIL PM initial M2 initial M1 vs q2 q1]
by (metis FSM.nodes.initial assms(2) assms(3) assms(4) assms(5) assms(9) assms(10)
io-targets-observable-singleton-ex singletonD)+

— paths for 7xsl

have (states (zs || tr) (¢2, q1)) ! il € io-targets PM (q2, q1) ?xzsl
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by (metis <0 < length xs> assms(6) assms(7) index-def map-snd-zip states-alt-def
states-indez-io-target)
then have io-targets PM (q2, q1) %zs1 = {?st}
using obs-PM by (meson observable-io-target-is-singleton)

have path PM (%zsl || ?trl) (¢2,q1)

by (metis FSM .path-append-elim append-take-drop-id assms(6) assms(7) length-take zip-append)
then have path PM (?%zs1 || map fst ?trl || map snd ?trl) (¢2,q1)

by auto

have vs @ ?zs1 € L M2
by (metis (no-types) IntD2 append-assoc append-take-drop-id assms(8) language-state-prefiz)
then obtain ¢2’ where io-targets M2 (initial M2) (vs@Q?zs1) = {q2'}
using io-targets-observable-singleton-ob[of M2 vsQ ?zs1 initial M2] assms(4) by auto
then have ¢2’ € io-targets M2 q2 ?xs1
using assms(4) <io-targets M2 (initial M2) vs = {¢2}
observable-io-targets-split|of M2 initial M2 vs ?zs1 q2' q2]
by simp
then have ?%zs1 € language-state M2 ¢2
by auto
moreover have length ?zs1 = length (map snd ?trl)
using assms(7) by auto
moreover have length (map fst ?trl) = length (map snd ?tr1)
by auto
moreover have ¢2 € nodes M2
using <io-targets M2 (initial M2) vs = {q2}> io-targets-nodes
by (metis FSM.nodes.initial insertl1)
moreover have g1 € nodes M1
using <io-targets M1 (initial M1) vs = {q1}> io-targets-nodes
by (metis FSM.nodes.initial insertl1)
ultimately have
path M1 (%zs1 || map snd ?trl) ql
path M2 (?xzs1 || map fst ?trl) ¢2
target (?zs1 || map snd ?2trl) gl = snd (target (?zsl || map fst ?trl || map snd ?tr1) (¢2,q1))
target (?zsl || map fst ?trl) q2 = fst (target (zsl || map fst ?trl || map snd ?trl) (¢2,q1))
using assms(2) assms(9) assms(10) <path PM (2xs1 || map fst 2trl || map snd ?trl) (¢2,q1)>
assms(4)
productF-path-reverse-ob-2[of ?xsl map fst ?tr1 map snd ?tr1 M2 M1 FAIL PM q2 q1]
by simp+
moreover have target (?zsl || map fst ?tr1 || map snd ?tr1) (¢2,q1) = ?st
by (metis (no-types) indez-def scan-nth take-zip zip-map-fst-snd)
ultimately have
target (?zsl || map snd ?trl) q1 = snd %st
target (?zsl || map fst ?trl) q2 = fst ?st
by simp+

— paths for 7xs2

have (states (zs || tr) (¢2, q1)) ! i2 € io-targets PM (q2, q1) %xs2

by (metis <0 < length zs> assms(6) assms(7) index-def map-snd-zip states-alt-def states-indez-io-target)
then have io-targets PM (q2, q1) %zs2 = {?st}

using obs-PM by (metis indez-def observable-io-target-is-singleton)

have path PM (%zs2 || ?tr2) (¢2,q1)

by (metis FSM.path-append-elim append-take-drop-id assms(6) assms(7) length-take zip-append)
then have path PM (2zs2 || map fst ?tr2 || map snd ?tr2) (¢2,q1)

by auto

have vs @ 72s2 € L M2

by (metis (no-types) IntD2 append-assoc append-take-drop-id assms(8) language-state-prefiz)
then obtain ¢2'' where io-targets M2 (initial M2) (vs@Q?%zs2) = {q2"'}

using io-targets-observable-singleton-ob[of M2 vsQ ?xs2 initial M2] assms(4)

by auto
then have ¢2'' € io-targets M2 q2 ?xs2

using assms(4) <io-targets M2 (initial M2) vs = {¢2}

observable-io-targets-split|of M2 initial M2 vs ?xs2 q2'' q2]
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by simp
then have ?zs2 € language-state M2 q2

by auto

moreover have length ?zs2 = length (map snd ?tr2) using assms(7)
by auto

moreover have length (map fst ?tr2) = length (map snd ?tr2)
by auto

moreover have ¢2 € nodes M2
using <io-targets M2 (initial M2) vs = {q2}> io-targets-nodes
by (metis FSM.nodes.initial insertl1)
moreover have g1 € nodes M1
using <io-targets M1 (initial M1) vs = {ql}> io-targets-nodes
by (metis FSM.nodes.initial insertl1)
ultimately have
path M1 (?zs2 || map snd ?tr2) q1
path M2 (%zs2 || map fst ?tr2) q2
target (?zs2 || map snd ?tr2) q1 = snd(target (?zs2 || map fst ?tr2 || map snd ?tr2) (¢2,q1))
target (?zs2 || map fst ?tr2) q2 = fst(target (?zs2 || map fst ?tr2 || map snd ?tr2) (¢2,q1))
using assms(2) assms(9) assms(10) <path PM (2zs2 || map fst ?tr2 || map snd ?tr2) (¢2,q1)>
assms(4)
productF-path-reverse-ob-2[of ?xs2 map fst 2tr2 map snd ?tr2 M2 M1 FAIL PM ¢2 q1]
by simp+
moreover have target (?zs2 || map fst ?tr2 || map snd ?tr2) (¢2,q1) = ?st
by (metis (no-types) indez-def scan-nth take-zip zip-map-fst-snd)
ultimately have
target (?zs2 || map snd ?tr2) q1 = snd st
target (?zs2 || map fst ?tr2) q2 = fst ?st
by simp+

have io-targets M1 q1 ?zsl = {snd ?st}
using <path M1 (%zs1 || map snd ?trl) ql> <target (?zsl || map snd ?trl) q1 = snd ?st
<length ?zs1 = length (map snd ?trl)> assms(8) obs-target-is-io-targets[of M1 ?xsl1
map snd ?trl ql]
by simp
then have tgt-1-1 : io-targets M1 (initial M1) (vs @ ?zs1) = {snd ?st}
by (meson <io-targets M1 (initial M1) vs = {ql}> assms(3) observable-io-targets-append)

have io-targets M2 q2 ?zs1 = {fst ?st}
using «path M2 (%zsl || map fst ?trl) q2> <target (%zsl || map fst 2irl) q2 = fst ?st>
<length ?xs1 = length (map snd ?trl)y assms(4)
obs-target-is-io-targets[of M2 ?zsl map fst ?trl ¢2]
by simp
then have tgt-1-2 : io-targets M2 (initial M2) (vs Q %xs1) = {fst ?st}
by (meson <io-targets M2 (initial M2) vs = {q2}> assms(4) observable-io-targets-append)

have io-targets M1 q1 ?zs2 = {snd ?st}
using «path M1 (?zs2 || map snd ?tr2) ql» <target (?zs2 || map snd ?tr2) q1 = snd ?st
<length ?xs2 = length (map snd ?tr2)» assms(3)
obs-target-is-io-targets[of M1 ?xzs2 map snd ?tr2 ql|
by simp
then have tgt-2-1 : io-targets M1 (initial M1) (vs @ 2xs2) = {snd ?st}
by (meson <io-targets M1 (initial M1) vs = {ql}> assms(3) observable-io-targets-append)

have io-targets M2 q2 ?zs2 = {fst ?st}
using <path M2 (%zs2 || map fst ?tr2) q2» <target (?zs2 || map fst 2tr2) q2 = fst st
<length ?zs2 = length (map snd ?tr2)> assms(4)
obs-target-is-io-targets[of M2 ?zs2 map fst ?tr2 ¢2]
by simp
then have tgt-2-2 : io-targets M2 (initial M2) (vs Q ?zs2) = {fst ?st}
by (meson <io-targets M2 (initial M2) vs = {q2}> assms(4) observable-io-targets-append)

have ?zs! # [] using <0 < length zs»

by auto
have prefix ?zsl xs
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using take-is-prefiz by blast
have prefix ?xs2 xs
using take-is-prefiz by blast
have %xs1 # %xs2
proof —
have f1: Vnna. - n < na VvV Sucn < na
by presburger
have f2: Suc il < length zs
using indez-def by force
have Suc i2 < length zs
using fI by (metis index-def length-take map-snd-zip-take min-less-iff-conj states-alt-def)
then show %thesis
using f2 by (metis (no-types) indez-def length-take min.absorb2 nat.simps(1))
qged
have Rep-Pre M2 M1 vs xs
proof (cases length ?zsl1 < length ?xs2)
case True
then have prefix %xs1 ?zs2
by (meson <prefix (take (Suc il1) zs) zsy <prefiz (take (Suc i2) xs) zs> leD prefiz-length-le
prefiz-same-cases)
show ?thesis
by (meson Rep-Pre.elims(8) «prefiz (take (Suc i1) zs) (take (Suc i2) zs)»
<prefiz (take (Suc i2) xs) zsy <take (Suc il) zs # take (Suc i2) zs»
tgt-1-1 tgt-1-2 tgt-2-1 tgt-2-2)
next
case Fulse
moreover have length ?zs1 # length ?xs2
by (metis (no-types) <take (Suc i1) zs # take (Suc i2) zs> append-eg-conv-conj
append-take-drop-id)
ultimately have length ?xs2 < length ?xsl
by auto
then have prefix ?2s2 %zs1
using «prefix (take (Suc i1) zs) zs» <prefiz (take (Suc i2) zs) zs> less-imp-le-nat
prefiz-length-prefiz
by blast
show ?thesis
by (metis Rep-Pre.elims(3) <prefiz (take (Suc il) xs) xs»
<prefiz (take (Suc i2) xs) (take (Suc il) zs)> <take (Suc il) zs # take (Suc i2) zs»
tgt-1-1 tgt-1-2 tgt-2-1 tgt-2-2)
qed

then show Fulse
using assms(1) by simp
qed

lemma R P-count-via-Rep-Cov :
assumes (vs Q zs) € L M1 N L M2
and observable M1
and observable M2
and well-formed M1
and well-formed M2
and s € nodes M2
and productF' M2 M1 FAIL PM
and io-targets PM (initial PM) vs = {(¢2,q1)}
and path PM (zs || tr) (¢2,q1)
and length xs = length tr
and distinct (states (zs || tr) (¢2,q1))
and is-det-state-cover M2 V
and V' € Perm V M1
and — Rep-Cov M2 M1 V' vs zs
shows card (| (image (io-targets M1 (initial M1)) (RP M2 s vs zs V")) = card (RP M2 s vs zs V")
proof —
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have RP-cases : RP M2 svsxs V' = R M2 s vs xs
V3wvs'€ V' . vs"¢ R M2s vs xs
A RP M2 s vs zs V' = insert vs' (R M2 s vs xs))
using RP-from-R assms by metis
show ?thesis
proof (cases RP M2 s vs xs V' = R M2 s vs s)
case True
then show ?Zthesis
using R-count assms by metis
next
case Fulse
then obtain vs’ where vs’-def : vs' € V"
Awvs' & R M2 s vs xs
A RP M2 s vs xs V' = insert vs' (R M2 s vs xs)
using RP-cases by auto

have state-component-2 : ¥V io € (R M2 s vs xs) . io-targets M2 (initial M2) io = {s}
proof
fix io assume io € R M2 s vs xs
then have s € jo-targets M2 (initial M2) io
by auto
moreover have io € language-state M2 (initial M2)
using calculation by auto
ultimately show io-targets M2 (initial M2) io = {s}
using assms(3) io-targets-observable-singleton-ex by (metis singletonD)
qed

have vs’ € L M1
using assms(13) perm-language vs'-def by blast

then obtain s’ where s’-def : io-targets M1 (initial M1) vs' = {s'}
by (meson assms(2) io-targets-observable-singleton-ob)

moreover have s’ ¢ |J (image (io-targets M1 (initial M1)) (R M2 s vs zs))
proof (rule ccontr)
assume — s’ ¢ |J (io-targets M1 (initial M1) * R M2 s vs s)
then obtain zs’ where zs'-def : vs @ 2s’ € R M2 s vs zs
A s' € jo-targets M1 (initial M1) (vs @ xs’)
proof —
assume al: Nzs'. vs @ zs' € R M2 s vs s
A s € jo-targets M1 (initial M1) (vs @ zs") => thesis
obtain pps :: (‘a x 'b) list set = ((‘a x 'b) list = 'c set) = ‘¢ = (‘a x 'b) list
where
Va0 z1 2. (3v3. v8 € 20 N 22 € z1 v8) = (pps z0 z1 z2 € z0 A 22 € z1 (pps z0 z1 z2))
by moura
then have f2: pps (R M2 s vs zs) (io-targets M1 (initial M1)) s’ € R M2 s vs xs
A s € io-targets M1 (initial M1)
(pps (R M2 s vs zs) (io-targets M1 (initial M1)) s')
using «— s’ ¢ |J (io-targets M1 (initial M1) * R M2 s vs zs)» by blast
then have Jps. pps (R M2 s vs zs) (io-targets M1 (initial M1)) s’ = vs @ ps A ps # [|
A prefix ps xs A s € io-targets M2 (initial M2) (vs @ ps)
by simp
then show ?thesis
using f2 al by (metis (no-types))
qged

have vs Q zs' € L M1

using zs’-def by blast
then have io-targets M1 (initial M1) (vsQzs’) = {s'}

by (metis assms(2) io-targets-observable-singleton-ob singletonD zs'-def)
moreover have io-targets M1 (initial M1) (vs') = {s'}

using s’-def by blast
moreover have io-targets M2 (initial M2) (vs @Q zs') = {s}

using state-component-2 zs’-def by blast
moreover have io-targets M2 (initial M2) (vs') = {s}

by (metis (mono-tags, lifting) RP.simps Un-iff insertI1 mem-Collect-eq vs’-def)
moreover have zs’ # ||
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using zs’-def by simp
moreover have prefiz zs’ zs
using xs’-def by simp
moreover have vs’ € V"’
using vs’-def by simp
ultimately have Rep-Cov M2 M1 V' vs xs
by auto

then show Fulse
using assms(14) by simp
qed

moreover have ] (image (io-targets M1 (initial M1)) (insert vs’ (R M2 s vs s)))
= dnsert s’ (|J (tmage (io-targets M1 (initial M1)) (R M2 s vs zs)))
using s’-def by simp

moreover have finite (| J (image (io-targets M1 (initial M1)) (R M2 s vs zs)))
proof
show finite (R M2 s vs xs)
using finite-R by simp
show Aa. a € R M2 s vs zs = finite (io-targets M1 (initial M1) a)
proof —
fix a assume a € R M2 s vs s
then have prefiz a (vsQzs)
by auto
then have a € L M1
using language-state-prefiz by (metis IntD1 assms(1) prefiz-def)
then obtain p where io-targets M1 (initial M1) a = {p}
using assms(2) io-targets-observable-singleton-ob by metis
then show finite (io-targets M1 (initial M1) a)
by simp
qged
qed

ultimately have card (| (image (io-targets M1 (initial M1)) (insert vs’ (R M2 s vs s))))
= Suc (card (|J (image (io-targets M1 (initial M1)) (R M2 s vs zs))))
by (metis (no-types) card-insert-disjoint)

moreover have card (|J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V'')))
= card (|J (image (io-targets M1 (initial M1)) (insert vs' (R M2 s vs zs))))
using vs’-def by simp

ultimately have card (| (image (io-targets M1 (initial M1)) (RP M2 s vs zs V"))
= Suc (card (|J (image (io-targets M1 (initial M1)) (R M2 s vs zs))))
by linarith

then have card (| J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V"))
= Suc (card (R M2 s vs xs))
using R-count[of vs zs M1 M2 s FAIL PM q2 q1 tr] using assms(1,10,11,2—9)
by linarith

moreover have card (RP M2 s vs zs V') = Suc (card (R M2 s vs xs))
using vs'-def by (metis card-insert-if finite-R)

ultimately show ?Zthesis
by linarith
qed
qed

lemma RP-count-alt-def :
assumes (vs Q zs) € L M1 N L M2
and observable M1
and observable M2
and well-formed M1
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and well-formed M2
and s € nodes M2
and productF M2 M1 FAIL PM
and do-targets PM (initial PM) vs = {(¢2,q1)}
and path PM (zs || tr) (¢2,q1)
and length xs = length tr
and — Rep-Pre M2 M1 vs zs
and is-det-state-cover M2 V
and V"' € Perm V M1
and — Rep-Cov M2 M1 V" vs xs
shows card (| (image (io-targets M1 (initial M1)) (RP M2 s vs zs V")) = card (RP M2 s vs zs V")
proof —
have distinct (states (zs || tr) (¢2,q1))
using distinctness-via-Rep-Pre[of M2 M1 vs zs FAIL PM q2 ql tr] assms by simp
then show ?thesis
using RP-count-via-Rep-Cov|of vs s M1 M2 s FAIL PM q2 q1 tr V V"
using assms(1,10,12—14,2—9) by blast
qed

4.6 Function LB

LB adds together the number of elements in sets calculated via RP for a given set of states and the number of
AT C-reaction known to exist but not produced by a state reached by any of the above elements.

fun LB :: ("in, ‘out, 'statel) FSM = ('in, ‘out, 'state2) FSM
= (in x 'out) list = ("in x 'out) list = 'in list set
= 'statel set = ('in, ‘out) ATC set
= ("in x 'out) list set = nat
where
LBM2Mivszs TSQ V" =
(sum (X s . card (RP M2 s vs zs V') 9)
+ card (D M1 T Q) —
{BMizs'Q|xs's".s"€ SANxs'"e€ RPM2s" vsas V''})

lemma L B-count-helper-RP-disjoint-and-cards :
assumes (vs @ zs) € L M1 N L M2
and observable M1
and observable M2
and well-formed M1
and well-formed M2
and productF M2 M1 FAIL PM
and is-det-state-cover M2 V
and V" € Perm V M1
and s! # s2
shows | J (image (io-targets PM (initial PM)) (RP M2 s1 vs zs V"))
N (image (io-targets PM (initial PM)) (RP M2 s2 vs zs V")) = {}
card (|J (image (io-targets PM (initial PM)) (RP M2 s1 vs zs V'')))
= card (|J (image (io-targets M1 (initial M1)) (RP M2 sl vs zs V"))
card (| (image (io-targets PM (initial PM)) (RP M2 s2 vs zs V'')))
= card (|J (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V"))
proof —
have V io € RP M2 s1 vs xs V"' . jo-targets PM (initial PM) io
= {s1} x io-targets M1 (initial M1) io
proof
fix io assume io € RP M2 sl vs xs V"'
then have io-targets PM (initial PM) io
= jo-targets M2 (initial M2) io X io-targets M1 (initial M1) io
using assms RP-io-targets-split[of vs xs M1 M2 FAIL PM V V' io s1] by simp
moreover have io-targets M2 (initial M2) io = {s1}
using (io € RP M2 s1 vs zs V'"s assms(83) RP-state-component-2[of io M2 s1 vs zs V"]
by blast
ultimately show io-targets PM (initial PM) io = {s1} X io-targets M1 (initial M1) io
by auto
qed
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then have | (image (io-targets PM (initial PM)) (RP M2 s1 vs zs V"))
= J (image (X d0 . {s1} x io-targets M1 (initial M1) io) (RP M2 sl vs zs V"))
by simp
moreover have ] (image (A io . {s1} x io-targets M1 (initial M1) io) (RP M2 sl vs zs V"))
= {s1} x |J (image (X io . io-targets M1 (initial M1) io) (RP M2 sl vs zs V"))
by blast
ultimately have image-split-1 :
U (image (io-targets PM (initial PM)) (RP M2 sl vszs V''))
= {s1} x |J (image (io-targets M1 (initial M1)) (RP M2 sl vs zs V"))
by simp
then show card (| (image (io-targets PM (initial PM)) (RP M2 sl vs zs V"))
= card (|J (image (io-targets M1 (initial M1)) (RP M2 s1 vs zs V"))
by (metis (no-types) card-cartesian-product-singleton)

have V io € RP M2 s2 vs xs V"' . jo-targets PM (initial PM) io
= {s2} x do-targets M1 (initial M1) io
proof
fix io assume io € RP M2 s2 vs xs V"'
then have io-targets PM (initial PM) io
= jo-targets M2 (initial M2) io X io-targets M1 (initial M1) io
using assms RP-io-targets-split[of vs xs M1 M2 FAIL PM V V' io s2] by simp
moreover have io-targets M2 (initial M2) io = {s2}
using (io € RP M2 s2 vs zs V' assms(8) RP-state-component-2[of io M2 s2 vs zs V']
by blast
ultimately show io-targets PM (initial PM) io = {s2} x io-targets M1 (initial M1) io
by auto
qed
then have | J (image (io-targets PM (initial PM)) (RP M2 s2 vs zs V"))
= (image (X io . {s2} x io-targets M1 (initial M1) io) (RP M2 s2 vs zs V"))
by simp
moreover have | J (image (X io . {s2} x io-targets M1 (initial M1) io) (RP M2 s2 vs zs V')
= {s2} x |J (image (X io . io-targets M1 (initial M1) io) (RP M2 s2 vs zs V"))
by blast
ultimately have image-split-2 :
U (image (io-targets PM (initial PM)) (RP M2 s2 vs zs V')
= {s2} x |J (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V'')) by simp
then show card (|J (image (io-targets PM (initial PM)) (RP M2 s2 vs zs V"))
= card (|J (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V"))
by (metis (no-types) card-cartesian-product-singleton)

have | J (image (io-targets PM (initial PM)) (RP M2 s1 vs zs V')
N U (image (io-targets PM (initial PM)) (RP M2 s2 vs zs V"))
= {s1} x |J (image (io-targets M1 (initial M1)) (RP M2 s1 vs zs V''))
N {s2} x U (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V''))
using image-split-1 image-split-2 by blast
moreover have {s1} x |J (image (io-targets M1 (initial M1)) (RP M2 s1 vs zs V"))
N {s2} x J (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V")) = {}
using assms(9) by auto
ultimately show | (image (io-targets PM (initial PM)) (RP M2 sl vs zs V''))
N (image (io-targets PM (initial PM)) (RP M2 s2 vs zs V")) = {}
by presburger
qed

lemma L B-count-helper-RP-disjoint-card-M1 :
assumes (vs Q zs) € L M1 N L M2
and observable M1
and observable M2
and well-formed M1
and well-formed M2
and productF M2 M1 FAIL PM
and is-det-state-cover M2 V
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and V" € Perm V M1
and sl # s2
shows card (|J (image (io-targets PM (initial PM)) (RP M2 s1 vs zs V"))
U lJ (image (io-targets PM (initial PM)) (RP M2 s2 vs zs V"))
= card (|J (image (io-targets M1 (initial M1)) (RP M2 sl vs zs V"))
+ card (|J (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V'')))
proof —
have finite (J (image (io-targets PM (initial PM)) (RP M2 s1 vs zs V'')))
using RP-io-targets-finite-PM[OF assms(1—38)] by simp
moreover have finite (| (image (io-targets PM (initial PM)) (RP M2 s2 vs zs V'')))
using RP-io-targets-finite-PM[OF assms(1—38)] by simp
ultimately show ?thesis
using LB-count-helper-RP-disjoint-and-cards[OF assms]
by (metis (no-types) card-Un-disjoint)
qged

lemma L B-count-helper-RP-disjoint-M1-pair :
assumes (vs Q@ zs) € L M1 N L M2
and observable M1
and observable M2
and well-formed M1
and well-formed M2
and productF M2 M1 FAIL PM
and do-targets PM (initial PM) vs = {(¢2,q1)}
and path PM (zs || tr) (¢2,q1)
and length s = length tr
and — Rep-Pre M2 M1 vs zs
and is-det-state-cover M2 V
and V"' € Perm V M1
and — Rep-Cov M2 M1 V" vs xs
and Prereq M2 M1 vs s TS Q V"
and sl # s2
and s € S
and s2 € S
and applicable-set M1 Q2
and completely-specified M1
shows card (RP M2 s1 vs xzs V') + card (RP M2 s2 vs zs V')
= card (|J (image (io-targets M1 (initial M1)) (RP M2 s1 vs zs V"))
+ card (|J (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V'')))
\J (¢mage (io-targets M1 (initial M1)) (RP M2 sl vs zs V')
N U (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V"))

have s! € nodes M2
using assms(14,16) unfolding Prereq.simps by blast

have s2 € nodes M2
using assms(14,17) unfolding Prereq.simps by blast

have card (RP M2 sl vs zs V")

= card (|J (image (io-targets M1 (initial M1)) (RP M2 s1 vs zs V"))

using RP-count-alt-def[OF assms(1—5) <s1 € nodes M2> assms(6—13)]
by linarith

moreover have card (RP M2 s2 vs zs V")

= card (|J (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V"))

using RP-count-alt-def[OF assms(1—5) <s2 € nodes M2> assms(6—13)]
by linarith

moreover show | J (image (io-targets M1 (initial M1)) (RP M2 s1 vs zs V"))
N U (image (io-targets M1 (initial M1)) (RP M2 s2vs zs V")) = {}
proof (rule ccontr)
assume | (image (io-targets M1 (initial M1)) (RP M2 s1 vs zs V"))
N U (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V")) # {}
then obtain io! i02 t where shared-elem-def :
iol € (RP M2 sl vs zs V")
i02 € (RP M2 s2 vs zs V')
t € io-targets M1 (initial M1) iol
t € io-targets M1 (initial M1) i0o2
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by blast

have dist-prop: (V s1 € S.V s2 € S . sl # s2
— (V i01 € RP M2 sl vszs V' .
V 302 € RP M2s2vsas V' .
B M1 iol Q # B M1 i02 Q))
using assms(14) by simp

have io-targets M1 (initial M1) iol N do-targets M1 (initial M1) 02 = {}
proof (rule cconir)
assume io-targets M1 (initial M1) iol N io-targets M1 (initial M1) i02 # {}
then have io-targets M1 (initial M1) iol # {} io-targets M1 (initial M1) i02 # {}
by blast+

then obtain s s2 where s! € io-targets M1 (initial M1) iol
s2 € jdo-targets M1 (initial M1) i02
by blast

then have io-targets M1 (initial M1) iol = {s1}
to-targets M1 (initial M1) i02 = {s2}
by (meson assms(2) observable-io-target-is-singleton)+

then have s1 = s2
using <io-targets M1 (initial M1) iol N io-targets M1 (initial M1) i02 # {}»
by auto

then have B M1 iol Q2 = B M1 i02 Q
using <io-targets M1 (initial M1) i0l = {s1}» <io-targets M1 (initial M1) i02 = {s2}
by auto
then show Fulse
using assms(15—17) dist-prop shared-elem-def(1,2) by blast
qed
then show False
using shared-elem-def(3,4) by blast
qed

ultimately show card (RP M2 s1 vs s V'') + card (RP M2 s2 vs zs V')
= card (|J (image (io-targets M1 (initial M1)) (RP M2 s1 vs zs V"))
+ card (U (image (io-targets M1 (initial M1)) (RP M2 s2 vs zs V"))
by linarith
qed

lemma L B-count-helper-RP-card-union :
assumes observable M2
and sl # s2
shows RP M2 sl vszs V'' N RP M2 s2vszs V' = {}
proof (rule cconir)
assume RP M2 sl vsas V' N RP M2 s2vsxs V' # {}
then obtain io where io € RP M2 sl vsxzs V'' N io € RP M2 s2 vs s V"
by blast
then have sI € io-targets M2 (initial M2) io
s2 € io-targets M2 (initial M2) io
by auto
then have s1 = s2
using assms(1) by (metis observable-io-target-is-singleton singletonD)
then show False
using assms(2) by simp
qed
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lemma L B-count-helper-RP-inj :
obtains f
where V ¢ € (|J (image (A s.|J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V"))) S)) .
fq € nodes M1
inj-on f (I (image (X s . |J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V''))) S))
proof —
let ?f =
Xq.if (g€ (U (image (X s. ] (image (io-targets M1 (initial M1)) (RP M2 s vs zs V''))) S)))
then q
else (initial M1)

have (| (image (A s . |J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V")) S)) C nodes M1
by blast

then have V g € (|J (émage (A s . |J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V")) S)) .
?f q € nodes M1
by (metis Un-iff sup.order-iff)

moreover have inj-on ?f (|J (image (A s . |J (image (io-targets M1 (initial M1))
(RP M2swvsaxs V")) S))
proof
fix z assume z € (|J (image (A s . | (image (io-targets M1 (initial M1)) (RP M2 s vs zs V''))) S5))
then have ?fz = x
by presburger

fix y assume y € (|J (image (A s . |J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V"))) S))
then have 2fy = y
by presburger

assume ?fz = ?fy
then show z = y using <%fz = o) <?fy =
by presburger
qed

ultimately show ?thesis
using that by presburger
qed

abbreviation (input) UNION :: 'a set = (‘a = 'b set) = b set
where UNION A f =] (f “ 4)

lemma L B-count-helper-RP-card-union-sum :
assumes (vs Q@ zs) € L M2 N L M1
and OFSM M1
and OFSM M2
and asc-fault-domain M2 M1 m
and test-tools M2 M1 FAIL PM V Q
and V' e Perm V M1
and  Prereq M2 M1 vsas T S Q V"
and - Rep-Pre M2 M1 vs zs
and — Rep-Cov M2 M1 V' vs s
shows sum (X s . card (RP M2 svsxs V') S
= sum (X s . card (| (image (io-targets M1 (initial M1)) (RP M2 s vs zs V")))) S
using assms proof —
have finite (nodes M2)
using assms(3) by auto
moreover have S C nodes M2
using assms(7) by simp
ultimately have finite S
using infinite-super by blast

then have sum (A s . card (RP M2 svsxs V') S
= sum (X s . card (|J (image (io-targets M1 (initial M1)) (RP M2 svszs V'")))) S
using assms proof (induction S)
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case empty

show ?case by simp
next

case (insert s S)

have (insert s S) C nodes M2
using insert.prems(7) by simp
then have s € nodes M2
by simp

have Prereq M2 M1 vsxzs T S Q V"
using «Prereq M2 M1 vs zs T (insert s S) Q V''y by simp
then have () s€S. card (RP M2 s vs zs V"))
= (>_s€S. card ((Ja€ERP M2 s vs zs V''. io-targets M1 (initial M1) a))
using insert. IH[OF insert.prems(1—6) - assms(8,9)] by metis
moreover have () s'€(insert s S). card (RP M2 s’ vs zs V"))
= (>_s'eS. card (RP M2 s' vszs V') + card (RP M2 s vs xzs V")
by (simp add: add.commute insert.hyps(1) insert.hyps(2))
ultimately have S-prop : (> s'€(insert s S). card (RP M2 s’ vs zs V"))
= (>_s€S. card ((Ja€ERP M2 s vs zs V''. io-targets M1 (initial M1) a))
+ card (RP M2 s vs s V")
by presburger

have vsQzs € L M1 N L M2
using insert.prems(1) by simp

obtain ¢2 ¢! tr where suffiz-path : io-targets PM (initial PM) vs = {(¢2,q1)}
path PM (zs || tr) (¢2,q1)
length xs = length tr
using productF-language-state-intermediate[ OF insert.prems(1)
test-tools-props(1)[OF insert.prems(5,4)] OFSM-props(2,1)[OF insert.prems(3)]
OFSM-props(2,1)[OF insert.prems(2)]]

by blast

have card (RP M2 s vs zs V')
= card (|J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V'')))
using OFSM-props(2,1)[OF insert.prems(8)] OFSM-props(2,1)[OF insert.prems(2)]
RP-count-alt-def[OF <vsQxs € L M1 N L M2y - - - -
«s€nodes M2» test-tools-props(1)[OF insert.prems(5,4)]
suffiz-path insert.prems(8)
test-tools-props(2)[OF insert.prems(5,4)] assms(6) insert.prems(9)]
by linarith

show (> s€insert s S. card (RP M2 s vs zs V")) =
(> seinsert s S. card (UNION (RP M2 s vs xs V'') (io-targets M1 (initial M1))))
proof —
have (> c€insert s S. card (UNION (RP M2 c vs zs V") (io-targets M1 (initial M1))))
= card (UNION (RP M2 s vs zs V') (io-targets M1 (initial M1)))
+ (5. ceS. card (UNION (RP M2 c vs zs V') (io-targets M1 (initial M1))))
by (meson insert.hyps(1) insert.hyps(2) sum.insert)
then show ?thesis
using «(>_ s'einsert s S. card (RP M2 s' vs zs V"))
= (>_s€S. card ((JaERP M2 s vs zs V''. io-targets M1 (initial M1) a))
+ card (RP M2 svsxs V')
<card (RP M2 s vs xs V")
= card (UNION (RP M2 s vs zs V') (io-targets M1 (initial M1)))»
by presburger
qed
qed

then show ?thesis

using assms by blast
qed
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lemma finite-insert-card :
assumes finite (|J S9)
and finite S
and SnJSS) ={}
shows card (| (insert S S9)) = card (| JSS) + card S
by (simp add: assms(1) assms(2) assms(3) card-Un-disjoint)

lemma LB-count-helper-RP-disjoint-M1-union :
assumes (vs Q zs) € L M2 N L M1
and OFSM M1
and OFSM M2
and asc-fault-domain M2 M1 m
and test-tools M2 M1 FAIL PM V Q
and V' € Perm V M1
and  Prereq M2 M1 vsas T S Q V"
and = Rep-Pre M2 M1 vs zs
and - Rep-Cov M2 M1 V" vs zs
shows sum (X s . card (RP M2 svszs V")) S
= card (|J (image (X s . |J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V''))) 5))
using assms proof —
have finite (nodes M2)
using assms(3) by auto
moreover have S C nodes M2
using assms(7) by simp
ultimately have finite S
using infinite-super by blast

then show sum (A s . card (RP M2 svsxs V') S
= card (|J (image (X s . |J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V'))) S))
using assms proof (induction S)
case empty
show ?case by simp
next
case (insert s S)

have (insert s S) C nodes M2
using insert.prems(7) by simp
then have s € nodes M2
by simp

have Prereq M2 M1 vsxs T S Q V"
using «Prereq M2 M1 vs zs T (insert s S) Q V') by simp
then have applied-IH : (> s€S. card (RP M2 s vs zs V"))
= card (| Js€S. |Ja€RP M2 s vs zs V''. io-targets M1 (initial M1) a)
using insert. IH[|OF insert.prems(1—6) - insert.prems(8,9)] by metis

obtain ¢2 q! tr where suffiz-path : io-targets PM (initial PM) vs = {(¢2,q1)}
path PM (zs || tr) (¢2,q1)
length xs = length tr
using productF-language-state-intermediate
[OF insert.prems(1) test-tools-props(1)[OF insert.prems(5,4)]
OFSM-props(2,1)[OF insert.prems(3)] OFSM-props(2,1)[OF insert.prems(2)]]
by blast

have s € insert s S
by simp

have vsQzs € L M1 N L M2
using insert.prems(1) by simp

haveV s’ € S . (a€RP M2 s vs as V" io-targets M1 (initial M1) a)
N (Ja€RP M2 s' vs zs V. io-targets M1 (initial M1) a) = {}
proof
fix s’ assume s’ € S
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have s # s’

using insert.hyps(2) s’ € S» by blast
have s’ € insert s S

using ¢s’ € S) by simp

show (| Ja€RP M2 s vs zs V''. io-targets M1 (initial M1) a)
N (Ja€ERP M2 s' vs zs V" io-targets M1 (initial M1) a) = {}
using OFSM-props(2,1)[OF assms(3)] OFSM-props(2,1,3)[OF assms(2)]
L B-count-helper-R P-disjoint-M1-pair(2)

[OF <vsQzs € L M1 N L M2) - - - - test-tools-props(1)[OF insert.prems(5,4)]
suffiz-path insert.prems(8) test-tools-props(2)|OF insert.prems(5,4)]
insert.prems(6,9,7) <s # s’» s € insert s S» <s’ € insert s S»
test-tools-props(4 )| OF insert.prems(5,4)]]

by linarith
qed
then have disj-insert : (| Js€S. |Ja€RP M2 s vs as V''. io-targets M1 (initial M1) a)
N (Ja€RP M2 s vs zs V''. io-targets M1 (initial M1) a) = {}
by blast
have finite-S : finite ({Ja€RP M2 s vs zs V"', io-targets M1 (initial M1) a)
using RP-io-targets-finite-M1[OF insert.prems(1)]
by (meson RP-io-targets-finite-M1 <vs @ zs € L M1 N L M2> assms(2) assms(5) insert.prems(6))
have finite-s : finite (|Js€S. |Ja€RP M2 s vs zs V''. io-targets M1 (initial M1) a)
by (meson RP-io-targets-finite-M1 <vs @ zs € L M1 N L M2> assms(2) assms(5)
finite-UN-I insert.hyps(1) insert.prems(6))

have card (| s€insert s S. | Ja€RP M2 s vs xs V''. io-targets M1 (initial M1) a)
= card (|Js€S. |JaERP M2 s vs as V. io-targets M1 (initial M1) a)
+ card ({Ja€RP M2 s vs zs V" io-targets M1 (initial M1) a)
proof —
have f1: insert (UNION (RP M2 s vs zs V') (io-targets M1 (initial M1)))
((Ac. UNION (RP M2 c vs zs V') (io-targets M1 (initial M1))) * S)
= (Ac. UNION (RP M2 c vs zs V") (io-targets M1 (initial M1))) * insert s S
by blast
have Vc. c € S — UNION (RP M2 s vs zs V') (io-targets M1 (initial M1))
N UNION (RP M2 c vs xs V') (io-targets M1 (initial M1)) = {}
by (meson «<Vs'€S. (| Ja€ERP M2 s vs zs V''. io-targets M1 (initial M1) a)
N (Ja€RP M2 s’ vs zs V. io-targets M1 (initial M1) a) = {}>)
then have UNION (RP M2 s vs zs V') (io-targets M1 (initial M1))
N (JceS. UNION (RP M2 c vs zs V') (io-targets M1 (initial M1))) = {}
by blast
then show ?%thesis
using f1 by (metis finite-S finite-insert-card finite-s)
qed

have card (RP M2 s vs zs V')
= card (|Ja€RP M2 s vs zs V" io-targets M1 (initial M1) a)
using assms(2) assms(3)

RP-count-alt-def[OF <vsQzs € L M1 N L M2» - - - - <s € nodes M2>
test-tools-props(1)[OF insert.prems(5,4)] suffiz-path
insert.prems(8) test-tools-props(2)|OF insert.prems(5,4)]
insert.prems(6,9)]

by metis

show ?case
proof —
have (3 ce€insert s S. card (RP M2 c vs zs V"))
= card (RP M2 svsxzs V') + (3 c€S. card (RP M2 c vs zs V"))
by (meson insert.hyps(1) insert.hyps(2) sum.insert)
then show ?Zthesis
using «card (RP M2 s vs zs V")
= card (|Ja€RP M2 s vs zs V" io-targets M1 (initial M1) a)
<card (| s€insert s S. | Ja€RP M2 s vs zs V''. io-targets M1 (initial M1) a)
= card (|Js€S. |Ja€RP M2 s vs zs V. io-targets M1 (initial M1) a)
+ card ({Ja€RP M2 s vs xzs V" io-targets M1 (initial M1) a)» applied-IH
by presburger
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ged
qed

lemma LB-count-helper-LB1 :
assumes (vs Q zs) € L M2 N L M1
and OFSM M1
and OFSM M2
and asc-fault-domain M2 M1 m
and test-tools M2 M1 FAIL PM V Q
and V'€ Perm V M1
and  Prereq M2 M1 vsas T S Q V"
and = Rep-Pre M2 M1 vs zs
and - Rep-Cov M2 M1 V" vs zs
shows (sum (X s . card (RP M2 s vs zs V")) S) < card (nodes M1)
proof —
have (| Js€S. UNION (RP M2 s vs zs V") (io-targets M1 (initial M1))) C nodes M1
by blast
moreover have finite (nodes M1)
using assms(2) OFSM-props(1) unfolding well-formed.simps finite-FSM .simps by simp
ultimately have card (| Js€S. UNION (RP M2 s vs zs V") (io-targets M1 (initial M1)))
< card (nodes M1)
by (meson card-mono)

moreover have (3 s€S. card (RP M2 s vs zs V"))
= card (| Js€S. UNION (RP M2 s vs zs V") (io-targets M1 (initial M1)))
using LB-count-helper-RP-disjoint-M1-union|OF assms]
by linarith

ultimately show ?thesis
by linarith
qed

lemma L B-count-helper-D-states :
assumes observable M
and RSe€(DMTQ)
obtains ¢
where ¢ € nodes M N RS = 10-set M q 2
proof —
have RS € image (A i0 . B M io Q) (LSin M (initial M) T)
using assms by simp
then obtain 70 where RS = B M io Q i0 € LS;n M (initial M) T
by blast
then have io € language-state M (initial M)
using language-state-for-inputs-in-language-state[of M initial M T] by blast
then obtain ¢ where {q} = io-targets M (initial M) io
by (metis assms(1) io-targets-observable-singleton-ob)
then have B M io Q = | (image (A s . 10-set M s Q) {q})

by simp

then have B M i0 Q2 = [0-set M q Q2
by simp

then have RS = [0-set M q 2 using <RS = B M io &
by simp

moreover have ¢ € nodes M using «{q} = io-targets M (initial M) io»
by (metis FSM.nodes.initial insertl1 io-targets-nodes)
ultimately show ?thesis
using that by simp
qed
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lemma L B-count-helper-LB2 :
assumes observable M1
and [O-set M1 ¢ Qe (DM1ITQ) —{BMias'"Q|xs'"s".s"€SANxs"€ RPM2s" vsas V''}
shows ¢ ¢ (|J (image (A s . |J (image (io-targets M1 (initial M1)) (RP M2 s vs zs V''))) 5))
proof
assume ¢ € (| Js€S. UNION (RP M2 s vs zs V') (io-targets M1 (initial M1)))
then obtain s’ where s’ € S g € (| (image (io-targets M1 (initial M1)) (RP M2 s' vs zs V"))
by blast
then obtain zs’ where q € io-targets M1 (initial M1) zs’ xs' € RP M2 s' vs zs V"'
by blast
then have {q} = io-targets M1 (initial M1) xs’
by (metis assms(1) observable-io-target-is-singleton)
then have B M1 zs' Q = | (image (A s . I0-set M1 s Q) {q})
by simp
then have B M1 zs' Q = I0-set M1 q Q
by simp
moreover have B M1 zs' Q € {BMIlxzs' Q| zs's'.s"€ SAxs'e€ RPM2s" vsas V''}
using s’ € > «xs’ € RP M2 s’ vs zs V' by blast
ultimately have 10-set M1 q Q € {B M1 xs' Q| zs's".s"€ SAxs'e€ RP M2s" vsxzs V''}
by blast
moreover have [0-set M1 q Q ¢ {B M1 zs'Q | zs's’".s"€ SAxzs'e RPM2s vszs V''}
using assms(2) by blast
ultimately show Fualse
by simp
qed

4.7 Validity of the result of LB constituting a lower bound

lemma LB-count :
assumes (vs @ zs) € L M1
and OFSM M1
and OFSM M2
and asc-fault-domain M2 M1 m
and test-tools M2 M1 FAIL PM V Q
and V' e Perm V M1
and Prereq M2 M1 vsazs TS Q V"
and - Rep-Pre M2 M1 vs xs
and - Rep-Cov M2 M1 V" vs s
shows LB M2 M1 vsxzs T S Q V' < |M1|
proof —

let D =D M1 TQ

let 2B ={B MIlas'Q|as's'".s"€ SAas’"€ RPM2s vsas V''}

let DB = %D — B

let 2RP = |Js€S. |Ja€RP M2 s vs zs V' io-targets M1 (initial M1) a

have finite (nodes M1)

using OFSM-props[OF assms(2)] unfolding well-formed.simps finite-FSM .simps by simp
then have finite 7D

using OFSM-props|OF assms(2)] assms(7) D-bound[of M1 T 2] unfolding Prereq.simps by linarith
then have finite DB

by simp

— Proof sketch: Construct a function f (via induction) that maps each response set in 7DB to some state that produces
that response set. This is then used to show that each response sets in DB indicates the existence of a distinct state in
M1 not reached via the RP-sequences.

have states-f : )\ DB’ . DB’ C ?DB = 3 f . inj-on f DB’
A image f DB’ C (nodes M1) — ?RP
A (¥ RS € DB’ . I0-set M1 (f RS) Q = RS)
proof —
fix DB’ assume DB’ C ?DB
have finite DB’
proof (rule ccontr)
assume infinite DB’
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have infinite ?DB
using infinite-super|OF «<DB' C ?DB> «infinite DB") | by simp
then show Fulse
using «(finite ?DB> by simp
qed
then show 3 f . inj-on f DB’ A image f DB’ C (nodes M1) — ?RP
A (¥ RS € DB’ . [0-set M1 (f RS) Q = RS)
using assms <DB' C ?DB> proof (induction DB’)
case empty
show Zcase by simp
next
case (insert RS DB’)

have DB’ C ?DB
using insert.prems(10) by blast
obtain f’ where inj-on f' DB’
image f' DB’ C (nodes M1) — ?RP
vV RS € DB’ . I0-set M1 (f' RS) Q = RS
using insert.IH[OF insert.prems(1—9) «<DB’ C ?DB]
by blast

have RS €¢ D M1 T Q
using insert.prems(10) by blast
obtain ¢ where ¢ € nodes M1 RS = 10-set M1 q Q)
using insert.prems(2) LB-count-helper-D-states[OF - <RS € D M1 T O]
by blast
then have I0-set M1 q Q € DB
using insert.prems(10) by blast

have ¢ ¢ ?RP
using insert.prems(2) LB-count-helper-LB2[OF - <I0-set M1 q Q € ?DB)|
by blast

let ?f = f'(RS = q)
have inj-on ?f (insert RS DB’)
proof
have ?f RS ¢ ?f (DB’ — {RS})
proof
assume ?f RS € ?f ‘ (DB’ — {RS})
then have q € ?f ‘ (DB’ — {RS}) by auto
have RS € DB’
proof —
have VP c f. 3Pa. ((c::'c) & f PV (Pa::('a x 'b) list set) € P)
ANlcg f PV fPa=c)
by auto
moreover
{ assume ¢q ¢ f' * DB’
moreover
{ assume ¢q ¢ f'(RS := q) * DB’
then have %thesis
using <q € f'(RS := q) ‘ (DB’ — {RS})» by blast }
ultimately have ?thesis
by (metis fun-upd-image) }
ultimately show ?thesis
by (metis (no-types) <RS = I0-set M1 q Q» <Y RSEDB’. I0-set M1 (f' RS) 2 = RS»)
qed
then show Fulse using insert.hyps(2) by simp
qed
then show inj-on 2f DB’ A ?f RS ¢ ?f * (DB’ — {RS})
using <inj-on f’ DB’y inj-on-fun-updl by fastforce
qed
moreover have image ?f (insert RS DB’) C (nodes M1) — ?RP
proof —
have image ?f {RS} = {q} by simp
then have image ?f {RS} C (nodes M1) — ?RP
using «q € nodes M1) <q¢ ¢ ?RP> by auto
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moreover have image ?f (insert RS DB') = image ?f {RS} U image ?f DB’
by auto
ultimately show ?thesis
by (metis (no-types, lifting) <image f' DB’ C (nodes M1) — ?RP> fun-upd-other image-cong
image-insert insert.hyps(2) insert-subset)
qged
moreover have V RS € (insert RS DB’) . I0-set M1 (?f RS) Q& = RS
using RS = [0-set M1 q¢ Q» <V RSe€DB’. I0-set M1 (f' RS) = RS) by auto

ultimately show ?case
by blast
qed
qed

have ?DB C ¢?DB
by simp
obtain f where inj-on f ?DB image f ?DB C (nodes M1) — ?RP
using states-f[OF «?DB C ?DB>] by blast
have finite (nodes M1 — ?RP)
using «finite (nodes M1)> by simp
have card ?DB < card (nodes M1 — ?RP)
using card-ing-on-le[OF <inj-on f ?DB» <image f DB C (nodes M1) — ?RP»
<finite (nodes M1 — ?RP))]
by assumption

have ?RP C nodes M1
by blast
then have card (nodes M1 — ?RP) = card (nodes M1) — card ?RP
by (meson «finite (nodes M1)> card-Diff-subset infinite-subset)
then have card ?DB < card (nodes M1) — card ?RP
using <card ?DB < card (nodes M1 — ?RP)» by linarith

have vs @ zs € L M2 N L M1
using assms(7) by simp
have (sum (A s . card (RP M2 s vs xs V') S) = card ?RP
using LB-count-helper-RP-disjoint-M1-union[OF <vs @ zs € L M2 N L M1y assms(2—9)] by simp
moreover have card ?RP < card (nodes M1)
using card-mono[OF «finite (nodes M1)y <?RP C nodes M1)] by assumption
ultimately show ?thesis
unfolding LB.simps using <card ?DB < card (nodes M1) — card ?RP»
by linarith
qed

lemma contradiction-via-LB :
assumes (vs @ zs) € L M1
and OFSM M1
and OFSM M2
and asc-fault-domain M2 M1 m
and test-tools M2 M1 FAIL PM V Q
and V' e Perm V M1
and Prereq M2 M1 vsazs TS Q V"
and - Rep-Pre M2 M1 vs xs
and - Rep-Cov M2 M1 V' vs s
and LBM2Mivsas TSQ V" >m
shows False
proof —
have LB M2 M1 vsxs T S Q V" < card (nodes M1)
using LB-count[OF assms(1—9)] by assumption
moreover have card (nodes M1) < m
using assms(4) by auto
ultimately show Fulse
using assms(10) by linarith
qed
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end

theory ASC-Suite
imports ASC-LB
begin

5 Test suite generated by the Adaptive State Counting Algorithm

5.1 Maximum length contained prefix

fun mecp :: 'a list = 'a list set = 'a list = bool where
mep z Wp = (preficpzApe WA
(Vv p'. (prefizp’ 2 A p' € W) — length p’ < length p))

lemma mcp-ex :
assumes [| € W
and finite W
obtains p
where mcp z W p
proof —
let P = {p . prefixpz Ap e W}
let ?mazP = arg-maz length (A p . p € 2P)

have finite {p . prefix p z}
proof —
have {p . prefix p z} C image (X i . take i 2) (set [0 ..< Suc (length z)])
proof
fix p assume p € {p . prefizx p z}
then obtain ¢ where 7 < length z A p = take 7 z
by (metis append-eq-conv-conj mem-Collect-eq prefix-def prefiz-length-le)
then have i < Suc (length z) A p = take i 2z
by simp
then show p € image (X i . take i z) (set [0 ..< Suc (length z)])
using atLeast-upt by blast
qed
then show ?thesis
using finite-surj by blast
qed
then have finite 2P
by simp

have ?P # {}
using Nil-prefix assms(1) by blast

have 3 mazP € ?P .Y p € ?P . length p < length maxP
proof (rule ccontr)
assume —(3 mazP € ?P .V p € ?P . length p < length mazP)
then have V p € ?P .3 p’ € 2P . length p < length p’
by (meson not-less)
then have V | € (image length ?P) . 3 1’ € (image length ?P) . 1 < I’
by auto

then have infinite (image length ?P)
by (metis (no-types, lifting) <?P # {}» image-is-empty infinite-growing)
then have infinite 2P
by blast
then show Fulse
using <finite ?P> by simp
qed

then obtain mazP where mazP € ?PVY p € ?P . length p < length mazxP
by blast

then have mcp z W mazP
unfolding mcp.simps by blast
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then show %thesis
using that by auto
qed

lemma mcp-unique :
assumes mcp z W p
and mcp z Wp’
shows p = p’
proof —
have length p’ < length p
using assms(1) assms(2) by auto
moreover have length p < length p’
using assms(1) assms(2) by auto
ultimately have length p’ = length p
by simp

moreover have prefix p z
using assms(1) by auto
moreover have prefiz p’ z
using assms(2) by auto
ultimately show ?thesis
by (metis append-eq-conv-conj prefixE)
qed

fun mcp’ :: ‘a list = 'a list set = 'a list where
mep’ 2z W = (THE p . mep z W p)

lemma mcp’-intro :
assumes mcp z Wp
shows mcp’ 2z W = p
using assms mcp-unique by (metis mep’.elims thel-unique)

lemma mcp-prefix-of-suffix :
assumes mcp (vsQzs) V vs
and  prefiz s’ xs
shows mcp (vsQxs’) V vs
proof (rule ccontr)
assume — mcp (vs @ zs') V vs
then have — (prefiz vs (vs @ zs’) Awvs € V A
(V p'. (prefiz p’ (vs @ 2s") A p’ € V) — length p’ < length vs))
by auto
then have — (V p’. (prefiz p’ (vs @ zs') A p’ € V) — length p’ < length vs)
using assms(1) by auto
then obtain vs’ where vs’ € V A prefiz vs’ (vsQzxs) A length vs < length vs’
by (meson assms(2) lel prefix-append prefiz-order.dual-order.trans)
then have — (mcp (vsQzxs) V vs)
by auto
then show False
using assms(1) by auto
qed

lemma minimal-sequence-to-failure-extending-mcp :
assumes OFSM M1
and OFSM M2
and is-det-state-cover M2 V
and minimal-sequence-to-failure-extending V M1 M2 vs xs
shows mcp (map fst (vsQus)) V (map fst vs)
proof (rule cconir)
assume — mcp (map fst (vs Q xs)) V (map fst vs)
moreover have prefiz (map fst vs) (map fst (vs Q xs))
by auto
moreover have (map fst vs) € V
using mstfe-prefiz-input-in-V assms(4) by auto
ultimately obtain v’ where prefiz v’ (map fst (vs @ zs))
v ev
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length v’ > length (map fst vs)
using lel by auto

then obtain z’ where (map fst (vsQzs)) = v'Qx’
using preficE by blast

have vsQzs € L M1 — L M2
using assms(4) unfolding minimal-sequence-to-failure-extending.simps sequence-to-failure.simps
by blast
then have vsQzs € L;, M1 {map fst (vsQus)}
by (meson DiffE insertl! language-state-for-inputs-map-fst)
have vsQzs € L;, M1 {v'Qz’}
using <map fst (vs @ zs) = v’ @ z'» <vs @ xs € Ly, M1 {map fst (vs Q zs)}
by presburger

let ?vs’ = take (length v') (vsQuxs)
let ?zs’ = drop (length v') (vsQuxs)

have vsQzs = ?vs'Q ?zs’
by (metis append-take-drop-id)

have %vs’ € L;n M1V
by (metis (no-types) DiffE <map fst (vs @ xs) = v’ Q@ z’s «v’' € V> «<vs @Qas € L M1 — L M2»
append-eq-conv-conj append-take-drop-id language-state-for-inputs-map-fst
language-state-prefix take-map)

have sequence-to-failure M1 M2 (%vs’ @ %zs’)
by (metis (full-types) (vs @ xs = take (length v') (vs @ zs) @ drop (length v') (vs Q zs)»
assms(4) minimal-sequence-to-failure-extending.simps)

have length ?xs’ < length xs
using <length (map fst vs) < length v’y (prefiz v’ (map fst (vs @ zs))>
<vs @ zs = take (length v’) (vs @ zs) @ drop (length v') (vs @ xs)y prefiz-length-le
by fastforce

show Fulse
by (meson «length (drop (length v') (vs Q zs)) < length zs)
«sequence-to-failure M1 M2 (take (length v') (vs @ xs) @ drop (length v’) (vs @ xs))>
<take (length v') (vs @ zs) € Lin M1 V> assms(4)
minimal-sequence-to-failure-extending. elims(2))

qed

5.2 Function N

Function N narrows the sets of reaction to the determinisitc state cover considered by the adaptive state counting
algorithm to contain only relevant sequences. It is the main refinement of the original formulation of the
algorithm as given in [2]. An example for the necessity for this refinement is given in [3].

fun N :: (in x ‘out) list = ('in, 'out, 'state) FSM = 'in list set = ("in x 'out) list set set
where
NioMV ={V"¢e€ Perm VM. (map fst (mep'io V")) = (mep’ (map fst io) V) }

lemma N-nonempty :
assumes is-det-state-cover M2 V
and OFSM M1
and OFSM M2
and asc-fault-domain M2 M1 m
and io € L M1
shows N io M1 V # {}
proof —
have [ € V
using assms(1) det-state-cover-empty by blast

have inputs M1 = inputs M2

113



using assms(4) by auto

have is-det-state-cover M2 V
using assms by auto
moreover have finite (nodes M2)
using assms(3) by auto
moreover have d-reachable M2 (initial M2) C nodes M2
by auto
ultimately have finite V
using det-state-cover-card[of M2 V]
by (metis finite-if-finite-subsets-card-bdd infinite-subset is-det-state-cover.elims(2)
surj-card-le)

obtain ioV where mcp (map fst io) VioV
using mcp-ex[OF «([] € V» (finite V] by blast
then have 0oV € V
by auto

— Proof sketch: - ioV uses only inputs of M2 - ioV uses only inputs of M1 - as M1 completely spec.: ex. reaction of
M1 to ioV - this reaction is in some V”

obtain ¢2 where d-reaches M2 (initial M2) ioV ¢2
using det-state-cover-d-reachable|OF assms(1) <ioV € V»] by blast
then obtain ioV’ ioP where io-path : length ioV = length ioV'’
A length 1oV = length ioP
A (path M2 ((ioV || ioV") || 0P) (initial M2))
A target ((ioV || ioV') || ioP) (initial M2) = q2
by auto

have well-formed M2
using assms by auto

have map fst (map fst ((ioV || ioV") || i0P)) = i0V
proof —
have length (ioV || i0V') = length ioP
using io-path by simp
then show %thesis
using 7o0-path by auto
qed
moreover have set (map fst (map fst ((ioV || i0V') || i0P))) C inputs M2
using path-input-containment|OF «well-formed M2, of (ioV || ioV") || ioP initial M2 ]
i0-path
by linarith
ultimately have set ioV C inputs M2
by presburger

then have set oV C inputs M1
using assms by auto

then have L;,, M1 {ioV} # {}
using assms(2) language-state-for-inputs-nonempty by (metis FSM.nodes.initial)

have prefiz ioV (map fst io)

using mcp (map fst io) V ioV> mep.simps by blast
then have length ioV < length (map fst io)

using prefiz-length-le by blast
then have length ioV < length io

by auto

have (map fst io || map snd io) € L M1
using assms(5) by auto

moreover have length (map fst io) = length (map snd io)
by auto

ultimately have (map fst io || map snd io)
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€ language-state-for-input M1 (initial M1) (map fst io)
unfolding language-state-def
by (metis (mono-tags, lifting) <map fst io || map snd io € L M1
language-state-for-input.simps mem-Collect-eq)

have ioV = take (length ioV) (map fst io)
by (metis (no-types) <prefix oV (map fst i0)> append-eq-conv-conj prefizE)

then have take (length i0V) io € language-state-for-input M1 (initial M1) ioV
using language-state-for-input-take
by (metis <map fst io || map snd io € language-state-for-input M1 (initial M1) (map fst i0)»
zip-map-fst-snd)

then obtain V' where V' € Perm V M1 take (length ioV) i0 € V"
using perm-elem[OF assms(1—3) <inputs M1 = inputs M2> <ioV € V)| by blast

have 0V = mcp’ (map fst io) V
using «mcp (map fst io) V ioV> mcp’-intro by blast

have map fst (take (length ioV) io) = ioV
by (metis <ioV = take (length ioV) (map fst i0)s take-map)

obtain mcp V'’ where mcp io V' mepV"’
by (meson «V'' € Perm V M1 «well-formed M2 assms(1) mcp-ex perm-elem-finite perm-empty)

have map fst mepV'' € V using perm-inputs
using <V’ € Perm V M1 <mep io V' mepV'y mep.simps by blast

have map fst mepV'' = ioV
by (metis (no-types) <map fst (take (length ioV) io) = i0V> <map fst mepV" € V>
<mep (map fst i0) VioVy <mep io V' mepV'"y «take (length ioV) io € V'’
map-mono-prefix mep.elims(2) prefiz-length-prefiz prefiz-order.dual-order.antisym
take-is-prefiz)

have map fst (mep’ io V') = mep’ (map fst io) V
using <ioV = mcp’ (map fst i0) V> <map fst mepV'' = ioV) <mcp io V" mepV"y mep’-intro
by blast

then show ?%thesis
using (V' € Perm V M1) by fastforce
qed

lemma N-mcp-prefiz :
assumes map fst vs = mep’ (map fst (vsQzs)) V
and V' e N (vsQzs) M1V
and is-det-state-cover M2 V
and well-formed M2
and finite V
shows vs € V' vs = mcp’ (vs@Qas) V"
proof —
have map fst (mcp’ (vs@Qxs) V'") = mep’ (map fst (vsQzs)) V
using assms(2) by auto
then have map fst (mcp’ (vsQzs) V') = map fst vs
using assms(1) by presburger
then have length (mcp’ (vsQuxs) V') = length vs
by (metis length-map)

have [| € V"'

using perm-empty|OF assms(3)] N.simps assms(2) by blast
moreover have finite V'’

using perm-elem-finite]OF assms(8,4)] N.simps assms(2) by blast
ultimately obtain p where mcp (vsQxs) V' p

using mcp-ex by auto
then have mcp’ (vsQuxs) V"' = p
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using mcp’-intro by simp

then have prefiz (mep’ (vsQzs) V'') (vsQus)
unfolding mcp’.simps mcp.simps
using <mcp (vs @ xs) V"' p» mcp.elims(2) by blast
then show vs = mcp’ (vsQzs) V"’
by (metis ¢length (mcp’ (vs @ xs) V') = length vs) append-eq-append-conv prefiz-def)

show vs € V"
using «mcp (vs @ zs) V"' p» <mep’ (vs Q zs) V"' = pr <vs = mep’ (vs @ xs5) V')
by auto
qed

5.3 Functions TS, C, RM

Function TTS defines the calculation of the test suite used by the adaptive state counting algorithm in an
iterative way. It is defined using the three functions TS, C and RM where TS represents the test suite calculated
up to some iteration, C contains the sequences considered for extension in some iteration, and RM contains the
sequences of the corresponding C result that are not to be extended, which we also call removed sequences.

abbreviation append-set :: ‘a list set = 'a set = 'a list set where
append-set T X = {zs Q [z] |zsz . zs € T ANz € X}

abbreviation append-sets :: ‘a list set = 'a list set = 'a list set where
append-sets T X = {zs Q zs’ | zszs’ . zs € T N zs’ € X}

fun TS :: ('in, ‘out, 'statel) FSM = ('in, 'out, 'state2) FSM
= ("in, 'out) ATC set = 'in list set = nat = nat
= "in list set
and C : ('in, 'out, 'statel) FSM = ('in, 'out, 'state2) FSM
= (“in, 'out) ATC set = 'in list set = nat = nat
= "in list set
and RM :: ('in, ‘out, 'statel) FSM = ('in, 'out, 'state2) FSM
= (“in, 'out) ATC set = "in list set = nat = nat
= 'in list set
where
RMM2MIQ Vmo={}|
TS M2 M1 Q Vim0 =1{}|
TS M2 M1 Q Vm (Suc 0) =V |
CM2MIQVmo=1{}]
CM2M1QVm(Suc0)=1V|
RM M2 M1 Q V m (Suc n) =
{zs"€ C M2 M1 Q Vm (Sucn) .
(ﬁ (Lin M1 {ZES/} g Lin M2 {Z‘S/}))
V (Y io € Lin M1 {zs'} .
3 V”"e NioM1V.
3 51.
3 vs xs .
io = (vsQuxs)
A mep (vsQzs) V' vs
A 81 C nodes M2
ANV s1e€S1.V s2eS1.
sl # s2 —
(V i01 € RP M2 st vsas V' .
V i02 € RP M2s2vsas V' .
B M1 iol Q # B M1 i02 Q))
Am < LB M2 M1vszs (TS M2M1 Q VmnuUV)SI QV")}|
C M2 M1 Q Vm (Sucn) =
(append-set ((C M2 M1 Q V- mn) — (RM M2 M1 Q V m n)) (inputs M2))
— (TS M2 M1 Q Vmn) |
TS M2 M1 Q Vm (Suc n) =
(TS M2 M1 Q Vmn)U (CM2M1QVm(Sucn))
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abbreviation lists-of-length :: 'a set = nat = 'a list set where
lists-of-length X n = {zs . length xs = n A set zs C X}

lemma append-lists-of-length-alt-def :
append-sets T (lists-of-length X (Suc n)) = append-set (append-sets T (lists-of-length X n)) X
proof
show append-sets T (lists-of-length X (Suc n))
C append-set (append-sets T (lists-of-length X n)) X
proof
fix tz assume tz € append-sets T (lists-of-length X (Suc n))
then obtain ¢ z where tQx = tz t € T length x = Suc n set t C X
by blast
then have z # [| length (butlast ) = n
by auto
moreover have set (butlast z) C X
using <set x C X» by (meson dual-order.trans prefizeq-butlast set-mono-prefix)
ultimately have butlast © € lists-of-length X n
by auto
then have tQ(butlast z) € append-sets T (lists-of-length X n)
using «t € T» by blast
moreover have last z € X
using <set z C X» <z # [|> by auto
ultimately have tQ(butlast x)Q[last z] € append-set (append-sets T (lists-of-length X n)) X
by auto
then show tz € append-set (append-sets T (lists-of-length X n)) X
using «tQz = tz> by (simp add: <z # []»)
qed
show append-set (append-sets T (lists-of-length X n)) X
C append-sets T (lists-of-length X (Suc n))
proof
fix tzr assume tz € append-set (append-sets T (lists-of-length X n)) X
then obtain tz’ r where tz = tz’ @Q [z] t2’ € append-sets T (lists-of-length X n) z € X
by blast
then obtain tz'/ 2’ where tz'Qx’ = tz' tz"" € T length 2’ = n set 2’ C X
by blast
then have tz'’Qz'Q[z] = tx
by (simp add: <tz = tz’ Q [z]))
moreover have tz’”/ € T
by (meson <tz € T»)
moreover have length (z'Q[z]) = Suc n
by (simp add: <length ' = n»)
moreover have set (z'Q[z]) C X
by (simp add: <set z' C X) «x € X»)
ultimately show tz € append-sets T (lists-of-length X (Suc n))
by blast
qed
qed

5.4 Basic properties of the test suite calculation functions

lemma C-step :

assumes n > ()

shows C M2 M1 Q V m (Suc n) C (append-set (C M2 M1 Q V m n) (inputs M2)) — C M2 M1 Q Vmn
proof —

let ?TS=An.TSM2MI Q Vmn

let 2C=An.CM2M1QVmn

let YRM =An.RMM2MI QVmn

obtain k where n-def[simp] : n = Suc k
using assms not0-implies-Suc by blast

have ?C (Suc n) = (append-set (?C'n — ?RM n) (inputs M2)) — ?TS n
using n-def C.simps(3) by blast
moreover have ?Cn C ?TSn
using n-def by (metis C.simps(2) TS.elims UnCI assms neq0-conv subsetl)
ultimately show ?C (Suc n) C append-set (?C n) (inputs M2) — ?C'n
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by blast
qed

lemma C-ezxtension :

C M2 M1 Q Vm (Suc n) C append-sets V (lists-of-length (inputs M2) n)
proof (induction n)

case (

then show ?case by auto
next

case (Suc k)

let TS =An.TSM2MIQ Vmn
let 2C=XAn.CM2M1IQ Vmn
let RM =Xn.RMM2MI QVmn

have 0 < Suc k by simp
have ?C (Suc (Suc k)) C (append-set (?C (Suc k)) (inputs M2)) — ?C (Suc k)
using C-step[OF <0 < Suc k»] by blast

then have ?C (Suc (Suc k)) C append-set (?C (Suc k)) (inputs M2)
by blast
moreover have append-set (?C (Suc k)) (inputs M2)
C append-set (append-sets V (lists-of-length (inputs M2) k)) (inputs M2)
using Suc.IH by auto
ultimately have I-Step :
?C (Suc (Suc k)) C append-set (append-sets V (lists-of-length (inputs M2) k)) (inputs M2)
by (meson order-trans)

show ?case
using append-lists-of-length-alt-def [symmetric, of V k inputs M2] I-Step
by presburger
qed

lemma TS-union :
shows TS M2 M1 Q Vmi= ( j € (set [0..<Suci]) . C M2 M1 Q V mj)
proof (induction 1)
case (
then show Zcase by auto
next
case (Suc 1)

let TS =An.TSM2MIQ Vmn
let 2C=Xn.CM2MI1QVmn
let RM =AXn.RMM2MI QVmn

have ?TS (Suc i) = ¢TS5 i U 2C (Suc i)

by (metis (no-types) C.simps(2) TS.simps(1) TS.simps(2) TS.simps(8) notO-implies-Suc
sup-bot.right-neutral sup-commute)

then have ?7S (Suc i) = (|J j € (set [0..<Suc i]) . 2C j) U 2C (Suc i)
using Suc.IH by simp

then show ?Zcase
by auto

qed

lemma C-disj-le-gz :
assumes ¢ < j

and 0 <1
shows C M2 M1 Q Vmin C M2 M1 Q Vm (Sucj) = {}
proof —

let TS =An.TSM2MIQ Vmn
let 2C=An.CM2M1QVmn
let RM = AXn.RMM2MI QVmn
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have Suc 0 < Suc j
using assms(1—2) by auto
then obtain £ where Suc j = Suc (Suc k)
using not0-implies-Suc by blast
then have ?C (Suc j) = (append-set (?C j — ?RM j) (inputs M2)) — ?TSj
using C.simps(3) by blast
then have ?C (Suc j) N ¢TS5 j = {}
by blast
moreover have ?C i C ?TS j
using assms(1) T'S-union[of M2 M1 Q V m j] by fastforce
ultimately show ?thesis
by blast
qed

lemma C-disj-It :
assumes i < j
shows C M2 M1 Q VminNn CM2MI QVmj={}
proof (cases 17)
case (
then show ¢thesis by auto
next
case (Suc k)
then show ?thesis
using C-disj-le-gz
by (metis assms gr-implies-not0 less-Suc-eq-le old.nat.ezhaust zero-less-Suc)
qed

lemma C-disj :
assumes i # j

shows C M2 M1 Q VminNn CM2M1 QVmj={}
by (metis C-disj-lt Int-commute antisym-convd assms)

lemma RM-subset : RM M2 M1 Q Vmi¢C CM2MI QVm:i
proof (cases 1)

case (

then show ?thesis by auto
next

case (Suc n)

then show ?%thesis

using RM.simps(2) by blast

qed

lemma RM-disj :
assumes 7 < j

and 0 <
shows RM M2 M1 Q VminN RM M2 M1 Q V m (Suc j) = {}
proof —

let 2TS=An.TSM2MIQ Vmn
let 2C=Xn.CM2M1QVmn
let RM =An.RMM2MIQVmn

have ?RM i C ?2C' i YRM (Suc j) C ?C (Suc j)
using RM-subset by blast+
moreover have ?C i N 2C (Suc j) = {}
using C-disj-le-gz[ OF assms| by assumption
ultimately show ?thesis
by blast
qed
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lemma T-extension :

assumes n > 0

shows TS M2 M1 Q V m (Sucn) — TS M2 M1 Q Vmn

C (append-set (TS M2 M1 Q V m n) (inputs M2)) — TS M2 M1 Q Vmn

proof —

let TS =An.TSM2M1 Q Vmn

let 2C=An.CM2M1QVmn

let RM =An.RMM2MIQVmn

obtain k where n-def[simp] : n = Suc k
using assms not0-implies-Suc
by blast

have ?C (Suc n) = (append-set (?C' n — ?RM n) (inputs M2)) — ?TS n
using n-def using C.simps(3) by blast

then have ?C (Suc n) C append-set (?C n) (inputs M2) — ?TS n
by blast

moreover have ?C n C ?TS n using TS-union[of M2 M1 Q V m n]
by fastforce

ultimately have ?C (Suc n) C append-set (?TS n) (inputs M2) — ?TS n
by blast

moreover have ?TS (Suc n) — ?TS n C ?2C (Suc n)
using TS.simps(3)[of M2 M1 Q V m k] using n-def by blast

ultimately show ?thesis
by blast

qed

lemma append-set-prefic :
assumes zs € append-set T X
shows butlast zs € T
using assms by auto

lemma C-subset : C M2 M1 Q VmiiC TS M2 M1 Q Vmi
by (simp add: TS-union)

lemma T'S-subset :
assumes 7 < j
shows TS M2 M1 Q VmiC TS M2 M1 Q Vmj
proof —
have TS M2 M1 Q Vmi= (J k € (set [0..<Suci]) . C M2 M1 Q V m k)
TS M2 M1 QVmji=(J ke (set [0..<Sucj]) . CM2MI1QVmk)
using T'S-union by assumption+
moreover have set [0..<Suc i] C set [0..<Suc j]
using assms by auto
ultimately show ?thesis
by blast
qed

lemma C-immediate-prefiz-containment :

assumes vsQzs € C M2 M1 Q V m (Suc (Suc 7))

and  zs # ||
shows vsQ(butlast zs) € C M2 M1 Q V m (Suc i) — RM M2 M1 Q V m (Suc 17)
proof (rule ccontr)

let TS =An.TSM2MI Q Vmn

let 2C=XAn.CM2MIQVmn

let RM =Xn.RMM2MI QVmn

assume vs @ butlast zs ¢ C M2 M1 Q V m (Suc i) — RM M2 M1 Q V m (Suc 1)
have ?C (Suc (Suc 7)) C append-set (?C (Suc i) — ?RM (Suc i)) (inputs M2)

using C.simps(3) by blast
then have ?C (Suc (Suc i) C append-set (?C (Suc i) — ?RM (Suc i)) UNIV
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by blast
moreover have vs Q zs ¢ append-set (?C (Suc i) — ?RM (Suc i)) UNIV
proof —
have Vas a. vs Q xs # as Q [a]
Vas¢ CM2M1 Q Vm(Suci) — RM M2 M1 Q Vm (Suc i)
Va¢ UNIV
by (metis <vs @ butlast zs ¢ C M2 M1 Q V m (Suc i) — RM M2 M1 Q V m (Suc i)
assms(2) butlast-append butlast-snoc)
then show ?2thesis
by blast
qged
ultimately have vs @Q zs ¢ ?C (Suc (Suc 7))
by blast
then show Fulse
using assms(1) by blast
qed

lemma TS-immediate-prefiz-containment :
assumes vsQzs € TS M2 M1 Q Vm i
and  mcp (vsQuxs) V vs
and 0 < i
shows vsQ(butlast zs) € TS M2 M1 Q V m i
proof —
let ?TS=An.TSM2MI Q Vmn
let 2C=An.CM2M1QVmn
let YRM =An.RMM2MI QVmn

obtain j where j-def : j < i A vsQzs € ?2C j
using assms(1) TS-union[where i=i]
proof —
assume al: N\j. j < iAwvs@Qzs € CM2MIQVmj=— thesis
obtain nn :: nat set = (nat = ’a list set) = 'a list = nat where
f2: V20 x1 2. (3v3. v3 € 0 N 22 € z1 v3) = (nnx0 x1 22 € 20 A 22 € z1 (nn z0 z1 x2))
by moura
have vs @ zs € UNION (set [0..<Suc i]) (C M2 M1 Q V m)
by (metis <\NQ VT SM2M1. TS M2 M1 Q Vmi=(Jje€set [0..<Suci]. C M2 M1 Q V m j)
ws @ zs € TS M2 M1 Q V m i»)
then have nn (set [0..<Suc i]) (C M2 M1 Q V m) (vs Q zs) € set [0..<Suc i
ANvs@azs e CM2MIQVm(nn (set [0..<Suc i]) (C M2M1 Q Vm)(vsQ xs))
using f2 by blast
then show ?thesis
using al by (metis (no-types) atLeastLessThan-iff leD not-less-eq-eq set-upt)
qed

show ?thesis
proof (cases j)
case 0
then have ?C'j = {}
by auto
moreover have vsQzs € {}
using j-def 0 by auto
ultimately show ?thesis
by auto
next
case (Suc k)
then show %thesis
proof (cases k)
case (
then have ?Cj =V
using Suc by auto
then have vsQzs € V
using j-def by auto
then have mcp (vsQuzs) V (vsQzs)
using assms(2) by auto
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then have vsQuxs = vs
using assms(2) mcp-unique by auto

then have butlast s = ||
by auto

then show ?thesis
using (vs @ zs = vs) assms(1) by auto

next
case (Suc n)
assume j-assms : j = Suc k
k= Sucn

then have ?C (Suc (Suc n)) = append-set (?C (Suc n) — ?RM (Suc n)) (inputs M2) — ?TS (Suc n)
using C.simps(3) by blast

then have ?C (Suc (Suc n)) C append-set (?C (Suc n)) (inputs M2)
by blast

have vsQzs € ?C (Suc (Suc n))
using j-assms j-def by blast

have butlast (vsQzs) € ?C (Suc n)
proof —
show ?thesis
by (meson <?C (Suc (Suc n)) C append-set (?C (Suc n)) (inputs M2)»
<ws @ zs € ?2C (Suc (Suc n))» append-set-prefiz subsetCE)
qged

moreover have s # ||
proof —
have 1 < k
using j-assms by auto
then have ?CjN ?2C 1 = {}
using C-disj-le-gz[of 1 k] j-assms(1) less-numeral-extra(1) by blast
then have ?CjN V = {}
by auto
then have vsQxs ¢ V
using j-def by auto
then show ?thesis
using assms(2) by auto
qged

ultimately have vsQ(butlast zs) € ?C (Suc n)
by (simp add: butlast-append)

have Suc n < Suc j
using j-assms by auto

have ?C (Suc n) C ?TSj
using T'S-unionf[of M2 M1 Q V m j] <Suc n < Suc j»
by (metis UN-upper atLeast-upt lessThan-iff)

have vs @ butlast zs € TS M2 M1 Q V m j
using «vsQ(butlast zs) € ?C (Suc n)» «?C (Suc n) C ?2TS j» j-def
by auto

then show ?%thesis
using j-def T'S-subset[of j ]
by blast

qed
qed
qed

lemma TS-prefiz-containment :
assumes vsQzs € TS M2 M1 Q V m i
and  mcp (vsQuzs) V vs
and prefix zs' xs

shows vsQxs’ € TS M2 M1 Q Vm i

122



— Proof sketch: Perform induction on length difference, as from each prefix it is possible to deduce the desired property
for the prefix one element smaller than it via above results
using assms proof (induction length xs — length xs’ arbitrary: zs’)
case (
then have zs = s’
by (metis append-Nil2 append-eq-conv-conj gr-implies-not0 length-drop length-greater-0-conv prefizE)
then show ?case
using 0 by auto
next
case (Suc k)
have 0 < i
using assms(1) using Suc.hyps(2) append-eq-append-conv assms(2) by auto

show ?case
proof (cases zs')
case Nil
then show %thesis
by (metis (no-types, opaque-lifting) <0 < ©» TS.simps(2) TS-subset append-Nil2 assms(2)
contra-subsetD leD mcp.elims(2) not-less-eq-eq)
next
case (Cons a list)
then show %thesis
proof (cases xs = xs’)
case True
then show %thesis
using assms(1) by simp
next
case False
then obtain zs’’ where zs = 7s'Qzs’
using Suc.prems(3) prefixrE by blast
then have zs"’ # ||
using Fualse by auto
then have k = length zs — length (zs’ @Q [hd zs''])
using «zs = zs'Qxs’’y Suc.hyps(2) by auto
moreover have prefiz (vs’ @Q [hd zs"]) s
using «xs = zs'Qxs’y «xs” # [
by (metis Cons-prefiz-Cons list.ezhaust-sel prefiz-code(1) same-prefiz-prefiz)
ultimately have vs @ (zs’ @ [hd zs']) € TS M2 M1 Q V m i
using Suc.hyps(1)[OF - Suc.prems(1,2)] by simp

!

have mcp (vs @ zs’ @ [hd zs"]) V vs
using «zs = zs'Quxs’"y «xs” # []» assms(2)
proof —
obtain aas :: ‘a list = 'a list set = 'a list = 'a list where
Va0 z1 2. (3v3. (prefix v8 z2 A v8 € z1) A — length v3 < length z0)
= ((prefix (aas z0 x1 2) 2 N aas z0 x1 2 € x1)
A = length (aas 20 z1 z2) < length z0)
by moura
then have f1: Vas A asa. (— mcp as A asa
V prefiz asa as A\ asa € A N (Y asb. (- prefiz asb as V asb ¢ A)
V length asb < length asa))
A (mep as A asa
V - prefiz asa as
V asa ¢ A
V (prefix (aas asa A as) as A aas asa A as € A)
A = length (aas asa A as) < length asa)
by auto
obtain aasa :: ‘a list = 'a list = 'a list where
f2: V20 zl. (Fv2. 20 = z1 Q v2) = (20 = =1 Q aasa z0 z1)
by moura
then have f3: ([] @ [hd 25"]) @ aasa (zs’ @ xs"') (vs’ @ [hd z5"])
= ([] @ [hd 25"]) @ aasa (([] @ [hd zs"])
Q aasa (zs' @ xs'"’) (zs’ @ [hd zs'])) ([] @ [hd z5'")
by (meson prefizE prefiz)
have zs’ @ xs"' = (s’ Q [hd zs"]) @ aasa (zs’ Q zs"') (zs' Q [hd 15")
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using f2 by (metis (no-types) <prefiz (zs’' Q [hd zs'']) s> «xs = zs' @ zs""» prefizE)
then have (vs @ (a # list) @ [hd zs']) @ aasa (([] @ [hd z5'")
Q@ aasa (zs’ @ zs"') (zs’ @ [hd zs"])) ([] @ [hd xs""])
= vs @ xs
using f3 by (simp add: «<xs = zs’ @Q zs’"s local. Cons)
then have — prefiz (aas vs V (vs @ zs' @ [hd x5"])) (vs @ zs’ Q [hd zs'"])
Voaas vs V (vs Q zs' Q [hd z5"]) ¢ V
V length (aas vs V (vs @ x5’ @ [hd zs"])) < length vs
using fI by (metis (no-types) <mcp (vs @ zs) V vsy local. Cons prefiz-append)
then show ?thesis
using fI by (meson <mcp (vs @ zs) V vs» prefizl)
qged

then have vs @ butlast (zs' @ [hd zs'']) € TS M2 M1 Q V m i
using T'S-immediate-prefiz-containment
[OF <vs @ (zs' @Q [hd s']) € TS M2 M1 Q Vm i - <0 < D]
by simp

moreover have zs’ = butlast (zs’ Q [hd x5")
using «xs’’ # [ by simp

ultimately show ?thesis
by simp
qed
qged
qed

lemma C-index :
assumes vs @ zs € C M2 M1 Q Vm i
and  mcp (vsQaxs) V vs
shows Suc (length zs) = i
using assms proof (induction zs arbitrary: i rule: rev-induct)

case Nil

then have vs @ [| € C M2 M1 Q V m 1
by auto

then have vs Q [| € C M2 M1 Q V m (Suc (length []))
by simp

show ?case
proof (rule ccontr)
assume Suc (length []) # ¢
moreover have vs Q[ € C M2 M1 Q Vmin C M2 M1 Q Vm (Suc (length []))
using Nil.prems(1) <vs @ [| € C M2 M1 Q V m (Suc (length []))» by auto
ultimately show Fulse
using C-disj by blast
qed
next
case (snoc z zs')

let TS =An.TSM2MIQ Vmn
let 2C=An.CM2M1QVmn
let RM =AXn.RMM2MI QVmn

have vs @ zs' Q [z] ¢ V
using snoc.prems(2) by auto

then have vs @ zs’ @ [z] ¢ ?C 1
by auto

moreover have vs @ zs' @ [z] ¢ ?C 0
by auto
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ultimately have 1 < ¢
using snoc.prems(1) by (metis less-one linorder-neqE-nat)

then have vs @ butlast (zs’' Q [z]) € C M2 M1 Q Vm (i—1)
proof —
have Suc 0 < i
using <1 < ¢ by auto
then have fI1: Suc (i — Suc (Suc 0)) = i — Suc 0
using Suc-diff-Suc by presburger
have 0 < ¢
by (metis (no-types) One-nat-def Suc-lessD <1 < ©»)
then show %thesis
using f1 by (metis C-immediate-prefiz-containment Diff D1 One-nat-def Suc-pred’ snoc.prems(1)
snoc-eq-iff-butlast)
qed

moreover have mcp (vs Q butlast (zs' Q [z])) V vs
by (meson mcp-prefiz-of-suffiz prefizeq-butlast snoc.prems(2))

ultimately have Suc (length zs’) = i—1
using snoc.IH by simp

then show ?Zcase
by auto
qed

lemma TS-index :

assumes vs @ zs € TS M2 M1 Q Vm 1

and  mcp (vsQzs) V ws
shows Suc (length zs) < i vsQxs € C M2 M1 Q V m (Suc (length zs))
proof —

let TS =An.TSM2M1I Q Vmn

let 2C=An.CM2M1QVmn

let YRM =An.RMM2MI QVmn

obtain j where j < Suc 7 vsQzs € ?C j
using T'S-union[of M2 M1 Q V m i
by (metis (full-types) UN-iff assms(1) atLeastLessThan-iff set-upt)
then have Suc (length zs) = j
using C-index assms(2) by blast
then show Suc (length zs) < i
using «j < Suc ©» by auto
show vsQzs € C M2 M1 Q V m (Suc (length zs))
using (vsQzxs € ?2C j» «Suc (length xs) = j» by auto
qed

lemma C-extension-options :
assumes vs @ zs € C M2 M1 Q Vm i
and mcep (vs Q zs Q [z]) V vs
and x € inputs M2
and 0 <1
shows vsQzsQ[z] € C M2 M1 Q V m (Suc i) V vs@Qzs € RM M2 M1 Q Vm i
proof (cases vsQzs € RM M2 M1 Q V m 1)
case True
then show ?thesis by auto
next
case False

let TS =An.TSM2MIQ Vmn
let 2C=An.CM2M1QVmn
let RM =Xn.RMM2MI QVmn

obtain k£ where i = Suc k

using assms(4) gr0-implies-Suc by blast
then have ?C (Suc i) = append-set (?C i — ?RM 1©) (inputs M2) — ?TS i
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using C.simps(3) by blast

moreover have vsQzs € ?C i — ?RM i
using assms(1) False by blast

ultimately have vsQzsQ[z] € append-set (?C i — ?RM i) (inputs M2)
by (stmp add: assms(3))

moreover have vsQzsQ[z] ¢ ?2TS i
proof (rule ccontr)
assume - vs Q s Q [z] ¢ ?TS ¢
then obtain j where j < Suc i vsQzsQ[z] € ?2C j
using T'S-union[of M2 M1 Q V m i] by fastforce
then have Suc (length (zsQ[z])) = j
using C-index assms(2) by blast

then have Suc (length (zsQ[z])) < Suc ¢
using «j < Suc 9> by auto
moreover have Suc (length zs) = i
using C-index
by (metis assms(1) assms(2) mcp-prefiz-of-suffiz prefizl)
ultimately have Suc (length (zsQ[z])) < Suc (Suc (length zs))
by auto
then show Fulse
by auto
qged

ultimately show ?thesis
by (simp add: «?C (Suc i) = append-set (?C i — ?RM 7) (inputs M2) — ?TS )
qed

lemma TS-non-containment-causes :
assumes vsQzs ¢ TS M2 M1 Q Vm i
and  mcp (vsQus) V vs
and set s C inputs M2
and 0 <1
shows (3 zrj . zr # xs A prefic ar zs N\ j < i A vsQzr € RM M2 M1 Q V m j)
V (3 zc . zc # xs A prefiz zc xs A vsQzc € (C M2 M1 Q Vm i) — (RM M2 M1 Q V m 1))
(is ?PrefPreviouslyRemoved \V ?PrefJustContained)
= (3 zrj.ar#zs A prefixarzs AN j < i A vsQrxr € RM M2 M1 Q V m j)
A (3 zc . zc # xs A\ prefic zc zs A vsQzec € (C M2 M1 Q Vm i) — (RM M2 M1 Q V m 1i)))
— If a sequence is not contained in T'S up to (incl.) iteration i, then either a prefix of it has been removed or a prefix
of it is contained in the C set for iteration i
proof —

let TS =XAn.TSM2MIQ Vmn
let 2C=An.CM2M1QVmmn
let RM =Xn.RMM2MI QVmn

show ¢PrefPreviouslyRemoved V ?PrefJustContained
proof (rule ccontr)
assume - ( ?PrefPreviouslyRemoved \V ?PrefJustContained)
then have — ?PrefPreviouslyRemoved — ?PrefJustContained by auto

have = (3 zrj. prefix ar xs A j < i A vs Q zr € ?RM j)
proof
assume Jzr j. prefiv ar xs A j < i A vs Q xr € RM M2 M1 Q Vm j
then obtain zr j where prefiz zr s j < i vs Q zr € ?RM j
by blast
then show Fulse
proof (cases zr = xs)
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case True
then have vs Q zs € ?RM j using <vs Q xr € ?RM j> by auto
then have vs @Q zs € TS j
using C-subset RM-subset <vs Q zr € ?RM j» by blast
then have vs Q zs € ?TS ¢
using T'S-subset <j < i» by blast
then show ?thesis using assms(1) by blast
next
case Fulse
then show ?%thesis
using <~ ?PrefPreviouslyRemovedy <prefiz zr xs» <j < i» <vs Q xr € ?RM j»
by blast
qed
qed

have vs € V using assms(2) by auto
then have vs € ?C 1 by auto

have A\ k. (1 < Suc k A Suc k < i) — vs @ (take k zs) € ?C (Suc k) — ?RM (Suc k)
proof
fix k assume 1 < Suc k A Suc k < i
then show vs @Q (take k zs) € ?C (Suc k) — ?RM (Suc k)
proof (induction k)
case (
show ?case using «vs € 7C 1>
by (metis 0.prems DiffI One-nat-def
<= (3 arj. preficarzs AN j < iAwvs@Qar € RM M2 M1 Q Vmj)
append-Nil2 take-0 take-is-prefix)
next
case (Suc k)

have 7 < Suc k A Suc k < i
using Suc.prems by auto

then have vs @Q take k zs € ?C (Suc k)
using Suc.IH by simp

moreover have vs @ take k xs ¢ ?RM (Suc k)
using <1 < Suc k A Suc k < 9 <= ?PrefPreviouslyRemoved take-is-prefix Suc.IH
by blast

ultimately have vs @ take k zs € (?C (Suc k)) — (?RM (Suc k))
by blast

have k < length zs
proof (rule ccontr)
assume - k < length s
then have vs @ zs € ?C (Suc k) using <vs @Q take k zs € ?C (Suc k)»
by simp
have vs @ zs € ?TS ¢
by (metis C-subset T'S-subset <1 < Suc k A Suc k < iy <vs Q@ zs € ?C (Suc k)»
contra-subsetD)
then show False
using assms(1) by simp
qed
moreover have set xs C inputs M2
using assms(3) by auto
ultimately have last (take (Suc k) zs) € inputs M2
by (simp add: subset-eq take-Suc-conv-app-nth)

have vs @Q take (Suc k) zs € append-set ((?C (Suc k)) — (?RM (Suc k))) (inputs M2)
proof —
have f1: zs | k € inputs M2
by (meson <k < length xs)> <set xs C inputs M2» nth-mem subset-iff)
have vs @Q take (Suc k) zs = (vs Q take k xs) Q [zs ! k]
by (simp add: <k < length zs) take-Suc-conv-app-nth)
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then show ?thesis
using fI «vs Q take ks € C M2 M1 Q V m (Suc k) — RM M2 M1 Q V m (Suc k)» by blast
qed

moreover have vs Q take (Suc k) zs ¢ ?TS (Suc k)
proof
assume vs Q take (Suc k) zs € ?TS (Suc k)
then have Suc (length (take (Suc k) zs)) < Suc k
using T'S-index(1) assms(2) mcp-prefiz-of-suffix take-is-prefiz by blast
moreover have Suc (length (take k zs)) = Suc k using C-index <vs Q take k zs € ?C (Suc k)»
by (metis assms(2) mep-prefiz-of-suffix take-is-prefiz)
ultimately show Fulse using <k < length xs>
by simp
qged

show vs @ take (Suc k) zs € ?2C (Suc (Suc k)) — ?RM (Suc (Suc k))
using C.simps(8)[of M2 M1 Q V m k]
by (metis (no-types, lifting) DiffI Suc.prems
= (3 arj. prefizarazs AN j < iAvs@uar € RM M2 M1 Q Vmj)
<ws Q take (Suc k) zs ¢ TS M2 M1 Q V m (Suc k)> calculation take-is-prefiz)
qed
qed

then have vs @ take (i—1) zs € C M2 M1 Q Vm i — RM M2 M1 Q Vmi
using assms(4)
by (metis One-nat-def Suc-diff-1 Suc-lel le-less)

then have ?PrefjustContained
by (metis C-subset DiffD1 assms(1) subsetCE take-is-prefix)

then show Fulse
using <— ?PrefJustContaineds by simp

qed

show — (?PrefPreviouslyRemoved A ?PrefJustContained)
proof
assume ?PrefPreviouslyRemoved N ¢PrefJustContained
then have ?PrefPreviouslyRemoved
?PrefJustContained
by auto

obtain zr j where prefiz xr zs j < i vsQxr € ?RM j
using < ?PrefPreviouslyRemoveds by blast

obtain zc where prefiz xc zs vsQxc € ?C i — ?RM i
using < ?PrefJustContained> by blast

then have Suc (length zc) = i
using C-index
by (metis Diff-iff assms(2) mcp-prefiz-of-suffiz)
moreover have length zc < length zs
using «prefix zc s> by (simp add: prefiz-length-le)
moreover have zc # zs
proof
assume zc = 18
then have vsQzs € ?2C i
using «vsQzxc € ?C i — ?RM 0> by auto
then have vsQzs € ?TS 7
using C-subset by blast
then show Fulse
using assms(1) by blast
qed
ultimately have i < length xs
using <prefix zc xsy not-less-eq-eq prefir-length-prefix prefix-order.antisym
by blast
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have A\ n . (n < i) = vsQ(take n zs) € ?C (Suc n)
proof —
fix n assume n <
show vs @ take n zs € C M2 M1 Q V m (Suc n)
proof —
have n < length zc
using «n < 9 «Suc (length xc) = 0> less-Suc-eg-le
by blast
then have prefiz (vs @ (take n xs)) (vs @ zc)
proof —
have n < length s
using «length zc < length zsy <n < length xc> order-trans
by blast
then have prefiz (take n xs) zc
by (metis (no-types) <n < length zc» <prefiz xc zs» length-take min.absorb2
prefiz-length-prefix take-is-prefiz)
then show %thesis
by simp
qed
then have vs Q take n zs € ?TS @
by (meson C-subset DiffD1 TS-prefiz-containment <prefix xc s
(ws @zce CM2M1 QVmi— RMM2M1IQ Vmi assms(2) contra-subsetD
mep-prefiz-of-suffic same-prefiz-prefiz)
then obtain jn where jn < Suc i vsQ(take n zs) € ?2C jn
using TS-union[of M2 M1 Q V m i
by (metis UN-iff atLeast-upt lessThan-iff)
moreover have mcp (vs Q take n zs) V vs
by (meson assms(2) mcp-prefiz-of-suffic take-is-prefiz)
ultimately have jn = Suc (length (take n zs))
using C-indezx[of vs take n zs M2 M1 Q V m jn] by auto
then have jn = Suc n
using <length zc < length xs> <n < length zc» by auto
then show vsQ(take n zs) € ?C (Suc n)
using (vsQ(take n xs) € ?C jn) by auto
qed
qed

have A\ n. (n < i) = vsQ(take n zs) ¢ ?RM (Suc n)
proof —
fix n assume n <
show vs @ take n zs ¢ RM M2 M1 Q V m (Suc n)
proof (cases n = length xc)
case True
then show ?%thesis
using «vsQzc € ?C i — RM 0
by (metis Diff D2 «Suc (length xzc) = ©> <prefiz zc zs» append-eq-conv-conj prefirE)
next
case False
then have n < length zc
using (n < @ «Suc (length zc) = i by linarith

show %thesis
proof (cases Suc n < length zc)
case True
then have Suc n < i
using <Suc (length zc) = i «n < length xc) by blast
then have vs @ (take (Suc n) zs) € ?2C (Suc (Suc n))
using <A\ n . (n < i) = vsQ(take n zs) € ?C (Suc n)> by blast
then have vs @ butlast (take (Suc n) zs) € 2C (Suc n) — ?RM (Suc n)
using True C-immediate-prefiz-containment|of vs take (Suc n) zs M2 M1 Q V m n]
by (metis Suc-neq-Zero <prefix zc xs» <xc # xs» prefiz-Nil take-eq-Nil)
then show ?Zthesis
by (metis Diff D2 Suc-lessD True <length zc < length zs) butlast-snoc less-le-trans
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take-Suc-conv-app-nth)
next
case False
then have Suc n = length zc
using Suc-lessl «n < length xcy by blast
then have vs @ (take (Suc n) xs) € ?2C (Suc (Suc n))
using «Suc (length zc) = © <A\n. n < i = vs Q take n zs € C M2 M1 Q V m (Suc n)»
by auto
then have vs @ butlast (take (Suc n) zs) € 2C (Suc n) — ?RM (Suc n)
using False C-immediate-prefiz-containment|of vs take (Suc n) zs M2 M1 Q V m n]
by (metis Suc-neq-Zero <prefix zc xs» <xc # xs» prefiz-Nil take-eq-Nil)
then show %thesis
by (metis Diff-iff «Suc n = length zc»> length xc < length zs» butlast-take diff-Suc-1)
qged
qged
qed

have zr = take j xs
proof —
have vsQzr € 2C j
using «vsQzr € YRM j» RM-subset by blast
then show %thesis
using C-index
by (metis Suc-le-lessD «(A\n. n < i = vs Q take n s ¢ RM M2 M1 Q V m (Suc n)) j < o
<prefiz zr xs> <vs Q zr € RM M2 M1 Q V m j» append-eq-conv-conj assms(2)
mep-prefiz-of-suffix prefiz-def)
qed

have vsQar ¢ ?RM j
by (metis (no-types) C-index RM-subset «i < length xzsy <j < @ <prefix zr zs»
<zr = take j xsy assms(2) contra-subsetD dual-order.trans length-take lessI less-irrefl
mep-prefiz-of-suffix min.absorb2)

then show Fulse
using «vsQzr € ?RM j» by simp
qed
qed

lemma TS-non-containment-causes-rev :
assumes mcp (vsQzs) V vs
and (3 zrj. azr # xs A prefic ar zs N j < i A vsQzr € RM M2 M1 Q V m j)
V (3 zc . zc # xs A prefiz zc xs A vsQzc € (C M2 M1 Q Vm i) — (RM M2 M1 Q V m 1))
(is ?PrefPreviouslyRemoved \V ?PrefJustContained)
shows vsQzs ¢ TS M2 M1 Q Vm i
proof
let ?TS=An.TSM2MI Q Vmn
let 2C=An.CM2MI QVmn
let YRM =An.RMM2MI QVmn

assume vs Q zs € TS M2 M1 Q Vm i

have ?PrefPreviouslyRemoved = False
proof —
assume ?PrefPreviouslyRemoved
then obtain zr j where zr # zs prefic xr xs j < i vsQxr € RM j
by blast
then have vsQuzr ¢ ?C j — ?RM j
by blast

have vsQ(take (Suc (length zr)) zs) ¢ 2C (Suc j)
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proof —
have vsQ(take (length ar) zs) ¢ ?C j — ?RM j
by (metis <prefiz xr zs> <«vs Q zr ¢ C M2 M1 Q V- mj— RM M2 M1 Q V m j
append-eq-conv-conj prefiz-def)
show ?thesis
proof (cases j)
case (
then show ?2thesis
using RM.simps(1) <vs @ zr € RM M2 M1 Q V m j> by blast
next
case (Suc j')
then have ?C (Suc j) C append-set (?C j — ?RM j) (inputs M2)
using C.simps(3) Suc by blast
obtain z where vsQ(take (Suc (length zr)) zs) = vsQ(take (length zr) xs) Q [z]
by (metis <prefiz xr zs> <zr # x$)» append-eq-conv-conj not-le prefiz-def
take-Suc-conv-app-nth take-all)
have vsQ(take (length zr) zs) Q [z] ¢ append-set (?C j — ?RM j) (inputs M2)
using (vsQ(take (length zr) zs) ¢ ?C j — ?RM j> by simp
then have vsQ(take (length zr) zs) @ [z] ¢ 2C (Suc j)
using «?C (Suc j) C append-set (?C j — ?RM j) (inputs M2)» by blast
then show ?thesis
using «vsQ(take (Suc (length xr)) zs) = vsQ(take (length zr) xs) @ [z]> by auto
ged
qed

have prefiz (take (Suc (length zr)) zs) zs
by (simp add: take-is-prefix)
then have vsQ(take (Suc (length xr)) zs) € ?TS i
using T'S-prefiz-containment|OF <vs Q zs € TS M2 M1 Q V m > assms(1)] by simp
then obtain j’ where j' < Suc i A vsQ(take (Suc (length zr)) zs) € 2C j'
using T'S-union[of M2 M1 Q V m i] by fastforce
then have Suc (Suc (length zr)) = j'
using C-index[of vs take (Suc (length zr)) xs]
proof —
have — length s < length xr
by (metis (no-types) <prefix zr xs» «xr # zs» append-Nil2 append-eq-conv-conj leD
nat-less-le prefiz-def prefiz-length-le)
then show ?%thesis
by (metis (no-types) <\i Q@ V T S M2 M1. [vs @ take (Suc (length zr)) zs € C M2 M1 Q V m i;
mep (vs @Q take (Suc (length zr)) zs) V vs]
= Suc (length (take (Suc (length zr)) zs)) = D
' < Suc i A vs @ take (Suc (length zr)) zs € C M2 M1 Q V m j’
append-eq-conv-conj assms(1) length-take mep-prefiz-of-suffix min.absorb2
not-less-eq-eq prefiz-def)
qed
moreover have Suc (length zr) = j
using (vsQzr € ?RM j» RM-subset C-index
by (metis <prefiz zr zs» assms(1) mcp-prefiz-of-suffiz subsetCE)
ultimately have j' = Suc j
by auto

then have vsQ(take (Suc (length zr)) zs) € ?C (Suc j)
using ¢j' < Suc i A vsQ(take (Suc (length zr)) zs) € ?C j'» by auto
then show Fulse
using «vsQ(take (Suc (length xr)) zs) ¢ ?2C (Suc j)» by blast
qed

moreover have ?PrefJustContained —> False
proof —
assume ?PrefJustContained
then obtain xc where zc # xs
prefix xc s
vs @ azc e ?Ci — YRM 1
by blast
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— only possible if xc = xs
then show Fulse
by (metis C-index DiffD1 Suc-less-eq TS-index(1) <vs @ xs € 2TS iy assms(1) leD le-neg-trans
mep-prefiz-of-suffic prefix-length-le prefix-length-prefix
prefiz-order.dual-order.antisym prefiz-order.order-refl)
qed

ultimately show False
using assms(2) by auto
qed

lemma TS-finite :
assumes finite V
and  finite (inputs M2)
shows finite (TS M2 M1 Q V m n)
using assms proof (induction n)
case (
then show ?case by auto
next
case (Suc n)

let TS =XAn.TSM2MIQ Vmn
let 2C=Xn.CM2MI1Q Vmn
let RM = Xn.RMM2MI QVmn

show ?case
proof (cases n=0)
case True
then have ?7S (Sucn) =V
by auto
then show ?thesis
using «finite V> by auto
next
case Fualse
then have ?7TS (Suc n) = ?TS n U ?C (Suc n)
by (metis T'S.simps(8) gr0-implies-Suc neq0-conv)
moreover have finite (?1S n)
using Suc.IH[OF Suc.prems] by assumption
moreover have finite (7C (Suc n))
proof —
have ?C (Suc n) C append-set (?C n) (inputs M2)
using C-step False by blast
moreover have ?Cn C 2TSn
by (simp add: C-subset)
ultimately have ?C (Suc n) C append-set (¢?TS n) (inputs M2)
by blast
moreover have finite (append-set (¢TS5 n) (inputs M2))
by (simp add: <finite (TS M2 M1 Q V m n)> assms(2) finite-image-set2)
ultimately show ?thesis
using infinite-subset by auto
qed
ultimately show ?thesis
by auto
qed
qed

lemma C-finite :
assumes finite V
and  finite (inputs M2)
shows finite (C M2 M1 Q V m n)
proof —
have C M2 M1 Q Vmn C TS M2MI1 Q Vmn
by (simp add: C-subset)
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then show ?thesis using TS-finite|OF assms]
using Finite-Set.finite-subset by blast
qed

5.5 Final iteration

The result of calculating TS for some iteration is final if the result does not change for the next iteration.

Such a final iteration exists and is at most equal to the number of states of FSM M2 multiplied by an upper
bound on the number of states of FSM M1.

Furthermore, for any sequence not contained in the final iteration of the test suite, a prefix of this sequence
must be contained in the latter.

abbreviation final-iteration M2 M1 Q Vmi= TS M2 M1 Q Vmi= TS M2 M1 Q V m (Suc i)

lemma final-iteration-ex :

assumes OFSM M1

and OFSM M2

and asc-fault-domain M2 M1 m

and test-tools M2 M1 FAIL PM V Q

shows final-iteration M2 M1 Q V m (Suc ( |[M2| * m))
proof —

let % = Suc ( |[M2| * m )

let TS =AXn.TSM2MIQ Vmn
let 2C=AXn.CM2M1QVmn
let RM = An.RMM2MIQVmn

have is-det-state-cover M2 V
using assms by auto
moreover have finite (nodes M2)
using assms(2) by auto
moreover have d-reachable M2 (initial M2) C nodes M2
by auto
ultimately have finite V'
using det-state-cover-card[of M2 V]
by (metis finite-if-finite-subsets-card-bdd infinite-subset is-det-state-cover.elims(2)
surj-card-le)

have V seq € ?C ?i . seq € RM 21
proof
fix seq assume seq € ?C 71
show seq € ?RM %i
proof —

have [| € V
using (is-det-state-cover M2 Vs det-state-cover-empty
by blast
then obtain vs where mcp seq V vs
using mcp-ex[OF - «finite V]
by blast
then obtain zs where seq = vsQuzs
using prefizE by auto

then have Suc (length zs) = ?i using C-index
using «mcp seq V vs) <seq € C M2 M1 Q V m (Suc ( |M2| * m))» by blast
then have length s = ( |[M2| * m) by auto

have RM-def : RM ?i = {zs'€ C M2 M1 Q Vm % .
(= (Lin, M1 {zs'} C Lin, M2 {x5'}))
V (Y io € Lin, M1 {zs'} .
3V'eNioMl V.
3 S1 .

(3 vs zs .
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i0o = (vsQuws)
A mep (vsQzs) V' vs
A S1 C nodes M2
ANV sl €S81.VY s2elS1.
sl # 82 —
(V i0o1 € RP M2 sl vszs V"' .
YV {02 € RP M2 s2vsas V' .
B M1 i0l Q # B M1 i02 Q))
A m < LB M2 M1 vs zs (?TS (( |M2| * m)) U V) S1 Q V" ))))}
using RM.simps(2)[of M2 M1 Q V m ((card (nodes M2))*m)] by assumption

have (= (Lin M1 {seq} C Li, M2 {seq}))
V (V do € Lin M1 {seq} .
(3 V"'eNioMI V.
3 st .
(3 vs as .
io = (vsQxs)
A mcep (vsQzxs) V' vs
A S1 C nodes M2
ANV s1 €S1.V s2€S1.
sl # s2 —
(V iol € RP M2sivszs V' .
YV i02 € RP M2 s2vsas V' .
B M1 iol Q # B Ml io2 Q))
A m < LB M2 M1 vs xs (?TS (( |[M2| * m)) U V) S1 Q V'"))))
proof (cases (= (Lin M1 {seq} C Lin, M2 {seq})))
case True
then show ?%thesis
using RM-def by blast
next
case False
have (V io € Lin M1 {seq} .
(3 V"€ NioMl V.
3 sr1.
(3 vs xs .
io = (vsQus)
A mep (vsQzs) V' vs
A S1 C nodes M2
ANV s1€S1.V s2eSt.
sl # s2 —
(V d01 € RP M2 st vsas V' .
V 302 € RP M2 s2wvsas V' .
B M1 iol Q # B M1 i02 Q))
A m < LB M2 M1 vs xs (?TS (( |[M2| * m)) U V) §1 Q V'"))))
proof
fix i0 assume i0€L;,, M1 {seq}
then have i0o € L M1
by auto
moreover have is-det-state-cover M2 V
using assms(4) by auto
ultimately obtain V' where V' € Nio M1V
using N-nonempty|OF - assms(1—3), of V io] by blast

have i0 € L M2
using «i0o€L;, M1 {seq}» False by auto

have V"' € Perm V M1
using (V' € Nio M1 V) by auto

have [ € V"

using «V'" € Perm V M1) assms(4) perm-empty by blast
have finite V"’

using «V'" € Perm V M1> assms(2) assms(4) perm-elem-finite by blast
obtain vs where mcp i0 V'’ vs
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using mcp-ez[OF <[] € V' «finite V'] by blast

obtain zs where io = (vsQuxs)
using «mcp i0 V'’ vs» prefizE by auto

then have vsQzs € L M1 vsQxs € L M2
using <o € L M1> <io € L M2) by auto

have io € L M1 map fst io € {seq}
using <io€L;, M1 {seq}> by auto
then have map fst io = seq
by auto
then have map fst io € ?C ?i
using («seq € ?C ?i» by blast
then have (map fst vs) Q@ (map fst xs) € ?C ?i
using <io = (vsQxs)» by (metis map-append)

have mcp’ io V' = wvs
using «mcp io V' vs» mep’-intro by blast

have mcp’ (map fst i0) V = (map fst vs)
using <V’ € Nio M1 V) ¢mcp’ io V' = vs» by auto

then have mcp (map fst io) V (map fst vs)
by (metis «/\thesis. (\vs. mcp seq V vs = thesis) = thesis
<map fst io = seq> mcp'-intro)

then have mcp (map fst vs @ map fst zs) V (map fst vs)
by (simp add: <io = vs @Q xs)

then have Suc (length zs) = ?i using C-indez[OF «(map fst vs) @ (map fst zs) € ?2C %iy]
by simp

then have ( |[M2] x m) < length zs
by simp

have |[M1| < m
using assms(3) by auto
have vs @ zs € L M2 N L M1
using «(vs Q zs € L M1y <vs Q zs € L M2 by blast
obtain ¢ where q € nodes M2 m < card (RP M2 q vs zs V')
using RP-state-repetition-distribution-productF
[OF assms(2,1) <( |M2| x m) < length zs» <(|M1| < m» <vs @ zs € L M2 N L M1
«is-det-state-cover M2 Vy «<V'' € Perm V M1))
by blast

have m < LB M2 M1 vs zs (?TS ((|M2| * m)) U V) {q} Q V"
proof —
have m < (sum (A s . card (RP M2 svszs V")) {q})
using «<m < card (RP M2 qvs zs V'')»
by auto
moreover have (sum (A s . card (RP M2 s vs zs V")) {q})
< LB M2 M1 vs zs (?TS (( |M2| * m)) U V) {q} Q V"
by auto
ultimately show ?thesis
by linarith
qed

show 3 V€N io M1 V.
3851 vs xs.
0 = vs Q xs A
mep (vs @ xs) V' vs A
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S1 C nodes M2 N
(Vs1€81.
Vs2eS1.
sl # s2 —
(VioleRP M2 s1 vs zs V. Vio2€RP M2 s2 vs zs V''.
B M1 iol Q # B M1 02 Q)) A
m < LB M2 M1 vs xs (?TS (( |[M2]| x m)) U V) S1 Q V"
proof —

have i0 = vsQus
using <io = vsQuzsy by assumption
moreover have mcp (vsQxs) V' vs
using «io = vs @ zs» ¢mcp j0 V'’ vs) by presburger
moreover have {q} C nodes M2
using <q € nodes M2»> by auto
moreover have (V sI € {q} .V s2 € {¢} .
sl # s2 —
(V io1 € RP M2 sl vszs V' .
YV 02 € RP M2 s2vsxs V' .
B M1 i0l Q # B M1 i02 Q))
proof —
have V sf € {q} .V s2 € {q} . s1 = s2
by blast
then show %thesis
by blast
qed

ultimately have RM-body : io = (vsQus)
A mcp (vsQzs) V' vs
A {q} C nodes M2
ANV sl e{q}.V s2€{q}.
sl # s2 —
(V iol € RPM2sivszs V' .
vV i02 € RP M2 s2vsxs V' .
B M1 iol Q # B M1 i02 Q)
A m < LB M2 M1 vs zs (?TS (( |[M2] x m)) U V) {q} Q V"
using «m < LB M2 M1 vs xs (?TS (( |[M2]| * m)) U V) {q} Q V'
by linarith

show ?thesis
using «V"'€N io M1 V> RM-body
by metis
qed
qed

then show ?thesis
by metis
qed

then have seq € {zs' € C M2 M1 Q V m ((Suc ( |M2| * m))).
= Lin M1 {xs"} C Liy, M2 {zs'} V
(Vio€L;n M1 {xs'}.
IV"eN io M1 V.
351 vs zs.
io = vs @ xs A
mep (vs @ xs) V' vs A
S1 C nodes M2 A
(Vs1€51.
Vs2eS51.
sl # s2 —
(Viol€RP M2 s1 vs zs V. Vio2€RP M2 s2 vs xs V"
B M1 iol Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (?TS (( |[M2] x m)) U V) S1 Q V')}
using <«seq € ?C %> by blast
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then show ?thesis
using RM-def by blast
qed
qged

then have ?C %0 — ?RM % = {}
by blast

have ?C (Suc ?i) = append-set (?C % — ?RM ?i) (inputs M2) — ¢TS %
using C.simps(3) by blast

then have ?C (Suc %) = {} using <?C % — ?RM % = {}»
by blast
then have ?TS (Suc %) = ?TS %
using TS.simps(8) by blast
then show final-iteration M2 M1 Q V m ?{
by blast
qed

lemma TS-non-containment-causes-final :
assumes vsQus ¢ TS M2 M1 Q Vm i
and  mcp (vsQuzs) V vs
and set xs C inputs M2
and final-iteration M2 M1 Q2 V m i
and OFSM M2
shows (3 zrj . or # s
A prefiz xr s
Aj<i
A vs@Qzr € RM M2 M1 Q V m j)
proof —
let ?TS=An.TSM2MI Q Vmn
let 2C=An.CM2MI Q Vmn
let YRM =An.RMM2MI QVmn

have {} # V
using assms(2) by fastforce
then have ?7S5 0 # ?TS (Suc 0)
by simp
then have 0 < ¢
using assms(4) by auto

have ncel : (3arj. ar # xs AN prefixzras AN j < i Awvs Qazr € RM M2 M1 Q Vmj)V
(Fzc. zc # zs N prefix zc xs AN vs @ zc € C M2 M1 Q Vm i — RM M2 M1 Q V m i)
using T'S-non-containment-causes(1)[OF assms(1—38) <0 < ©] by assumption
have ncc2 : = ((Fzrj. ar # azs A preficar zs N j < i A vs @ zr € RM M2 M1 Q Vm j) A
(Jzc. zc # xs A prefix zc zs AN vs @Q zc € C M2 M1 Q Vmi— RM M2 M1 Q V mi))
using T'S-non-containment-causes(2)[OF assms(1—38) <0 < ©] by assumption

from nccl show ?thesis
proof
show Jzr j. or # xs A prefixaras AN j < i AN vs @Q@ar € RM M2 M1 Q Vmj—
Jarj. ar £ zs A prefitarzs N j < i AN wvs@Qazr € RMM2M1 Q Vmj
by simp

show Jzc. zc # xs A prefic zc xs AN vs Q zc € C M2 M1 Q Vmi— RM M2 M1 Q Vmi—
Jarj. ar #£xs A prefixarxzs N j < i ANvs@axr € RMM2M1 Q Vmj
proof —
assume Jzc. xc # xs N prefiv xc xs N vs Q xzc € C M2 M1 Q Vmi— RM M2 M1 Q Vmi
then obtain zc where zc # zs prefic xzc s vs Q zc € ?C i — ?RM i
by blast
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then have vs Q@ zc € ?C i
by blast

have mcp (vs Q@ z¢) V vs
using «(prefix zc x> assms(2) mep-prefiz-of-suffiz by blast

then have Suc (length zc) = i using C-indez[OF <vs Q zc € 2C )]
by simp

have length zc < length zs

by (metis <prefiz xc xs» xc # xs» append-eq-conv-conj nat-less-le prefiz-def prefiz-length-le take-all)
then obtain z where prefiz (vsQzcQ[z]) (vsQuxs)

using <prefix xc ©s> append-one-prefix same-prefiz-prefiz by blast

— Proof sketch: vs-xs-x must not be in TS (i+1), else not final iteration vs-xs-x can not be in TS i due to its length

vs-xs-x must therefore not be contained in (append-set (Ci- R i) (inputs M2)) vs-xs must therefore not be contained in
(Ci- Ri) contradiction

have ?TS (Suc i) = ?TS i
using assms(4) by auto

have vsQzcQ[z] ¢ ?C (Suc 7)
proof
assume vs Q zc Q [z] € ?C (Suc 1)
then have vs Q zc @ [z] ¢ ?TS ¢
by (metis (no-types, lifting) C.simps(3) DiffE «Suc (length zc) = 1)
then have 775 ¢ # ?TS (Suc i)
using C-subset (vs @ zc @Q [z] € C M2 M1 Q V m (Suc i) by blast
then show Fualse using assms(4)
by auto
qged
moreover have ?C (Suc i) = append-set (?C i — ?RM i) (inputs M2) — ?TS i
using C.simps(3) «Suc (length zc) = i» by blast
ultimately have vs Q zc Q [z] ¢ append-set (?C i — ?RM i) (inputs M2) — 2TS i
by blast

have vs Q zc @ [z] ¢ ?TS (Suc 7)
by (metis Suc-n-not-le-n T'S-index(1) <Suc (length zc) = ©»
<prefiz (vs @ zc Q [z]) (vs Q xs)> assms(2) assms(4) length-append-singleton
mep-prefiz-of-suffix same-prefiz-prefix)
then have vs @ zc @ [z] ¢ ?TS
by (simp add: assms(4))

have vs Q zc @ [z] ¢ append-set (?C i — ?RM 7) (inputs M2)
using «vs Q@ zc @ [z] ¢ TS M2 M1 Q Vm
(ws Q@ zc Q [z] ¢ append-set (C M2 M1 Q Vmi— RM M2 M1 Q V m 1) (inputs M2)
— TS M2 M1 QVmi
by blast

then have vs @ zc ¢ (?C i — ?RM 1)
proof —
have f1: Va A Aa. (a::'a) ¢ ANa ¢ AaV a € AaU A
by (meson UnCI)
obtain aas :: ‘a list = 'a list = 'a list where
Va0 zl. (3v2. 20 = z1 Q v2) = (20 = z1 Q aas z0 z1)
by moura
then have vs @ zs = (vs @ z¢c @ [z]) @Q aas (vs @ zs) (vs @ zc Q [z])
by (meson <prefiz (vs @ zc Q [z]) (vs Q xs)> prefizE)
then have zs = (zc Q [z]) Q aas (vs Q zs) (vs @ zc Q [z])
by simp
then have z € inputs M2
using fI1 by (metis (no-types) assms(8) contra-subsetD insert-iff list.set(2) set-append)
then show ?thesis
using (vs @ zc Q [z] ¢ append-set (C M2 M1 Q Vmi— RM M2 M1 Q V m i) (inputs M2)»
by force
qed
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then have Fualse
using <vs Q zc € ?2C i — ?RM 4> by blast
then show ?%thesis by simp
qed
qed
qed

lemma TS-non-containment-causes-final-suc :
assumes vsQus ¢ TS M2 M1 Q Vm i
and  mcp (vsQuxs) V ws
and set xs C inputs M2
and final-iteration M2 M1 QQ V m i
and OFSM M2
obtains zr j
where zr # xs prefix zr xs Suc j < i vsQzr € RM M2 M1 Q V m (Suc j)
proof —
obtain zr j where zr # xs A prefic ar xs A j < @ A vsQxr € RM M2 M1 Q V m j
using TS-non-containment-causes-final|OF assms] by blast
moreover have RM M2 M1 Q Vm 0 = {}
by auto
ultimately have j # 0
by (metis empty-iff)
then obtain jp where j = Suc jp
using not0-implies-Suc by blast
then have xr # zs A prefic zr zs A Suc jp < i A vsQzr € RM M2 M1 Q V m (Suc jp)
using <«zr # zs A prefic zr xs N j < i A vsQxr € RM M2 M1 Q V m j»
by blast
then show ?thesis
using that by blast
qed

end

theory ASC-Sufficiency
imports ASC-Suite

begin

6 Sufficiency of the test suite to test for reduction

This section provides a proof that the test suite generated by the adaptive state counting algorithm is sufficient

to test for reduction.

6.1 Properties of minimal sequences to failures extending the deterministic state

cover

The following two lemmata show that minimal sequences to failures extending the deterministic state cover do
not with their extending suffix visit any state twice or visit a state also reached by a sequence in the chosen

permutation of reactions to the deterministic state cover.

lemma minimal-sequence-to-failure-extending-implies- Rep-Pre :
assumes minimal-sequence-to-failure-extending V M1 M2 vs xs
and OFSM M1
and OFSM M2
and test-tools M2 M1 FAIL PM V
and V" € N (vsQzs’) M1 V
and  prefiz zs’ xs
shows — Rep-Pre M2 M1 vs xs’
proof
assume Rep-Pre M2 M1 vs xs’
then obtain zs! zs2 sl s2 where prefiz zsl zs2
prefiz xs2 xs’
xsl # xs2
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to-targets M2 (initial M2) (vs Q xs1) = {s2}
io-targets M2 (initial M2) (vs Q zs2) = {s2}
io-targets M1 (initial M1) (vs @Q xs1) = {s1}
to-targets M1 (initial M1) (vs Q zs2) = {s1}

by auto
then have s2 € io-targets M2 (initial M2) (vs @ zs1)
s2 € ido-targets M2 (initial M2) (vs Q zs2)
sl € do-targets M1 (initial M1) (vs @ zs1)
sl € do-targets M1 (initial M1) (vs @ zs2)
by auto

have vsQzsi € L M1

using io-target-implies-L[OF <s1 € io-targets M1 (initial M1) (vs @ zs1)>] by assumption
have vsQzs2 € L M1

using io-target-implies-L{OF <s1 € io-targets M1 (initial M1) (vs @Q zs2))] by assumption
have vsQzs! € L M2

using io-target-implies-L[OF <s2 € io-targets M2 (initial M2) (vs Q zs1))] by assumption
have vsQzs2 € L M2

using io-target-implies-L{OF <s2 € io-targets M2 (initial M2) (vs @Q zs2))] by assumption

obtain ¢ri-1 where path M1 (vsQus! || tr1-1) (initial M1)
length tri-1 = length (vsQuxs1)
target (vsQusl1 || tri-1) (initial M1) = s1
using s € do-targets M1 (initial M1) (vs Q zs1)» by auto
obtain ¢ri-2 where path M1 (vsQus2 || tr1-2) (initial M1)
length tr1-2 = length (vsQzs2)
target (vsQuxs2 || tr1-2) (initial M1) = s1
using (sl € io-targets M1 (initial M1) (vs Q zs2)» by auto
obtain ¢r2-1 where path M2 (vsQus! || tr2-1) (initial M2)
length tr2-1 = length (vsQuzs1)
target (vsQuzs! || tr2-1) (initial M2) = s2
using «s2 € io-targets M2 (initial M2) (vs Q zs1)» by auto
obtain {r2-2 where path M2 (vsQus2 || tr2-2) (initial M2)
length tr2-2 = length (vsQuxs2)
target (vsQuxs2 || tr2-2) (initial M2) = s2
using «s2 € io-targets M2 (initial M2) (vs Q zs2)» by auto

have productF M2 M1 FAIL PM
using assms(4) by auto
have well-formed M1
using assms(2) by auto
have well-formed M2
using assms(3) by auto
have observable PM
by (meson assms(2) assms(3) assms(4) observable-productF’)

have length (vsQus1) = length tr2-1

using <length tr2-1 = length (vs Q zs1)> by presburger
then have length tr2-1 = length tri-1

using <length tri-1 = length (vsQusl)s by presburger

have vsQzs! € L PM
using productF-path-inclusion[OF <length (vsQuxsl) = length tr2-1» <length tr2-1 = length tr1-1»
<productF' M2 M1 FAIL PM» <well-formed M2 <well-formed M1>]
by (meson Int-iff <productF' M2 M1 FAIL PM» «vs Q zsl € L M1» <vs @ zs1 € L M2y «well-formed M1)
<well-formed M2y productF-language)

have length (vsQus2) = length tr2-2

using <length tr2-2 = length (vs @ zs2)> by presburger
then have length tr2-2 = length tri-2

using <length tri-2 = length (vsQuxs2)s> by presburger

have vsQzs2 € L PM
using productF-path-inclusion[OF <length (vsQuxs2) = length tr2-2) <length tr2-2 = length tr1-2»
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<productF' M2 M1 FAIL PM)» <well-formed M2» <well-formed M15)
by (meson Int-iff <productF M2 M1 FAIL PM>» <vs @ zs2 € L M1» <vs Q zs2 € L M2) «well-formed M1
<well-formed M2» productF-language)

have io-targets PM (initial M2, initial M1) (vs @ zs1) = {(s2, s1)}
using productF-path-io-targets-reverse
[OF «<productF M2 M1 FAIL PM)> <s2 € io-targets M2 (initial M2) (vs Q zs1)»
sl € io-targets M1 (initial M1) (vs @Q zs1)y <vs Q xs1 € L M2> <vs Q zs1 € L M1» |
proof —
have V¢ f. ¢ # dnitial (f::('a, 'b, 'c) FSM) V ¢ € nodes f
by blast
then show ?thesis
by (metis (no-types) <[observable M2; observable M1; well-formed M2; well-formed M1;
initial M2 € nodes M2; initial M1 € nodes M1]
= io-targets PM (initial M2, initial M1) (vs @ zs1) = {(s2, s1)p
assms(2) assms(3))
qged

have io-targets PM (initial M2, initial M1) (vs @ zs2) = {(s2, s1)}
using productF-path-io-targets-reverse
[OF <productF M2 M1 FAIL PM)> <s2 € io-targets M2 (initial M2) (vs @ zs2)»
«s1 € io-targets M1 (initial M1) (vs @ zs2)> <vs Q zs2 € L M2> <vs Q zs2 € L M1» ]
proof —
have V¢ f. ¢ # idnitial (f::('a, 'b, 'c) FSM) V ¢ € nodes f
by blast
then show ?thesis
by (metis (no-types) <[observable M2; observable M1; well-formed M2; well-formed M1;
indtial M2 € nodes M2; initial M1 € nodes M1]
= io-targets PM (initial M2, initial M1) (vs @ zs2) = {(s2, s1)}p
assms(2) assms(3))
qed

have prefiz (vs @ zs1) (vs Q xs2)
using «prefix xsl xs2> by auto

have sequence-to-failure M1 M2 (vsQzs)
using assms(1) by auto

have prefiz (vsQzs1) (vsQuxs’)
using «prefiz xs1 zs2»> <prefix xs2 xs'y prefiz-order.dual-order.trans same-prefiz-prefic
by blast

have prefiz (vsQxs2) (vsQus’)
using «prefiz xs2 zs’y prefiz-order.dual-order.trans same-prefiz-prefiz by blast

have io-targets PM (initial PM) (vs @Q zs1) = {(s2,s1)}

using <io-targets PM (initial M2, initial M1) (vs Q zs1) = {(s2, s1)}> assms(4) by auto
have io-targets PM (initial PM) (vs Q zs2) = {(s2,s1)}

using <io-targets PM (initial M2, initial M1) (vs Q zs2) = {(s2, s1)}> assms(4) by auto

have (vs @Q zs2) @Q (drop (length zs2) xs) = vsQus
by (metis «<prefiz zs2 zs"» append-eg-appendl append-eq-conv-conj assms(6) prefizE)
moreover have io-targets PM (initial PM) (vsQzxs) = {FAIL}
using sequence-to-failure-reaches-FAIL-0b[OF <sequence-to-failure M1 M2 (vsQzs)y assms(2,3)
<productF' M2 M1 FAIL PM))
by assumption
ultimately have io-targets PM (initial PM) ((vs @ zs2) Q (drop (length zs2) zs)) = {FAIL}
by auto
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have io-targets PM (s2,s1) (drop (length zs2) xs) = {FAIL}
using observable-io-targets-split
[OF <observable PM»
<io-targets PM (initial PM) ((vs @ zs2) @ (drop (length zs2) xs)) = {FAIL}»
<io-targets PM (initial PM) (vs @ zs2) = {(s2, s1)}]
by assumption

have io-targets PM (initial PM) (vsQzs1@Q(drop (length zs2) zs)) = {FAIL}
using observable-io-targets-append
[OF <observable PM» <io-targets PM (initial PM) (vs @ xs1) = {(s2,s1)}
<io-targets PM (s2,s1) (drop (length xs2) zs) = {FAIL}]
by simp
have sequence-to-failure M1 M2 (vsQzs1Q(drop (length zs2) zs))
using sequence-to-failure-alt-def
[OF <io-targets PM (initial PM) (vsQzs1@(drop (length zs2) xzs)) = {FAIL}> assms(2,3)]
assms(4)
by blast

have length zs1 < length zs2
using <prefiz xsl xs2> <xsl # xs2» prefiz-length-prefix by fastforce

have prefiz-drop: ys = ys1 Q (drop (length ys1)) ys if prefiz ysI ys
for ys ys1 = (‘a x 'b) list
using that by (induction ys1) (auto elim: prefizE)
then have zs = (zs! @ (drop (length xzs1) zs))
using (prefix zs1 xs2> <prefix xs2 xs’y <prefix xs’ xs» by simp
then have length zs1 < length xs
using prefiz-drop|OF «prefiz xs2 xs"] «prefiz xs2 zs’y «prefix s’ zs»
using <length xs1 < length zs2»
by (auto dest!: prefiz-length-le)
have length (zs1@(drop (length zs2) zs)) < length xs
using <length xs1 < length zs2) <length zs1 < length xs> by auto

have vs € Lin, M1V
A sequence-to-failure M1 M2 (vs Q xs1@Q(drop (length zs2) xs))
A length (zs1@(drop (length xs2) xs)) < length s
using <length (zs1 @ drop (length zs2) xzs) < length xs»
«sequence-to-failure M1 M2 (vs @ zs1 @ drop (length xs2) xs)»
assms(1) minimal-sequence-to-failure-extending.simps
by blast

then have — minimal-sequence-to-failure-extending V M1 M2 vs xs
by (meson minimal-sequence-to-failure-extending. elims(2))

then show Fulse
using assms(1) by linarith
qed

lemma minimal-sequence-to-failure-extending-implies- Rep-Cov :
assumes minimal-sequence-to-failure-extending V M1 M2 vs xs
and OFSM M1
and OFSM M2
and test-tools M2 M1 FAIL PM V Q
and V' € N (vsQzsR) M1 V
and prefiz tsR xs
shows — Rep-Cov M2 M1 V' vs xsR
proof
assume Rep-Cov M2 M1 V" vs zsR
then obtain zs’ vs’ s2 s where zs’ # ||
prefiz s’ zsR
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vs'e V"

io-targets M2 (initial M2)
io-targets M2 (initial M2)
io-targets M1 (initial M1)
to-targets M1 (initial M1)

vs @ xs) = {s2}
vs') = {52}
vs @ xs) = {s1}
vs') = {s1}

P,

by auto

then have s2 € io-targets M2 (initial M2) (vs Q zs')
s2 € io-targets M2 (initial M2) (vs’)
s1 € io-targets M1 (initial M1) (vs @ zs’)
s1 € io-targets M1 (initial M1) (vs')
by auto

have vsQzs' € L M1

using io-target-implies-L[OF <sl1 € io-targets M1 (initial M1) (vs @ zs’))] by assumption
have vs’ € L M1

using io-target-implies-L|OF <sl1 € io-targets M1 (initial M1) (vs’))] by assumption
have vs@Qzs’ € L M2

using io-target-implies-L|OF <s2 € io-targets M2 (initial M2) (vs @ zs’))] by assumption
have vs’ € L M2

using io-target-implies-L|OF <s2 € io-targets M2 (initial M2) (vs'))] by assumption

obtain tri-1 where path M1 (vsQzs’ || tri-1) (initial M1)
length tri-1 = length (vsQus’)
target (vsQus’ || tri-1) (initial M1) = s1
using «s! € io-targets M1 (initial M1) (vs @ zs’)» by auto
obtain tri-2 where path M1 (vs'|| tr1-2) (initial M1)
length tri-2 = length (vs')
target (vs' || tr1-2) (initial M1) = s
using sl € io-targets M1 (initial M1) (vs’)> by auto
obtain tr2-1 where path M2 (vsQuzs’ || tr2-1) (initial M2)
length tr2-1 = length (vsQus’)
target (vsQus’ || tr2-1) (initial M2) = s2
using «s2 € io-targets M2 (initial M2) (vs @ xs’)» by auto
obtain tr2-2 where path M2 (vs' || tr2-2) (initial M2)
length tr2-2 = length (vs’)
target (vs' || tr2-2) (initial M2) = s2
using «s2 € io-targets M2 (initial M2) (vs’)) by auto

have productF' M2 M1 FAIL PM
using assms(4) by auto
have well-formed M1
using assms(2) by auto
have well-formed M2
using assms(3) by auto
have observable PM
by (meson assms(2) assms(3) assms(4) observable-productF’)

have length (vsQzs’) = length tr2-1

using «length tr2-1 = length (vs @ zs')> by presburger
then have length tr2-1 = length tri-1

using «length tri-1 = length (vsQzs’)) by presburger

have vsQzs’' € L PM
using productF-path-inclusion|OF <length (vsQuzs’) = length tr2-1> <length tr2-1 = length tri-1»
<productF' M2 M1 FAIL PM)> <well-formed M2» <well-formed M15)
by (meson Int-iff «productF M2 M1 FAIL PM) «vs Q zs’ € L M1» «vs @ zs’ € L M2 <well-formed M1>»
<well-formed M2» productF-language)

have length (vs) = length tr2-2

using «length tr2-2 = length (vs’)> by presburger
then have length tr2-2 = length tri-2

using «length tri-2 = length (vs’)> by presburger
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have vs’ € L PM
using productF-path-inclusion|OF <length (vs') = length tr2-2» <length tr2-2 = length tri-2»
<productF M2 M1 FAIL PM)> <well-formed M2» <well-formed M1>)
by (meson Int-iff «productF M2 M1 FAIL PM) «vs’' € L M1 <vs’ € L M2 <well-formed M1
cwell-formed M2 productF-language)

have do-targets PM (initial M2, initial M1) (vs @ zs’) = {(s2, s1)}
using productF-path-io-targets-reverse
[OF «productF M2 M1 FAIL PM>» <s2 € io-targets M2 (initial M2) (vs @ zs’)
sl € io-targets M1 (initial M1) (vs @ zs”)» <vs @ x5’ € L M2) «<vs Q zs’ € L M1» ]
proof —
have V¢ f. ¢ # initial (f::('a, 'b, 'c) FSM) V ¢ € nodes f
by blast
then show ?thesis
by (metis (no-types) <[observable M2; observable M1; well-formed M2; well-formed M1;
ingtial M2 € nodes M2; initial M1 € nodes M1]
= jo-targets PM (initial M2, initial M1) (vs Q zs’) = {(s2, s1)}
assms(2) assms(3))
qed

have do-targets PM (initial M2, initial M1) (vs') = {(s2, s1)}
using productF-path-io-targets-reverse
[OF <productF M2 M1 FAIL PM>» «s2 € io-targets M2 (initial M2) (vs')»
«s1 € io-targets M1 (initial M1) (vs')) <vs’ € L M2) <vs’ € L M1 ]
proof —
have V¢ f. ¢ # dnitial (f::('a, 'b, 'c) FSM) V ¢ € nodes f
by blast
then show ?thesis
by (metis (no-types) <[observable M2; observable M1; well-formed M2; well-formed M1;
initial M2 € nodes M2; initial M1 € nodes M1]
= io-targets PM (initial M2, initial M1) (vs’) = {(s2, s1)}
assms(2) assms(3))
qed
have io-targets PM (initial PM) (vs') = {(s2, s1)}
by (metis (no-types) <io-targets PM (initial M2, initial M1) vs' = {(s2, s1)}
<productF' M2 M1 FAIL PM)> productF-simps(4))

have sequence-to-failure M1 M2 (vsQzs)
using assms(1) by auto

have zs = zs' @ (drop (length zs') zs)
by (metis «<prefiz zs' zsR» append-assoc append-eq-conv-conj assms(6) prefizE)
then have io-targets PM (initial M2, initial M1) (vs @ zs’ @ (drop (length zs’) zs)) = {FAIL}
by (metis <productF M2 M1 FAIL PM> <sequence-to-failure M1 M2 (vs @ zs)> assms(2) assms(3)
productF-simps(4) sequence-to-failure-reaches-FAIL-0b)
then have io-targets PM (initial M2, initial M1) ((vs @ xs’) @ (drop (length xs”) zs)) = {FAIL}
by auto
have io-targets PM (s2, s1) (drop (length zs’) zs) = {FAIL}
using observable-io-targets-split
[OF <observable PM»
<io-targets PM (initial M2 initial M1) ((vs @ zs’) @
<io-targets PM (initial M2, initial M1) (vs Q zs’) =
by assumption

(drop (length zs') zs)) = {FAIL}»
{(s2, s1)}]

have io-targets PM (initial PM) (vs’ @ (drop (length zs’) zs)) = {FAIL}
using observable-io-targets-append
[OF <observable PM> <io-targets PM (initial PM) (vs') = {(s2, s1)}
<io-targets PM (s2, s1) (drop (length zs’) zs) = {FAIL})]
by assumption

have sequence-to-failure M1 M2 (vs’' @ (drop (length xs’) zs))
using sequence-to-failure-alt-def
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[OF <io-targets PM (initial PM) (vs’ @Q (drop (length xs’) zs)) = {FAIL}> assms(2,3)]
assms(4)
by blast

have length (drop (length zs') zs) < length xs
by (metis (no-types) «<xs = zs’ @ drop (length xs") xs) «xs’ # []> length-append
length-greater-0-conv less-add-same-cancel2)

have vs’ € Lin, M1V
proof —
have V"' € Perm V M1
using assms(5) unfolding N.simps by blast

then obtain f where f-def : V' = image f V
ANV v e V. foe language-state-for-input M1 (initial M1) v)
unfolding Perm.simps by blast
then obtain v where v € Vvs' = fuv
using (ws’ € V') by auto
then have vs’ € language-state-for-input M1 (initial M1) v
using f-def by auto

have language-state-for-input M1 (initial M1) v = L;n M1 {v}
by auto
moreover have {v} C V
using v € V) by blast
ultimately have language-state-for-input M1 (initial M1) v C L, M1V
unfolding language-state-for-inputs.simps language-state-for-input.simps by blast
then show ?%thesis
using(vs’ € language-state-for-input M1 (initial M1) v> by blast
qed

have — minimal-sequence-to-failure-extending V M1 M2 vs zs
using «vs’ € L, M1 V>
«sequence-to-failure M1 M2 (vs' @ (drop (length zs') zs))>
length (drop (length zs") xs) < length zs)
using minimal-sequence-to-failure-extending.elims(2) by blast
then show Fulse
using assms(1) by linarith
qed

lemma mstfe-no-repetition :
assumes minimal-sequence-to-failure-extending V M1 M2 vs xs
and OFSM M1
and OFSM M2
and test-tools M2 M1 FAIL PM V Q
and V" € N (vsQzs) M1V
and prefix zs' xs
shows — Rep-Pre M2 M1 vs zs’
and - Rep-Cov M2 M1 V' vs xs’
using minimal-sequence-to-failure-extending-implies- Rep-Pre[OF assms]
minimal-sequence-to-failure-extending-implies- Rep- Cov| OF assms|
by linarith+

6.2 Sufficiency of the test suite to test for reduction

The following lemma proves that set of input sequences generated in the final iteration of the TS function
constitutes a test suite sufficient to test for reduction the FSMs it has been generated for.

This proof is performed by contradiction: If the test suite is not sufficient, then some minimal sequence to a
failure extending the deterministic state cover must exist. Due to the test suite being assumed insufficient,
this sequence cannot be contained in it and hence a prefix of it must have been contained in one of the sets
calculated by the R function. This is only possible if the prefix is not a minimal sequence to a failure extending
the deterministic state cover or if the test suite observes a failure, both of which violates the assumptions.
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lemma asc-sufficiency :
assumes OFSM M1
and OFSM M2
and asc-fault-domain M2 M1 m
and test-tools M2 M1 FAIL PM V Q)
and final-iteration M2 M1 QQ V m i
shows M1 <[(TS M2 M1 Q Vmi). Q] M2 — M1 < M2
proof
assume atc-io-reduction-on-sets M1 (TS M2 M1 Q V m i) Q M2
show M1 < M2
proof (rule ccontr)

let TS =An.TSM2MIQ Vmn
let 2C=Xn.CM2M1Q Vmn
let RM = AXn.RMM2MI Q Vmn

assume - M1 < M2
obtain vs zs where minimal-sequence-to-failure-extending V M1 M2 vs xs
using assms(1) assms(2) assms(4)
minimal-sequence-to-failure-extending-det-state-cover-ob[OF - - - - <= M1 < M2, of V]
by blast

then have vs € L;,, M1V
sequence-to-failure M1 M2 (vs @Q zs)
- (3 d0". 3 w' € Lin M1V . sequence-to-failure M1 M2 (w’ @ io")
A length io’ < length xs)
by auto

then have vsQzs € L M1 — L M2
by auto

have vsQzs € L, M1 {map fst (vsQus)}
by (metis (full-types) Diff-iff <vs Q@ zs € L M1 — L M2> insertll
language-state-for-inputs-map-fst)

have vsQzs ¢ L;, M2 {map fst (vsQus)}
by (meson Diff-iff <vs @ zs € L M1 — L M2 language-state-for-inputs-in-language-state
subsetCE)

have finite V
using det-state-cover-finite assms(4,2) by auto
then have finite (7S 1)
using TS-finite[of V M2] assms(2) by auto
then have io-reduction-on M1 (?TS i) M2
using io-reduction-from-atc-io-reduction
[OF «(atc-io-reduction-on-sets M1 (TS M2 M1 Q V m i) Q M2)]
by auto

have map fst (vsQzs) ¢ ?2TS i

proof —
have f1: Vps P Pa. (ps::('a x 'b) list) ¢ P — PaV ps € P A ps ¢ Pa
by blast
have VP Pa ps. = P C Pa V (ps::(‘a x 'b) list) € Pa V ps ¢ P
by blast

then show ?thesis
using fI by (metis (no-types) <vs @ zs € L M1 — L M2 <io-reduction-on M1 (?TS i) M2»
language-state-for-inputs-in-language-state language-state-for-inputs-map-fst)
qed

have map fst vs € V
using <vs € L;, M1 V> by auto

let ?stf = map fst (vsQus)

let 2stfV = map fst vs
let ?stfX = map fst s
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have 7stf = ?stfV @ ?stfX
by simp

then have ?stfV Q 2stfX ¢ ?TS i
using «?stf ¢ ?TS i» by auto

have mcp (?stfV @ 2stfX) V ?stfV
by (metis <map fst (vs Q xzs) = map fst vs Q map fst zs»
«minimal-sequence-to-failure-extending V M1 M2 vs xs> assms(1) assms(2) assms(4)
minimal-sequence-to-failure-extending-mcp)

have set ?stf C inputs M1
by (meson DiffD1 <vs Q@ zs € L M1 — L M2) assms(1) language-state-inputs)
then have set ?stf C inputs M2
using assms(3) by blast
moreover have set ?stf = set ?stfV U set ?stfX
by simp
ultimately have set ?stfX C inputs M2
by blast

obtain zr j where zr # ?stfX
prefiz xr ?stfX
Sucj <14
?stfVQzr € RM M2 M1 Q V m (Suc j)
using T'S-non-containment-causes-final-suc|OF «?stfV @ 2stfX ¢ 2TS i»
«mep (2stfV @ 2stfX) V 2stfVy <set 2stfX C inputs M2 assms(5,2)]
by blast

let ?yr = take (length zr) (map snd xs)
have length ?yr = length xr
using «prefiz zr (map fst xs)> prefiz-length-le by fastforce
have (zr || ?yr) = take (length zr) zs
by (metis (no-types, opaque-lifting) <prefix xr (map fst zs)) append-eq-conv-conj prefizE take-zip
zip-map-fst-snd)

have prefiz (vsQ(zr || 2yr)) (vsQzs)
by (simp add: <zr || take (length zr) (map snd zs) = take (length zr) xs) take-is-prefix)

have xr = take (length zr) (map fst xs)
by (metis <length (take (length zr) (map snd zs)) = length xr»
<zr || take (length zr) (map snd zs) = take (length xr) zs> map-fst-zip take-map)

have vsQ(zr || ?yr) € L M1
by (metis Diff D1 <prefix (vs Q (zr || take (length zr) (map snd xs))) (vs Q xs)»
ws @ zs € L M1 — L M2» language-state-prefix prefizE)

then have vsQ(zr || ?yr) € Lin, M1 {?stfV Q zr}
by (metis <length (take (length zr) (map snd zs)) = length zr> insertl!
language-state-for-inputs-map-fst map-append map-fst-zip)

have length zr < length zs
by (metis <xr = take (length zr) (map fst xs)> <xr # map fst s> not-le-imp-less take-all
take-map)

from (?stfV@Qzr € RM M2 M1 Q V m (Suc j)» have ?stfV@Qaxr € {zs' € C M2 M1 Q V m (Suc j) .
(= (Lin M1 {xs'} C Lin M2 {zs'}))
V (Y i0 € Lin, M1 {zs'} .
3 V"€ Nio ML V.
(3 S1.
(3 vszs.
io = (vsQuws)
A mcp (vsQzs) V' vs
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A S1 C nodes M2
ANV sl €81.V s2eS1.
sl # 82 —
(V iol € RP M2 sl vszs V"' .
Y 02 € RP M2 s2vszs V' .
B Ml iol Q# B Ml io2 Q))
Am < LBM2MIlvszs (TSM2MI Q VmjuV)StQV")))}
unfolding RM .simps by blast

moreover have V zs’' € 2C (Suc j) . Lin M1 {xs'} C L;n M2 {zs’}
proof
fix zs’ assume zs’ € ?C (Suc j)
from «Suc j < % have ?C (Suc j) C ¢TS i
using C-subset T'S-subset by blast
then have {zs'} C ?TS i
using «zs’ € ?C (Suc j)» by blast
show L;, M1 {zs'} C L, M2 {zs'}
using io-reduction-on-subset[OF <io-reduction-on M1 (?TS i) M2> {xs'} C 2TS ]
by assumption
qed

ultimately have (V 0 € L, M1 {%stfVQazr} .
3 V"'eNioMI V.
3 st .
(3 vs zs .
io = (vsQuws)
A mcep (vsQzs) V' vs
A S1 C nodes M2
AN(Y sl €81.V s2€eS1.
sl # s2 —
(V iol € RPM2sivszs V' .
YV i02 € RP M2 s2vsas V' .
B M1 iol Q # B M1 i02 Q)
Am< LBM2MIlvsazs (TSM2MI QVmjiUV)SIQ V"))
by blast

then have
(3 V" e N (vsQ(ar || 2yr)) M1V .
3 1.
(3 vs" zs".
vsQ(ar || ?yr) = (vs'Qzxs’)
A mcp (vs'Qzxs”) V' vs’
A S1 C nodes M2
ANV s1 €81.V s2¢eS1.
sl # s2 —
(V iol € RP M2 s1 vs' zs’ V'
YV i02 € RP M2 s2 vs' xs’ V"' .
B M1 iol Q # B M1 io2 Q))
Am < LBM2MIvs' zs' (TSM2MI QVmjuV)SIQV")))
using «vsQ(zr || Pyr) € Lin M1 {?stfV Q ar}
by blast

then obtain V'’ S1 vs’ s’ where RM-impl :
V' e N (vsQ(ar || ?yr)) M1V
vsQ(zr || ?yr) = (vs'Qzs’)
mep (vs'Qxs”) V' vs’
S1 C nodes M2
(V s1€81.V s2eS1.
sl # s2 —
(V 401 € RP M2 s1vs"zs’" V.
YV i02 € RP M2 s2 vs' zs' V'
B M1 iol Q # B M1 i02 Q))
m < LB M2 M1 vs" zs' (TSM2 M1 Q VmjuV)S1QV"
by blast
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have ?stfV = mcp’ (map fst (vs @ (zr || take (length xr) (map snd xs)))) V
by (metis (full-types) «length (take (length zr) (map snd xs)) = length zr
<mep (map fst vs @ map fst xs) V (map fst vs)> <prefiz xr (map fst zs)> map-append
map-fst-zip mcp'-intro mep-prefiz-of-suffiz)

have is-det-state-cover M2 V
using assms(4) by blast
moreover have well-formed M2
using assms(2) by auto
moreover have finite V
using det-state-cover-finite assms(4,2) by auto
ultimately have vs ¢ V"’
vs = mep’ (vs @ (zr || take (length zr) (map snd zs))) V"'
using N-mcp-prefix[OF «?stfV = mcp’ (map fst (vs Q (zr || take (length zr) (map snd zs)))) V>
V" € N (vsQ(zr || 2yr)) M1 V>, of M2]
by simp+

have vs’ = vs
by (metis (no-types) <mcp (vs' Q zs’) V' vs’
<vs = mcp’ (vs @ (zr || take (length zr) (map snd zs))) V'’
<vs @ (zr || take (length xr) (map snd zs)) = vs' @Q zs’> mcp’-intro)

then have zs’' = (zr || %yr)
using <vs @Q (zr || take (length zr) (map snd zs)) = vs’ @ x5’y by blast

have V C ?TS ¢
proof —
have 1 < ¢
using «Suc j < ©» by linarith
then have 275 1 C ?TS i
using T'S-subset by blast
then show ?Zthesis
by auto
qed

have ?stfVQzr € 2C (Suc j)
using «?stfVQzr € RM M2 M1 Q V m (Suc j)> unfolding RM.simps by blast

— show that the prerequisites (Prereq) for LB are met by construction

have (Vus'ac V. prefiz vs'a (vs' @ xs") — length vs'a < length vs’)
using <mep (vs' @ xs”) V' vs’s by auto

moreover have atc-io-reduction-on-sets M1 (?TS jU V) Q M2
proof —
have j < ¢
using «Suc j < 9 by auto
then have ¢TS5 j C ¢TS i
by (simp add: TS-subset)
then show ?%thesis
using atc-io-reduction-on-subset
[OF <atc-io-reduction-on-sets M1 (TS M2 M1 Q V m i) Q M2», of ?TS j]
by (meson Un-subset-iff <V C 2TS i» <atc-io-reduction-on-sets M1 (TS M2 M1 Q V m i) Q M2)
atc-io-reduction-on-subset)
qed

moreover have finite (?75j U V)
proof —
have finite (?TS j)
using T'S-finite|OF <finite V>, of M2 M1 Q m j] assms(2) by auto
then show %thesis
using «<finite V» by blast
qed
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moreover have V C ?TSjuU V
by blast

moreover have (V p . (prefit p zs' A p # zs’) — map fst (vs' Q p) € ?TSjU V)
proof
fix p
show prefiz p xs' A p # xs' — map fst (vs' Q@ p) e TSM2ZMI Q VmjuUuV
proof
assume prefiz p xs' A p # x5’

have prefiz (map fst (vs’ @ p)) (map fst (vs’ @ zs'))
by (simp add: <prefiz p zs’ A p # xs"> map-mono-prefiz)
have prefiz (map fst (vs’ Q p)) (?stfV Q zr)
using «<length (take (length zr) (map snd zs)) = length xr)
<prefir (map fst (vs’ Q p)) (map fst (vs' Q zs’))»
«ws' = wsy «xs’' = zr || take (length zr) (map snd s)»
by auto
then have prefiz (map fst vs’ @ map fst p) (?stfV Q zr)
by simp
then have prefiz (map fst p) zr
by (simp add: <vs' = vs))

have %stfV @ zr € ?TS (Suc j)
proof (cases j)
case 0
then show %thesis
using (map fst vs @ ar € C M2 M1 Q V m (Suc j)» by auto
next
case (Suc nat)
then show ?thesis
using TS.simps(3) «<map fst vs @ ar € C M2 M1 Q V m (Suc j)» by blast
qed

have mcp (map fst vs @ zr) V (map fst vs)
using «<mcp (map fst vs @ map fst xs) V (map fst vs)) <prefix zr (map fst xs)>
mcep-prefiz-of-suffix
by blast

have map fst vs @ map fst p € TS M2 M1 Q V m (Suc j)
using TS-prefiz-containment|OF <?stfV @ zr € ?TS (Suc j)»
«mcp (map fst vs @ zr) V (map fst vs)»
<prefiz (map fst p) zr]
by assumption

have Suc (length zr) = (Suc j)
using C-index[OF «?stfVQur € 2C (Suc j)» <mcp (map fst vs Q zr) V (map fst vs)»]
by assumption

haveSuc (length p) < (Suc j)
proof —
have map fst s’ = zr
by (metis <xr = take (length zr) (map fst xs)»
<zr || take (length zr) (map snd zs) = take (length xr) zs
<xs’ = zr || take (length zr) (map snd zs)> take-map)
then show %thesis
by (metis (no-types) Suc-less-eq <Suc (length xr) = Suc j» <prefiz p xs' A p # x5
append-eq-conv-conj length-map nat-less-le prefizE prefiz-length-le take-all)
qed

have mcp (map fst vs @ map fst p) V (map fst vs)
using «mcp (map fst vs Q zr) V (map fst vs)> <prefix (map fst p) xr> mcp-prefiz-of-suffix
by blast

then have map fst vs @ map fst p € ?C (Suc (length (map fst p)))
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using T'S-index(2)[OF <map fst vs Q@ map fst p € TS M2 M1 Q V m (Suc j)»] by auto

have map fst vs @ map fst p € ?TS j
using TS-union[of M2 M1 Q V m j]
proof —
have Suc (length p) € {0..<Suc j}
using «Suc (length p) < Suc j» by force
then show ?thesis
by (metis UN-I «<TS M2 M1 Q Vmj= (|Jjeset [0..<Suc jl. C M2 M1 Q V m j)
<map fst vs Q@ map fst p € C M2 M1 Q V m (Suc (length (map fst p)))»
length-map set-upt)
qed

then show map fst (vs' @ p) e TSM2MI Q VmjuV
by (simp add: «vs' = vs»)
qed
qed

moreover have vs’ @ zs’ € L M2 N L M1
by (metis (no-types, lifting) IntI RM-impl(2)
Nazs'eC M2 M1 Q Vm (Sucj). Lin M1 {xs'} C Lin, M2 {zs'}>
<map fst vs @ zr € C M2 M1 Q V m (Suc j)»
<vs @ (ar || take (length zr) (map snd xs)) € Lin, M1 {map fst vs Q zr}»
language-state-for-inputs-in-language-state subsetCE)

ultimately have Prereq M2 M1 vs' zs' (?TSjuU V) S1 Q V"
using RM-impl(4,5) unfolding Prereq.simps by blast

have V' € Perm V M1
using « V' € N (vsQ(zr || ?yr)) M1 V) unfolding N.simps by blast

have <prefiz (zr || 2yr) zs»
by (simp add: <zr || take (length zr) (map snd zs) = take (length zr) xs) take-is-prefix)

— show that furthermore neither Rep_Pre nor Rep_Cov holds

have — Rep-Pre M2 M1 vs (ar || 2yr)
using minimal-sequence-to-failure-extending-implies- Rep-Pre
[OF (minimal-sequence-to-failure-extending V M1 M2 vs zs» assms(1,2)
<test-tools M2 M1 FAIL PM V Q> RM-impl(1)
<prefix (ar || take (length xr) (map snd xs)) zs]
by assumption
then have - Rep-Pre M2 M1 vs' s’
using <vs’ = vs» «zs’ = ar || ?yr> by blast

have — Rep-Cov M2 M1 V' vs (ar || 2yr)
using minimal-sequence-to-failure-extending-implies- Rep-Cov
[OF <minimal-sequence-to-failure-extending V M1 M2 vs zs» assms(1,2)
<test-tools M2 M1 FAIL PM V Q> RM-impl(1)
<prefix (ar || take (length xr) (map snd xs)) zs]
by assumption
then have - Rep-Cov M2 M1 V' vs’ xs’
using <vs’ = vs» «zs’ = ar || ?yr> by blast

have vs'Qzs’ € L M1
using «vs @ (zr || take (length zr) (map snd zs)) € L M1»
«ws" = vsy «xs’' = zr || take (length zr) (map snd zs)>
by blast

— therefore it is impossible to remove the prefix of the minimal sequence to a failure, as this would require M1 to
have more than m states
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have LB M2 M1 vs' zs' (?TSj U V) S1 Q V" < card (nodes M1)
using LB-count[OF <vs'@Qzs’ € L M1y assms(1,2,3) «test-tools M2 M1 FAIL PM V O»
V" € Perm V M1 «Prereq M2 M1 vs' zs' (?TSjU V) S1 Q V')
<= Rep-Pre M2 M1 vs’ zs"» « = Rep-Cov M2 M1 V' vs' xs"]
by assumption
then have LB M2 M1 vs' zs' (?TSjU V) S1 Q V"' <m
using assms(3) by linarith

then show False
using <m < LB M2 M1 vs' zs’' (?TSjU V) S1 Q V') by linarith
qed
qed

6.3 Main result

The following lemmata add to the previous result to show that some FSM M1 is a reduction of FSM M2 if and
only if it is a reduction on the test suite generated by the adaptive state counting algorithm for these FSMs.

lemma asc-soundness :
assumes OFSM M1
and OFSM M2

shows M1 <X M2 — atc-io-reduction-on-sets M1 T € M2
using atc-io-reduction-on-sets-reduction assms by blast

lemma asc-main-theorem :

assumes OFSM M1

and OFSM M2

and asc-fault-domain M2 M1 m

and test-tools M2 M1 FAIL PM V Q

and final-iteration M2 M1 Q2 V m i
shows M1 <X M2 <— atc-io-reduction-on-sets M1 (TS M2 M1 Q V m i) Q M2
by (metis asc-sufficiency assms(1—5) atc-io-reduction-on-sets-reduction)

end
theory ASC-Hoare

imports ASC-Sufficiency HOL— Hoare. Hoare-Logic
begin

7 Correctness of the Adaptive State Counting Algorithm in Hoare-
Logic

In this section we give an example implementation of the adaptive state counting algorithm in a simple WHILE-
language and prove that this implementation produces a certain output if and only if input FSM M1 is a reduction
of input FSM M2.

lemma atc-io-reduction-on-sets-from-obs :
assumes L;,, M1 T C L;,, M2 T
and (|Jio€Lin M1 T. {io} x B M1 io Q) C ((Ji0€Lin M2 T. {io} x B M2 io Q)
shows atc-io-reduction-on-sets M1 T Q M2
unfolding atc-io-reduction-on-sets.simps atc-io-reduction-on.simps
proof
fix iseq assume iseq € T
have L;, M1 {iseq} C L;n M2 {iseq}
by (metis <iseq € T» assms(1) bot.extremum insert-mono to-reduction-on-subset
mk-disjoint-insert)
moreover have Vio€L;, M1 {iseq}. B M1 io Q C B M2 io Q
proof
fix i0 assume io € L;, M1 {iseq}
then have io € L;,, M2 {iseq}
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using calculation by blast
show B M1 i0 Q C B M2 io 2
proof

fix z assume z € B M1 io Q

have i0o € L;j,, M1 T
using <io € L;n, M1 {iseq}> <iseq € T» by auto

moreover have (io,z) € {io} x B MI io Q
using <z € B M1 0 0 by blast

ultimately have (io,z) € (| Ji0o€Lin M1 T. {io} x B M1 io )
by blast

then have (io,z) € (| Jio€Lin M2 T. {io} x B M2 io Q)
using assms(2) by blast
then have (io,z) € {io} x B M2 io
by blast
then show z € B M2 0 Q
by blast
qed
qged
ultimately show L;, M1 {iseq} C Lin, M2 {iseq}
A (Vio€Lin M1 {iseq}. B M1 io Q C B M2 io )
by linarith
qed

lemma atc-io-reduction-on-sets-to-obs :
assumes atc-io-reduction-on-sets M1 T Q M2
shows L;, M1 T C L;,, M2 T
and (| Jio€Lin M1 T. {io} x B M1 io Q) C (|Jio€Lin M2 T. {io} x B M2 io Q)
proof
fix x assume z € Ly, M1 T
show z € L;, M2 T
using assms unfolding atc-io-reduction-on-sets.simps atc-io-reduction-on.simps
proof —
assume al: Viseq€T. Lin M1 {iseq} C Lin M2 {iseq}
A (Vio€Lin M1 {iseq}. B M1 io Q C B M2 io Q)
have f2: z € UNION T (language-state-for-input M1 (initial M1))
by (metis (no-types) <z € L;n M1 T» language-state-for-inputs-alt-def)
obtain aas :: ‘a list set = (‘a list = ("a x 'b) list set) = ('a x 'b) list = 'a list
where
Va0 z1 z2. (3v3. v8 € 20 A 22 € z1 v8) = (aas z0 z1 22 € 20 A 22 € z1 (aas z0 z1 z2))
by moura
then have Vps f A. (ps ¢ UNION A f V aas A fps € AN ps € f (aas A f ps))
A (ps € UNION A fV (Nas. as ¢ AV ps & f as))
by blast
then show ?Zthesis
using f2 al by (metis (no-types) contra-subsetD language-state-for-input-alt-def
language-state-for-inputs-alt-def)
qed
next
show (|Jio€Lin M1 T. {io} x B M1 0 Q) C (|Ji0€Lin M2 T. {io} x B M2 io Q)
proof
fix ioz assume oz € (|Jio€Lin M1 T. {io} x B M1 io Q)
then obtain 70 z where ioz = (i0,z)
by blast

have i0o € Lijn, M1 T

using <ioz = (io, z)» <oz € (|Ji0€Lin M1 T. {io} x B M1 io Q) by blast
have (io0,z) € {io} x B M1 io Q

using <iox = (io, z)» <oz € (|Ji0€Lin M1 T. {io} x B M1 io Q)) by blast
then have z € B M1 io Q2

by blast

then have z € B M2 io Q)
using assms unfolding atc-io-reduction-on-sets.simps atc-io-reduction-on.simps
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by (metis (no-types, lifting) UN-E <io € Lin, M1 T language-state-for-input-alt-def
language-state-for-inputs-alt-def subsetCE)
then have (io,z) € {io} xB M2 io Q
by blast
then have (io,z) € ((Ji0€Lin M2 T. {io} x B M2 io Q)
using <io € L;,, M1 T» by auto
then show ioz € (|Jio€Lin M2 T. {io} x B M2 io Q)
using <iox = (o, x)> by auto
qed
qed

lemma atc-io-reduction-on-sets-alt-def :

shows atc-io-reduction-on-sets M1 T Q M2 =
(Lin M1 T C Lin M2T
A (Jio€Lin M1 T. {io} x B M1 io Q)

C (Uio€Lin M2 T. {io} x B M2io Q))
using atc-io-reduction-on-sets-to-obs[of M1 T Q M2]
and atc-io-reduction-on-sets-from-obs[of M1 T M2 ]
by blast

lemma asc-algorithm-correctness:
VARS tsN c¢N rmN obs obsl obsq obslq iter isReduction

{
OFSM M1 N OFSM M2 A asc-fault-domain M2 M1 m A test-tools M2 M1 FAIL PM V Q

tsN = {};
cN =V,
rmN = {};

obs :== L;n M2 cN;
obsl := L;n, M1 cN;
obsq := (|Ji0€Lin M2 cN. {io} x B M2 io Q);
obslq := (| Ji0€Lin M1 cN. {io} x B M1 io );
iter := 1;
WHILE (cN # {} A obsI C obs A obsIq C obsq)
INV {

0 < iter

A tsN = TS M2 M1 Q V m (iter—1)

AN cN = C M2 M1 Q V miter

A rmN = RM M2 M1 Q V m (iter—1)

A obs = Lin M2 (tsN U c¢N)

A obsl = Lin M1 (tsN U cN)

A obsq = (|Ji0€Lin M2 (tsN U cN). {io} x B M2 io Q)

A obslq = (|Ji0o€Lin M1 (tsN U cN). {io} x B M1 io Q)

AN OFSM M1 N OFSM M2 A asc-fault-domain M2 M1 m A test-tools M2 M1 FAIL PM V Q

}
DO

iter := iter + 1,
rmN := {zs’ € ¢N .
(ﬁ (Lin M1 {:178/} g Lin M2 {LL‘S/}))
V (Y io € Lin M1 {zs'} .
(3 V"eNioML V.
3 S1 .
(3 vs s .
io = (vsQxs)
A mep (vsQzs) V' vs
A 81 C nodes M2
ANV s1eS1.V s2eS1.
sl # s2 —
(V i01 € RP M2 st vsas V' .
V 02 € RP M2 s2vsaxs V' .
B M1 iol Q # B M1 i02 Q))
Am < LB M2MIwvsazs (tsNU V) ST Q V"))
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tsN := tsN U cN;

¢N := append-set (¢cN — rmN) (inputs M2) — tsN;

0bs := obs U L;n, M2 cN;,

obsl := obsl U L;n, M1 cN;,

obsq = obsq U (U 10€ Ly, M2 ¢N. {io} x B M2 io Q);
obslqo = obslg U (U 10€L;in M1 ¢N. {io} x B M1 io Q)

OD;
isReduction := ((obsI C obs) A (obsla C obsq))
{
isReduction = M1 < M2 — variable isReduction is used only as a return value, it is true if and only if M1 is a

reduction of M2

proof (vcg)
assume precond : OFSM M1 N OFSM M2 A asc-fault-domain M2 M1 m A test-tools M2 M1 FAIL PM V Q
have {} = TS M2 M1 Q Vm (1—1)
V=CM2MI QVmli
(J=RMM2MI Q Vm(1—1)
Lin M2V = Lin M2 ({} U V)
Lin M1V = Liyn M1 ({3 U V)
(Uio€Lin M2 V. {io} x B M2io Q)
= (Jio€Lin M2 ({} U V). {io} x B M2io Q)
(Uio€Lin M1 V. {io} x B M1 io Q)
= (Jio€Lin M1 ({} U V). {io} x B M1 i0 Q)
using precond by auto
moreover have OFSM M1 N OFSM M2 A asc-fault-domain M2 M1 m A test-tools M2 M1 FAIL PM V Q
using precond by assumption
ultimately show 0 < (I::nat) A
{}=TSM2M1 QVm (Il —1)A
V=CM2MI QVmI1A
{}=RM M2M1 QVm((l—-1)A
Lin M2V = Ly M2 ({} U V) A
Lin M1V = Lin M1 ({} U V) A
(Jio€Lin M2 V. {io} x B M2io Q)
= (JioELin M2 ({} U V). {io} x B M2io Q) A
(Uio€Lin M1 V. {io} x B M1 io Q)
= (Jio€Lin M1 ({} U V). {io} x B M1io Q) A
OFSM M1 N OFSM M2 A asc-fault-domain M2 M1 m A test-tools M2 M1 FAIL PM V Q
by linarith+
next
fix tsN ¢cN rmN obs obsl obsq obslq iter isReduction
assume precond : (0 < iter A
tsN = TS M2 M1 Q Vm (iter — 1) A
cN = C M2 M1 Q V miter A
rmN = RM M2 M1 Q V m (iter — 1) A
0bs = Lin M2 (tsN U ¢N) A
obsI = L;n M1 (tsN U c¢N) A
obsq = (|Jio€Lin M2 (tsN U cN). {io} x B M2 io Q) A
obslq = (|Ji0€Lin M1 (¢sN U ¢N). {io} x B M1 io ) A
OFSM M1 N OFSM M2 A asc-fault-domain M2 M1 m A test-tools M2 M1 FAIL PM V Q)
A ¢N # {} A obsI C obs A obslg C obsa
then have 0 < iter
OFSM M1
OFSM M2
asc-fault-domain M2 M1 m
test-tools M2 M1 FAIL PM V Q
N £ {}
obsI C obs
tsN = TS M2 M1 Q V m (iter—1)
cN = C M2 M1 Q V miter
rmN = RM M2 M1 Q V m (iter—1)
obs = Lin, M2 (tsN U ¢N)
obsl = L;n, M1 (tsN U c¢N)
obsq = (| Ji0€Lin M2 (tsN U cN). {io} x B M2 io Q)
obsla = (|Ji0o€Lin M1 (tsN U cN). {io} x B M1 io Q)
by linarith+
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obtain k£ where iter = Suc k
using gr0-implies-Suc[OF <0 < itery] by blast
then have ¢cN = C M2 M1 Q V m (Suc k)
tsN =TS M2 M1 Q Vmk
using «¢<N = C M2 M1 Q V m itery «tsN = TS M2 M1 Q V m (iter—1)> by auto
have T'S M2 M1 Q V m iter = TS M2 M1 Q V m (Suc k)
CM2M1QVmiter=CM2MI QVm (Suck)
RM M2 M1 Q V m iter = RM M2 M1 Q V m (Suc k)
using <iter = Suc k> by presburger+

have rmN-calc[simp] : {zs’ € cN.
= jo-reduction-on M1 {xs'} M2 Vv
(Vio€L;n M1 {zs'}.
IV"eN io M1 V.
351 vs zs.
0 =vs Qs A
mep (vs @ zs) V' vs A
S1 C nodes M2 A
(Vs1€S1.
Vs2€S1.
sl # s2 —
(Viol€RP M2 s1 vs zs V''. Vio2€RP M2 s2 vs xs V.
B M1 iol Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V')} =
RM M2 M1 Q V m iter
proof —

have {zs’ € cN.
= jo-reduction-on M1 {zs'} M2 v
(Vio€L;n M1 {xs'}.
IV"eENio M1 V.
3851 vs xs.
i0o = vs @Q zs A
mep (vs @ xs) V' vs A
S1 C nodes M2 A
(Vs1€851.
Vs2€S51.
sl # 82 —
(Viol€RP M2 s1 vs zs V'". Vi02€RP M2 s2 vs xs V"'
B M1 iol Q # B M1 io2 Q)) A
m < LB M2 M1 vs s (tsN U V) S1 Q V'')} =
{zs" € C M2 M1 Q V m (Suc k).
= fo-reduction-on M1 {zs'} M2 v
(Vio€L;n M1 {xs'}.
IV"eENio M1 V.
3851 vs zs.
io = vs @ s A
mep (vs @ xs) V' vs A
S1 C nodes M2 A
(Vs1€51.
Vs2e€S1.
sl # 82 —
(Viol€RP M2 s1 vs zs V''. Vio2€RP M2 s2 vs xs V"'
B M1 iol Q # B M1 io2 Q)) A
m < LB M2 M1 vsxs (TS M2M1 Q Vmk)U V)S1QV'"}
using «¢cN = C M2 M1 Q V m (Suc k)» <tsN = TS M2 M1 Q V m k> by blast

moreover have {zs’ € C M2 M1 Q V m (Suc k).
= jo-reduction-on M1 {zs'} M2 Vv
(Vio€L;n M1 {zs’}.
IV"eN io M1 V.
351 vs zs.
10 = vs @ x5 A
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mep (vs @ xs) V' vs A
S1 C nodes M2 N
(Vs1€S1.
Vs2e€S51.
sl # 82 —
(Viol €RP M2 s1 vs xs V''. Vio2€RP M2 s2 vs zs V"'
B M1 iol Q # B M1 io2 Q)) A
m < LB M2 M1 vszs (TS M2MI Q Vmk)UV)S1QV'"}=
RM M2 M1 Q V m (Suc k)
using RM.simps(2)[of M2 M1 Q V m k| by blast
ultimately have {zs’ € cN.
= jo-reduction-on M1 {zs'} M2 V
(Vio€L;n M1 {zs'}.
IV"eENio M1 V.
351 vs zs.
0 = vs Q zs A
mep (vs @ zs) V' vs A
S1 C nodes M2 N
(Vs1eS1.
Vs2€S1.
sl # s2 —
(Viol€RP M2 s1 vs s V''. Vio2€RP M2 s2 vs xs V"
B M1 iol Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V')} =
RM M2 M1 Q V m (Suc k)
by presburger
then show ?thesis
using <iter = Suc k» by presburger
qged
moreover have RM M2 M1 Q V m iter = RM M2 M1 Q V m (iter + 1 — 1) by simp
ultimately have rmN-calc’ : {zs’ € cN.
= jo-reduction-on M1 {xs'} M2 Vv
(Vio€L;n M1 {zs'}.
IV"eENio M1 V.
351 vs zs.
0 =vs Qs A
mep (vs @ zs) V' vs A
S1 C nodes M2 N
(Vs1€S1.
Vs2€S1.
sl # s2 —
(Viol€RP M2 s1 vs zs V' Vio2€RP M2 s2 vs xs V.
B M1 iol Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V')} =
RM M2 M1 Q V m (iter + 1 — 1) by presburger

have tsN U ¢cN = TS M2 M1 Q V m (Suc k)
proof (cases k)
case (
then show ?2thesis
using «¢sN = TS M2 M1 Q Vm k> <eN = C M2 M1 Q V m (Suc k) by auto
next
case (Suc nat)
then have TS M2 M1 Q Vm (Suck) = TS M2 M1 Q VmkU C M2MI Q Vm (Suck)
using T'S.simps(8) by blast
moreover have tsN U cN = TS M2 M1 Q VmkU C M2 M1 Q V m (Suc k)
using «¢sN = TS M2 M1 Q Vm k> <ecN = C M2 M1 Q V m (Suc k) by auto
ultimately show ?thesis
by auto
qed
then have tsN-calc : tsN U ¢N = TS M2 M1 Q V m iter
using <iter = Suc k» by presburger

have cN-calc : append-set
(eN —
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{zs’ € ¢N.
= fo-reduction-on M1 {zs'} M2 Vv
(Vio€Lin M1 {zs'}.
IV"eNio M1 V.
3851 vs zs.
io = vs @ zs A
mep (vs @ xs) V' vs A
S1 C nodes M2 A
(Vs1€851.
Vs2€S1.
sl # s2 —
(Viol€eRP M2 sl vszs V''.
Vi02€RP M2 s2 vs s V. B M1 iol Q # B M1 i0o2 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'")})
(inputs M2) —
(tsN U ¢N) =
C M2 M1 Q Vm (iter + 1)
proof —
have append-set
(eN —
{zs" € cN.
= jo-reduction-on M1 {zs'} M2 v
(Vio€Lin, M1 {zs'}.
IV"eEN io M1 V.
351 vs zs.
i0 = vs Q zs A
mep (vs @ xs) V' ws A
S1 C nodes M2 A
(Vs1€S1.
Vs2e€S51.
sl # s2 —
(Viol€RP M2 sl vszs V'
Vio2€RP M2 s2 vs s V''. B M1 iol Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N) =
append-set
((C M2 M1 Q V miter) —
(RM M2 M1 Q V m iter))
(inputs M2) —
(TS M2 M1 Q V m iter)
using <¢cN = C M2 M1 Q V m itery <tsN U cN = TS M2 M1 Q V m itery rmN-calc by presburger
moreover have append-set
((C M2 M1 Q V miter) —
(RM M2 M1 Q V m iter))
(inputs M2) —
(TS M2 M1 Q V miter) = C M2 M1 Q V m (iter + 1)
proof —
have C M2 M1 Q Vm (iter + 1) = C M2 M1 Q V m ((Suc k) + 1)
using <iter = Suc k> by presburger+
moreover have (Suc k) + 1 = Suc (Suc k)
by simp
ultimately have C M2 M1 Q V m (iter + 1) = C M2 M1 Q V m (Suc (Suc k))
by presburger

have C M2 M1 Q V m (Suc (Suc k))
= append-set (C M2 M1 Q V m (Suc k) — RM M2 M1 Q V m (Suc k)) (inputs M2)
— TS M2 M1 Q V m (Suck)
using C.simps(8)[of M2 M1 Q V m k] by linarith
show ?thesis
using Suc-eq-plus1
«C M2 M1 Q Vm (Suc (Suc k))
= append-set (C M2 M1 Q V m (Suc k) — RM M2 M1 Q V m (Suc k)) (inputs M2)
— TS M2 M1 Q V m (Suc k)
<iter = Suc k»
by presburger
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qed

ultimately show ?thesis
by presburger
qged

have obs-calc : obs U
Lin M2
(append-set
(eN —
{zs" € cN.
= Lin, M1 {xs'} C Lin M2 {zs’} V
(Vio€Lin, M1 {zs'}.
IV"EN io M1 V.
351 vs zs.
0 = vs @Q zs A
mep (vs @ zs) V' ws A
S1 C nodes M2 N
(Vs1eS1.
Vs2e€S1.
sl # s2 —
(Viol€RP M2 s1 vs zs V''.
Vio2€RP M2 s2 vs s V''. B M1 io1 Q # B M1 i02 Q)) A
m < LB M2 M1 vs s (tsN U V) S1 Q V'')})

(inputs M2) —
(tsN U ¢N)) =
Lin M2
(tsN U ¢cN U
(append-set
(eN —
{zs' € ¢cN.
= Lin, M1 {xs'} C Lin M2 {zs'} V
(Vio€L;n M1 {zs'}.
IV"”eN io M1 V.
351 vs xs.
i0 = vs @ zs A
mep (vs @ xs) V' vs A
S1 C nodes M2 N
(Vs1€S1.
Vs2e€S1.
sl # s2 —
(Viol€RP M2 sl vs zs V.
Vi02€RP M2 s2 vs s V''. B M1 iol ) # B M1 i02 Q)) A
m < LB M2 M1 vs xs (tsN U V) S1 Q V'")})
(inputs M2) —
(tsN U ¢N)))

proof —
have /\A. Lin M2 (tsN U ¢cN U A) = obs U Ly, M2 A

by (metis (no-types) language-state-for-inputs-union precond)
then show ?%thesis
by blast
qed

have obsl-calc : obsl U
Lin M1
(append-set
(eN —
{zs" € ¢N.
= Lin, M1 {xs'} C Lin M2 {zs'} V
(Vio€L;n M1 {zs'}.
IV”eN io M1 V.
3451 vs zs.
0 = vs Q@ xzs A
mcep (vs @ xs) V' vs A
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S1 C nodes M2 N
(Vs1eS1.
Vs2e€S51.
s1 # s2 —
(Viol€RP M2 sl vs zs V'
Vio2€RP M2 s2 vs zs V''. B M1 i0o1 Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N)) =
Lin, M1
(tsN U ¢N U
(append-set
(eN —
{zs" € cN.
= Lin M1 {xs'} C Lip M2 {zs'} V
(Vio€L;n M1 {zs'}.
AV"”eN io M1 V.
351 vs zs.
0 = vs Q zs A
mep (vs @ xs) V' wvs A
S1 C nodes M2 N
(Vs1€S1.
Vs2e€S1.
sl # s2 —
(Viol€RP M2 sl vs zs V.
Vi02€RP M2 s2 vs zs V'. B M1 iol Q # B M1 i02 Q)) A
m < LB M2 M1 vs xs (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N)))
proof —
have /\A. Lin M1 (tsN U ¢cN U A) = obs] U Ly, M1 A
by (metis (no-types) language-state-for-inputs-union precond)
then show %thesis
by blast
qged

have obsq-calc : obsqg U
(U 10€Li, M2
(append-set
(eN —
{zs’ € cN.
= Lin, M1 {2s'} C Lin M2 {25’} V
(Vio€L;n M1 {zs'}.
IV"”"eNio M1 V.
351 vs zs.
i0 = vs Q xs A
mep (vs @ xs) V' vs A
S1 C nodes M2 N
(Vs1€81.
Vs2eS1.
sl # s2 —
(Viol€RP M2 sl vs zs V.
Vio2€RP M2 s2 vs zs V''. B M1 i01 Q2 # B M1 02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'")})
(inputs M2) —
(tsN U ¢cN)).
{io} x B M2io Q) =
(U 10€L;n M2
(tsN U eN U
(append-set
(eN —
{zs" € cN.
= Lin, M1 {2s'} C Lin M2 {zs’} V
(Vio€Lin M1 {zs'}.
IV"”eNio M1 V.
351 vs s.
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0 =vs Q zs A
mep (vs @ zs) V' vs A
S1 C nodes M2 N
(Vs1€S1.
Vs2€S1.
sl # s2 —
(Viol€RP M2 si vs zs V.
Vi02€RP M2 s2 vs zs V''. B M1 i0o1 Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N))).
{io} x B M2 io Q)
using <obs = L;n, M2 (tsN U ¢N)»
<obsq = (|Ji0€Lin M2 (tsN U cN). {io} x B M2 io Q)
obs-calc
by blast

have obslq-calc : obslq U
(U 10€L;, M1
(append-set
(eN —
{zs" € ¢N.
= Lin M1 {:CS/} C Lin M2 {:ESI} \Y
(Vio€L;n M1 {xs'}.
IV"eN io M1 V.
351 vs zs.
io = vs @ zs A
mep (vs @ zs) V' vs A
S1 C nodes M2 A
(Vs1€S1.
Vs2€S51.
sl # s2 —
(Viol€eRP M2 sl vs zs V''.
Vi02€RP M2 s2vs zs V''. B M1 iol Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'")})
(inputs M2) —
(tsN U ¢cN)).
{io} x B M1 io Q) =
(U 10€L;n M1
(tsN U eN U
(append-set
(eN —
{zs" € ¢N.
= Lin M1 {zs/} C Lin M2 {J}S/} \Y
(Vio€L;n M1 {zs'}.
IV"eNio M1 V.
351 vs zs.
0 =vs Qzs A
mep (vs @ zs) V' vs A
S1 C nodes M2 N
(Vs1€S1.
Vs2e€S1.
sl # s2 —
(Viol€RP M2 sl vs zs V'
Vi02€RP M2 s2 vs zs V''. B M1 iol Q # B M1 i0o2 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'")})
(inputs M2) —
(tsN U ¢cN))).
{io} x B M1 io Q)
using <obsl = L;n M1 (¢tsN U ¢N)»
<obslq = (| Ji0€Lin M1 (tsN U cN). {io} x B M1 io Q)
obsl-calc
by blast
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have 0 < iter + 1
using <0 < itery by simp

have tsN U ¢cN = TS M2 M1 Q Vm (iter + 1 — 1)
using tsN-calc by simp

from 0 < iter + 1»
(tsN U ¢cN = TS M2 M1 Q V m (iter + 1 — 1)
c¢N-calc
rmN-calc’
obs-calc
obsl-calc
obsq-calc
obslq-cale
<OFSM M1»
<OFSM M2
<asc-fault-domain M2 M1 m»
<test-tools M2 M1 FAIL PM V
show 0 < iter + 1 A
tsN U cN = TS M2 M1 Q Vm (iter + 1 — 1) A
append-set
(eN —
{zs’ € ¢N.
= Lin M1 {2s"} C Lip M2 {zs'} V
(Vio€L;n M1 {xs'}.
IV"eNio M1 V.
3851 vs xs.
0 = vs @Q zs A
mep (vs @ xs) V' vs A
S1 C nodes M2 A
(Vs1€51.
Vs2e€S1.
sl # 82 —
(Viol€eRP M2 sl vszs V''.
Vio2€RP M2 s2 vs zs V''. B M1 iol Q # B M1 io2 Q)) A
m < LB M2 M1 vs s (tsN U V) S1 Q V'")})
(inputs M2) —
(tsN U ¢N) =
C M2 MIQVm(iter +1)A
{zs" € ¢N.
= Lin, M1 {2s'} C Lin M2 {zs’} V
(Vio€L;n M1 {zs'}.
IV"”eNio M1 V.
351 vs xs.
0 =vs Q@ zs A
mep (vs @ zs) V' vs A
S1 C nodes M2 N
(Vs1€S1.
Vs2eS51.
sl # s2 —
(Viol€RP M2 s1 vs zs V''. Vio2€RP M2 s2 vs xs V"
B M1 iol Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V')} =
RM M2 M1 Q Vm (iter + 1 — 1) A
obs U
Lin M2
(append-set
(eN —
{zs" € ¢N.
= Lin, M1 {xs'} C Lin M2 {zs'} V
(Vio€L;n M1 {zs'}.
IV"eNio M1 V.
351 vs zs.
0 = vs @Q zs A
mcep (vs @ xs) V' vs A
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S1 C nodes M2 N
(Vs1eS1.
Vs2€S1.
s1 # s2 —
(Viol€RP M2 sl vs zs V'
Vio2€RP M2 s2 vs zs V''. B M1 i0o1 Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N)) =
Lin M2
(tsN U ¢N U
(append-set
(eN —
{zs" € cN.
= Lin M1 {xs'} C Lip M2 {zs'} V
(Vio€L;n M1 {zs'}.
IV"eN io M1 V.
351 vs xs.
0 = vs @Q zs A
mep (vs @ xs) V' wvs A
S1 C nodes M2 N
(Vs1€S1.
Vs2€S51.
sl # s2 —
(Viol€RP M2 sl vs zs V.
Vi02€RP M2 s2 vs zs V'. B M1 iol Q # B M1 i02 Q)) A
m < LB M2 M1 vs xs (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N))) A
obsl U
Lin, M1
(append-set
(eN —
{zs" € ¢N.
= Lin M1 {zs/} C Lin M2 {J}S/} \Y
(Vio€L;n M1 {zs'}.
IV"eNio M1 V.
351 vs zs.
0 = vs Q zs A
mep (vs @ zs) V' vs A
S1 C nodes M2 N
(Vs1eS1.
Vs2€S1.
sl # s2 —
(Viol€RP M2 s1 vs zs V'
Vi02€RP M2 s2 vs zs V''. B M1 iol Q # B M1 i0o2 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'")})
(inputs M2) —
(tsN U ¢N)) =
Lin M1
(tsN U eN U
(append-set
(eN —
{zs" € ¢N.
= Lin M1 {xs'} C Lip M2 {zs'} V
(Vio€L;n M1 {zs’}.
AV"eNio M1 V.
351 vs zs.
i0 = vs @ s A
mep (vs @ xs) V' ws A
S1 C nodes M2 N
(Vs1€S1.
Vs2€S1.
sl # 82 —
(Viol€RP M2 sl vs zs V'
Vio2€RP M2 s2 vs s V''. B M1 io1 Q # B M1 i02 Q)) A
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m < LB M2 M1 vs zs (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N))) A
obsq U
(U 10€Li, M2
(append-set
(eN —
{zs" € cN.
= Lin, M1 {2s"} C Lin M2 {5’} V
(Vio€L;n M1 {zs'}.
IV"eNio M1 V.
351 vs zs.
0 = vs Q zs A
mep (vs @Q zs) V' ws A
S1 C nodes M2 N
(Vs1€81.
Vs2€S51.
sl # s2 —
(Viol€RP M2 sl vs zs V.
Vi02€RP M2 s2 vs xs V''. B M1 i01 Q # B M1 02 Q)) A
m < LB M2 M1 vs s (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N)).
{io} x B M2io Q) =
(U 10€L;yn M2
(tsN U e¢N U
(append-set
(eN —
{zs" € cN.
= Lin, M1 {2s'} C Lin M2 {zs’} V
(Vio€L;n M1 {zs'}.
IV"”eNio M1 V.
351 vs zs.
0 =vs Q zs A
mep (vs @ zs) V' vs A
S1 C nodes M2 N
(Vs1€S1.
Vs2€S1.
s1 # s2 —
(Viol€RP M2 sl vs zs V.
Vio2€RP M2 s2 vs zs V''. B M1 i01 Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N))).
{io} x B M2io0o Q) A
obslq U
(U io€Lin M1
(append-set
(eN —
{zs" € ¢N.
= Lin, M1 {2s"} C Lin M2 {zs’} V
(Vio€L;n M1 {zs'}.
IV"”"eNio M1 V.
351 vs zs.
i0 = vs Q s A
mep (vs @ xs) V' vs A
S1 C nodes M2 N
(Vs1€81.
Vs2€S51.
sl # s2 —
(Viol€RP M2 sl vs zs V.
Vio2€RP M2 s2 vs zs V''. B M1 i01 Q # B M1 02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'")})
(inputs M2) —
(tsN U ¢N)).
{io} x B M1io Q) =
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(U 10€L;n, M1
(tsN U e¢N U
(append-set
(eN —
{zs" € cN.
= Lin, M1 {28'} C Lin M2 {zs’} V
(Vio€L;n M1 {zs'}.
IV"eNio M1 V.
351 vs zs.
0 = vs Q zs A
mep (vs @ zs) V' vs A
S1 C nodes M2 N
(Vs1€S1.
Vs2e€S1.
sl # s2 —
(Viol€RP M2 si vs zs V.
Vi02€RP M2 s2 vs zs V''. B M1 i0o1 Q # B M1 i02 Q)) A
m < LB M2 M1 vs zs (tsN U V) S1 Q V'')})
(inputs M2) —
(tsN U ¢N))).
{io} x B M1 i0 Q) A
OFSM M1 N OFSM M2 A asc-fault-domain M2 M1 m A test-tools M2 M1 FAIL PM V
by linarith

next

fix tsN ¢cN rmN obs obsl obsq obslq iter isReduction
assume precond : (0 < iter A
tsN = TS M2 M1 Q Vm (iter — 1) A
cN = CM2M1 QVmiter A
rmN = RM M2 M1 Q V m (iter — 1) A
obs = Lin M2 (tsN U c¢N) A
obsI = Lin M1 (tsN U c¢N) A
obsq = (| Ji0€Lin M2 (tsN U cN). {io} x B M2 io Q) A
obslg = (|Ji0€Lin M1 (tsN U cN). {io} x B M1 o Q) A
OFSM M1 N OFSM M2 A asc-fault-domain M2 M1 m A test-tools M2 M1 FAIL PM V Q) A
= (cN # {} A obsI C obs A obsIq C obsq)
then have 0 < iter
OFSM M1
OFSM M2
asc-fault-domain M2 M1 m
test-tools M2 M1 FAIL PM V Q)
eN = {} V = obsI C obs V — obslq C obsq
tsN = TS M2 M1 Q V m (iter—1)
cN = C M2 M1 Q Vmiter
rmN = RM M2 M1 Q V m (iter—1)
obs = Lin M2 (tsN U cN)
obsI = L;n M1 (tsN U cN)
obsq = ([ Ji0€Lin M2 (tsN U cN). {io} x B M2 io Q)
obslq = (|Ji0€Lin M1 (¢sN U ¢N). {io} x B M1 io )
by linarith+

show (obsl C obs A obslq C obsq) = M1 < M2
proof (cases ¢cN = {})
case True
then have C M2 M1 Q V m iter = {}
using «¢cN = C M2 M1 Q V m itery by auto

have is-det-state-cover M2 V

using «<test-tools M2 M1 FAIL PM V ) by auto
then have [ € V

using det-state-cover-initial[of M2 V] by simp
then have V # {}

by blast
have Suc 0 < iter
proof (rule ccontr)
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assume - Suc 0 < iter

then have iter = Suc 0
using <0 < itery by auto

then have C M2 M1 Q V m (Suc 0) = {}
using «C M2 M1 Q V m iter = {}» by auto

moreover have C M2 M1 Q Vm (Suc 0) =V
by auto

ultimately show Fulse
using <V # {}» by blast

qed

obtain £ where iter = Suc k
using gr0-implies-Suc[OF <0 < iters] by blast
then have Suc 0 < Suc k
using «Suc 0 < iter> by auto
then have 0 < k
by simp
then obtain k' where k = Suc k’
using gr0-implies-Suc by blast
have iter = Suc (Suc k')
using <iter = Suc k> <k = Suc k'> by simp

have TS M2 M1 Q V m (Suc (Suc k')) = TS M2 M1 Q V m (Suc k') U C M2 M1 Q V m (Suc (Suc k"))
using TS.simps(3)[of M2 M1 Q V m k'] by blast
then have T'S M2 M1 Q V m iter = TS M2 M1 Q V m (Suc k')
using True <cN = C M2 M1 Q V m iter) <iter = Suc (Suc k')) by blast
moreover have Suc k' = iter — 1
using <iter = Suc (Suc k’)» by presburger
ultimately have T'S M2 M1 Q V m iter = TS M2 M1 Q V m (iter — 1)
by auto
then have tsN = TS M2 M1 Q V m iter
using «tsN = TS M2 M1 Q V m (iter—1)> by simp

then have TS M2 M1 Q V m iter = TS M2 M1 Q V m (iter — 1)
using «tsN = TS M2 M1 Q V m (iter — 1)) by auto

then have final-iteration M2 M1 Q V m (iter—1)
using <0 < iter> by auto

have M1 < M2 = atc-io-reduction-on-sets M1 tsN Q M2
using asc-main-theorem[OF <OFSM M1, <OFSM M2
<asc-fault-domain M2 M1 m»
<test-tools M2 M1 FAIL PM V
final-iteration M2 M1 Q V m (iter—1))]
using «tsN = TS M2 M1 Q V m (iter — 1)»
by blast
moreover have tsN U cN = tsN
using «¢N = {}» by blast
ultimately have M1 < M2 = atc-io-reduction-on-sets M1 (tsN U cN) Q M2
by presburger

have obsI C obs = L;n, M1 (¢tsN U ¢N) C Li, M2 (tsN U ¢N)
by (simp add: <obs = Lin, M2 (tsN U ¢N)» <obs] = Lin M1 (tsN U cN)»)

have obsIg C obsq = (| Ji0€Lin M1 (tsN U ¢N). {io} x B M1 io )
C (Jio€Lin M2 (tsN U cN). {io} x B M2 io Q)
by (simp add: <obsla = (|Ji0€Lin M1 (¢tsN U cN). {io} x B M1 i0 Q)
<obsq = (|Ji0€Lin M2 (tsN U ¢cN). {io} x B M2 io )»)

have (0bsI C obs A obslq C obsq) = alc-io-reduction-on-sets M1 (¢sN U c¢N) Q M2
proof
assume obsl C obs A obslq C obsq
show atc-io-reduction-on-sets M1 (tsN U c¢N) Q M2
using atc-io-reduction-on-sets-from-obs[of M1 tsN U ¢cN M2 Q]
using <obsI C obs N obslq C obsq) <obsl C obs = Lin, M1 (tsN U ¢N) C L;n M2 (tsN U c¢N)»
<obslq C obsq = (|Ji0€Lin M1 (tsN U cN). {io} x B M1 io Q)
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C (Jio€Lin M2 (tsN U ¢N). {io} x B M2 io Q)
by linarith
next
assume atc-io-reduction-on-sets M1 (tsN U ¢N) Q M2
show obsl C obs A obslqg C obsq
using atc-io-reduction-on-sets-to-obs[of M1 <tsN U c¢N> Q M2]
<atc-to-reduction-on-sets M1 (tsN U cN) Q M2
<obsI C obs = L;jn M1 (tsN U ¢N) C L;n M2 (tsN U ¢N)»
<obslq C obsq = (| Ji0€Lin M1 (tsN U cN). {io} x B M1 io Q)
C (Jio€Lin M2 (tsN U ¢N). {io} x B M2 io Q)
by blast
qed
then show ?thesis
using <M1 < M2 = atc-io-reduction-on-sets M1 (tsN U ¢N) Q M2» by linarith
next
case Fualse

then have — 0bs] C o0bs V = obslq C obsq
using <¢cN = {} V = 0bsI C obs V = obslq C obsq> by auto

have — atc-io-reduction-on-sets M1 (tsN U c¢N) Q M2
using atc-io-reduction-on-sets-to-obs[of M1 tsN U ¢cN Q M2]
<= 0bsl C obs V = obslq C obsqy precond
by fastforce

have = M1 < M2
proof
assume M1 <X M2
have atc-io-reduction-on-sets M1 (¢sN U c¢N) Q M2
using asc-soundness|OF <OFSM M1y <OFSM M2)] <M1 < M2) by blast
then show False
using «— atc-io-reduction-on-sets M1 (tsN U ¢N) Q M2» by blast
qed

then show ?thesis
using «— obsl C obs V = obslq C obsq> by blast

qed
qed

end

theory ASC-Ezample
imports ASC-Hoare

begin

8 Example product machines and properties

This section provides example FSMs and shows that the assumptions on the inputs of the adaptive state counting
algorithm are not vacuous.

8.1 Constructing FSMs from transition relations

This subsection provides a function to more easily create FSMs, only requiring a set of transition-tuples and an
initial state.

fun from-rel :: ('state x ("in X ‘out) x 'state) set = 'state = ("in, 'out, 'state) FSM where
from-rel rel q0 = (| succ = Xiop.{ q. (pyio,q) € rel },

inputs = image (fst o fst o snd) rel,

outputs = image (snd o fst o snd) rel,

initial = q0 |)

167



lemma nodes-from-rel : nodes (from-rel rel q0) C insert g0 (image (snd o snd) rel)
(is nodes ?M C insert q0 (image (snd o snd) rel))

proof —
have A qiop . q € succ ?M io p => q € image (snd o snd) rel
by force
have A ¢ . ¢ € nodes M = q = q0 V g € image (snd o snd) rel
proof —

fix ¢ assume ¢q € nodes ?M
then show ¢ = g0 V ¢ € image (snd o snd) rel
proof (cases rule: FSM.nodes.cases)
case initial
then show ?thesis by auto
next
case (ezecute p a)
then show ?thesis
using «/\ qiop . q € succ ?M io p => q € image (snd o snd) rel» by blast
qed
qed
then show nodes ?M C insert g0 (image (snd o snd) rel)
by blast
qed

fun well-formed-rel :: ('state x (“in x 'out) x 'state) set = bool where
well-formed-rel rel = (finite rel
ANV slzy. (z¢image (fst o fst o snd) rel
V y & image (snd o fst o snd) rel)
— (3 2. (s1,(z,y),s2) € rel))
A rel £ (1)

lemma well-formed-from-rel :
assumes well-formed-rel rel
shows well-formed (from-rel rel g0) (is well-formed ?M)
proof —
have nodes ?M C insert q0 (image (snd o snd) rel)
using nodes-from-rel[of rel q0] by auto
moreover have finite (insert g0 (image (snd o snd) rel))
using assms by auto
ultimately have finite (nodes ?M)
by (simp add: Finite-Set.finite-subset)
moreover have finite (inputs ?M) finite (outputs ?M)
using assms by auto
ultimately have finite-F'SM ?M
by auto

moreover have inputs ?M # {}
using assms by auto

moreover have outputs ?M # {}
using assms by auto

moreover have \ sl zy . (z ¢ inputs ?M V y ¢ outputs ?M) — succ ?M (z,y) s1 = {}
using assms by auto

ultimately show ?thesis
by auto
qed

fun completely-specified-rel-over :: ('state x ("in x 'out) x 'state) set = 'state set = bool
where
completely-specified-rel-over rel nods = (¥ s1 € nods .
V z € image (fst o fst o snd) rel .
3 y € image (snd o fst o snd) rel .
3 s2 . (s1,(z,y),s2) € rel)
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lemma completely-specified-from-rel :
assumes completely-specified-rel-over rel (nodes ((from-rel rel q0)))
shows completely-specified (from-rel rel q0) (is completely-specified ?M)
unfolding completely-specified.simps
proof
fix s1 assume s! € nodes (from-rel rel q0)
show Vazé&inputs ?M. Fycoutputs ?M. Fs2. s2 € succ ?M (z, y) sl
proof
fix = assume z € inputs (from-rel rel q0)
then have z € image (fst o fst o snd) rel
using assms by auto

obtain y s2 where y € image (snd o fst o snd) rel (s1,(z,y),s2) € rel
using assms <s1 € nodes (from-rel rel q0)y «x € image (fst o fst o snd) rels
by (meson completely-specified-rel-over.elims(2))

then have y € outputs (from-rel rel q0) s2 € succ (from-rel rel q0) (z, y) si
by auto

then show 3 ycoutputs (from-rel rel q0). Is2. s2 € succ (from-rel rel q0) (z, y) si
by blast
qged
qed

fun observable-rel :: ('state x ("in X ‘out) x 'state) set = bool where
observable-rel rel = (V io s1 . { s2 . (s1,i0,s2) € rel } = {}
VvV (3 s2.{s2". (s1,i0,82") € rel } = {52}))

lemma observable-from-rel :
assumes observable-rel rel
shows observable (from-rel rel q0) (is observable ?M)

proof —
have A\ io s1 . { s2 . (sl,i0,s2) € rel } = succ ?M io si
by auto
then show ?thesis using assms by auto
qed

abbreviation OFSM-rel rel q0 = well-formed-rel rel
A completely-specified-rel-over rel (nodes (from-rel rel q0))
N observable-rel rel

lemma OFMS-from-rel :
assumes OFSM-rel rel q0
shows OFSM (from-rel rel q0)
by (metis assms completely-specified-from-rel observable-from-rel well-formed-from-rel)

8.2 Example FSMs and properties
abbreviation Mg-rel :: (natx(natxnat)xnat) set = {(0,(0,0),1), (0,(0,1),1), (1,(0,2),1)}
abbreviation Mg :: (nat,nat,nat) FSM = from-rel M g-rel 0

abbreviation M;-rel :: (natx(natxnat)xnat) set = {(0,(0,0),1), (0,(0,1),1), (1,(0,2),0)}
abbreviation My :: (nat,nat,nat) FSM = from-rel M-rel 0

lemma example-nodes :

nodes Ms = {0,1} nodes M1 = {0,1}
proof —
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have 0 € nodes Ms by auto
have 1 € succ Ms (0,0) 0 by auto
have 1 € nodes Ms
by (meson <0 € nodes Mgs» <1 € succ Mg (0, 0) 0y succ-nodes)

have {0,1} C nodes Mg
using <0 € nodes Mg»> <1 € nodes Ms» by auto
moreover have nodes Ms C {0,1}
using nodes-from-rel[of M g-rel 0] by auto
ultimately show nodes Ms = {0,1}
by blast
next
have 0 € nodes M1 by auto
have 1 € succ M (0,0) 0 by auto
have 1 € nodes M
by (meson <0 € nodes Mp> <1 € succ M1 (0, 0) 0> succ-nodes)

have {0,1} C nodes M1
using <0 € nodes M1> <1 € nodes Mr1> by auto
moreover have nodes M; C {0,1}
using nodes-from-rel[of M-rel 0] by auto
ultimately show nodes M1 = {0,1}
by blast
qed

lemma example-OFSM :
OFSM Mg OFSM M
proof —
have well-formed-rel M s-rel
unfolding well-formed-rel.simps by auto

moreover have completely-specified-rel-over M s-rel (nodes (from-rel Ms-rel 0))
unfolding completely-specified-rel-over.simps
proof
fix s1 assume (s1::nat) € nodes (from-rel Mgs-rel 0)
then have s! € (insert 0 (image (snd o snd) Mg-rel))
using nodes-from-rel[of Ms-rel 0] by blast
moreover have completely-specified-rel-over Mgs-rel (insert 0 (image (snd o snd) Mg-rel))
unfolding completely-specified-rel-over.simps by auto
ultimately show Vze(fst o fst o snd) < Mg-rel.
Fye(snd o fst o snd) * Mg-rel. 3s2. (s1, (z, y), s2) € Mg-rel
by simp
qed

moreover have observable-rel M s-rel
by auto

ultimately have OFSM-rel Mg-rel 0
by auto

then show OFSM Mg
using OFMS-from-rel[of M s-rel 0] by linarith
next
have well-formed-rel M-rel
unfolding well-formed-rel.simps by auto

moreover have completely-specified-rel-over M-rel (nodes (from-rel M-rel 0))
unfolding completely-specified-rel-over.simps
proof
fix s1 assume (sI::nat) € nodes (from-rel My-rel 0)
then have sI € (insert 0 (image (snd o snd) Mj-rel))
using nodes-from-rel[of Mi-rel 0] by blast
have completely-specified-rel-over M-rel (insert 0 (image (snd o snd) M-rel))
unfolding completely-specified-rel-over.simps by auto
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show Vz&(fst o fst o snd) * My-rel.
Jye(snd o fst o snd)  My-rel. 3s2. (sl, (z, y), s2) € M;-rel
by (meson <completely-specified-rel-over Mr-rel (insert 0 ((snd o snd)  Mj-rel))»
«s1 € insert 0 ((snd o snd) ¢ My-rel)) completely-specified-rel-over.elims(2))
qged

moreover have observable-rel M -rel
by auto

ultimately have OFSM-rel M-rel 0
by auto

then show OFSM M
using OFMS-from-rellof M-rel 0] by linarith
qged

lemma ezample-fault-domain : asc-fault-domain Ms My 2
proof —
have inputs Ms = inputs My
by auto
moreover have card (nodes Mp) < 2
using ezample-nodes(2) by auto
ultimately show asc-fault-domain Ms My 2
by auto
qed

abbreviation FAIL; :: (natxnat) = (3,3)
abbreviation PM; :: (nat, nat, natxnat) FSM =
succ = (A a (p1,p2) . (if (p1 € nodes Ms A p2 € nodes M1 A (fst a € inputs Mg)
A (snd a € outputs Ms U outputs My))
then (if (succ Ms a pl = {} N succ M1 a p2 # {})
then {FAIL;}
else (succ Ms a pl x succ M1 a p2))
else {})),
inputs = inputs M s,
outputs = outputs Ms U outputs My,
initial = (initial M g, initial M)

)

lemma example-productF' : productF Ms M FAIL; PM
proof —
have inputs Ms = inputs M
by auto
moreover have fst FAIL; ¢ nodes Mg
using ezample-nodes(1) by auto
moreover have snd FAIL; ¢ nodes Mt
using ezample-nodes(2) by auto
ultimately show ?%thesis
unfolding productF.simps by blast
qed

abbreviation V; :: nat list set = {[],[0]}

lemma example-det-state-cover : is-det-state-cover Ms Vi
proof —
have d-reaches Mg (initial M) [| (initial Mgs)
by auto
then have initial Ms € d-reachable Mg (initial Mg)
unfolding d-reachable.simps by blast

have d-reached-by Mg (initial Ms) [0] 1 [1] [0]
proof

171



show length [0] = length [0] A
length [0] = length [1] A path Ms (([0] || [0]) || [1]) (initial Ms)
; A target (([0] [| [0]) [| [1]) (initial Ms) = 1
y auto

have Ays2 tr2.
length [0] = length ys2
A length [0] = length tr2
A path Ms (([0] || ys2) || tr2) (initial M)
— target (([0] || ys2) || tr2) (initial Ms) = 1
proof
fix ys2 tr2 assume length [0] = length ys2 A length [0] = length tr2
A path Ms (([0] || ys2) || tr2) (initial Ms)
then have length ys2 = 1 length tr2 = 1 path Mg (([0] || ys2) || tr2) (indtial Ms)
by auto
moreover obtain y2 where ys2 = [y2]
using <length ys2 = 1>
by (metis One-nat-def <length [0] = length ys2 A length [0] = length tr2
A path Ms (([0] || ys2) || tr2) (initial Ms)> append.simps(1) append-butlast-last-id
butlast-snoc length-butlast length-greater-0-conv list.size(3) nat.simps(3))
moreover obtain t2 where tr2 = [(2]
using «length tr2 = 1»
by (metis One-nat-def <length [0] = length ys2 A length [0] = length tr2
A path Ms (([0] || ys2) || tr2) (initial Ms)> append.simps(1) append-butlast-last-id
butlast-snoc length-butlast length-greater-0-conv list.size(3) nat.simps(3))
ultimately have path Ms [((0,y2),t2)] (initial Ms)
by auto
then have t2 € succ Ms (0,y2) (initial Ms)
by auto
moreover have /\ y . succ Mg (0,y) (initial Ms) C {1}
by auto
ultimately have t2 = 1
by blast

show target (([0] || ys2) || tr2) (initial Ms) = 1
using «ys2 = [y2]> «r2 = [t2] «t2 = 1> by auto
qed
then show V ys2 tr2.
length [0] = length ys2 A length [0] = length tr2
A path Ms (([0] || ys2) || tr2) (initial M)
— target (([0] || ys2) || tr2) (initial Ms) = 1
by auto
qed

then have d-reaches M5 (initial Ms) [0] 1
unfolding d-reaches.simps by blast

then have 1 € d-reachable Mg (initial M)
unfolding d-reachable.simps by blast

then have {0,1} C d-reachable Ms (initial Ms)
using <initial Mg € d-reachable M s (initial Ms)> by auto
moreover have d-reachable Mg (initial Ms) C nodes Mg
proof
fix s assume sed-reachable M s (initial Ms)
then have s € reachable Mg (initial Mg)
using d-reachable-reachable by auto
then show s € nodes Mg
by blast
qed
ultimately have d-reachable Ms (initial Ms) = {0,1}
using ezample-nodes(1) by blast

fix f' :: nat = nat list

let 2f = f'(0:=1], 1:=[0])
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have is-det-state-cover-ass Ms ?f
unfolding is-det-state-cover-ass.simps

proof
show ?f (initial Ms) = [] by auto
show V se€d-reachable M s (initial Ms). d-reaches Mg (initial Ms) (?fs) s
proof

fix s assume s€d-reachable Mg (initial Ms)
then have s € reachable Ms (initial M)
using d-reachable-reachable by auto
then have s € nodes Mg
by blast
then have s =0V s =1
using ezample-nodes(1) by blast
then show d-reaches Mg (initial Mg) (9f s) s
proof
assume s = (
then show d-reaches Mg (initial Mg) (9f s) s
using «d-reaches Mg (initial Ms) || (initial M s)> by auto
next
assume s = 1
then show d-reaches Mg (initial Mg) (9f s) s
using «d-reaches Mg (initial Ms) [0] 1> by auto
qged
qed
qged

moreover have Vi = image ?f (d-reachable M s (initial Ms))
using «d-reachable M s (initial Ms) = {0,1}» by auto

ultimately show ?thesis
unfolding is-det-state-cover.simps by blast
qed

abbreviation Q;::(nat,nat) ATC set = { Node 0 (A y . Leaf) }

lemma applicable-set Ms Q1
by auto

lemma example-test-tools : test-tools Ms My FAILy PM1 Vi Q1
using example-productF example-det-state-cover by auto

lemma OFSM-not-vacuous :
3 M :: (nat,nat,nat) FSM . OFSM M
using ezample-OFSM (1) by blast

lemma fault-domain-not-vacuous :
3 (M2::(nat,nat,nat) FSM) (M1::(nat,nat,nat) FSM) m . asc-fault-domain M2 M1 m
using example-fault-domain by blast

lemma test-tools-not-vacuous :
3 (M2::(nat,nat,nat) FSM)
(M1::(nat,nat,nat) FSM)
(FAIL::(natxnat))
(PM::(nat,nat,natxnat) FSM)
(V:i:(nat list set))
(Q::(nat,nat) ATC set) . test-tools M2 M1 FAIL PM V Q
proof (rule exl, rule exl)
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show 3 FAIL PM V Q. test-tools Ms M FAIL PM V Q
using example-test-tools by blast
qed

lemma precondition-not-vacuous :

shows 3 (M2::(nat,nat,nat) FSM)

(M1 ::(nat,nat,nat) FSM)
(FAIL:(natxnat))
(PM::(nat,nat,natxnat) FSM)
(V::(nat list set))
(Q::(nat,nat) ATC set)
(m :: nat) .
OFSM M1 N OFSM M2 A asc-fault-domain M2 M1 m A test-tools M2 M1 FAIL PM V Q

proof (intro exl)

show OFSM Mi AN OFSM Ms A asc-fault-domain Ms My 2 A test-tools Ms My FAIL; PM; Vi Q1

using example-OFSM(2,1) example-fault-domain example-test-tools by linarith

qed

end
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