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Abstract

We introduce a theory of infinite lists in HOL formalized as func-
tions over naturals (folder ListInf, theories ListInf and ListInf Prefix).
It also provides additional results for finite lists (theory ListInf/List2),
natural numbers (folder CommonArith, esp. division/modulo, natu-
rals with infinity), sets (folder CommonSet, esp. cutting/truncating
sets, traversing sets of naturals).
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1 Util-Set: Convenience results for set quantifiers

theory Util-Set
imports Fun Set
begin

1.1 Some auxiliary results for HOL rules
lemma conj-disj-absorb: (P A Q V Q) = Q by blast

lemma disj-eq-distribL: ((a V b) = (a V ¢)) = (a V (b = ¢)) by blast
lemma disj-eq-distribR: ((a V ¢) = (b V ¢)) = ((a = b) V ¢) by blast

1.1.1 Some auxiliary results for Let

lemma Let-swap: [ (let z=a in g x) = (let z=a in f (g z)) by simp

1.1.2 Some auxiliary if-rules

thm if-P

lemma if-P" | P; x = z | = (if P then z else y) = z by simp

thm if-not-P

lemma if-not-P" [ = P; y = z | = (if P then x else y) = z by simp

lemma if-P-both: [ Q z; Q y | = @ (if P then z else y) by simp
lemma if-P-both-in-set: [ z € s; y € s | = (if P then z else y) € s by simp

1.1.3 Some auxiliary rules for function composition

lemma comp2-conv: f1 o f2 = (Az. f1 (f2 z)) by (simp add: comp-def)
lemma comp3-conv: f1 o f2 o f3 = (Az. f1 (f2 (f3 z))) by (simp add: comp-def)

1.2 Some auxiliary lemmata for quantifiers
1.2.1 Auxiliary results for universal and existential quantifiers

lemma ball-cong2:

[IC A VeeA. fe=gz] = (Vz€l. P (fz)) = (Yz€l. P (g z)) by fastsimp
lemma bex-cong?2:

[ICAVeel. fr=gz] = (3z€l. P (fz)) = (3z€l. P (g z)) by simp
lemma ball-all-cong:

Ve. fo=gax = (Vaz€l. P (fz)) = (VYz€l. P (g z)) by simp
lemma bez-all-cong:

Ve. fz =gz = (Fz€l. P (fz)) = (Fz€l. P (g x)) by simp
lemma all-cong:

Ve.fo =92 = (Vz. P (fz)) = (V. P (g z)) by simp
lemma ex-cong:

Ve. foe =g = (3z. P (fz)) = (3z. P (g z)) by simp

lemmas all-eql = iff-alll
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lemmas ex-eql = iff-exl

lemma all-imp-eql:
[P=PiNe. Pz = Qz=Q z] =
Ve. Pz — Quz) = (Vz. PPz — Q' )

by blast

lemma ex-imp-eql:
[P=Pi;Ne. Pz —= Qz=Q z] =
(Fz. Pz ANQz)=(Fz. Pz A Q x)

by blast

1.2.2 Auxiliary results for empty sets

lemma empty-imp-not-in: © ¢ {} by blast

lemma ex-imp-not-empty: 3z. © € A = A # {} by blast
lemma in-imp-not-empty: © € A = A # {} by blast
lemma not-empty-imp-ex: A # {} = Jz. x € A by blast
lemma not-ez-in-conv: (= (Jz. z € A)) = (A = {}) by blast

1.2.3 Some auxiliary results for subset and membership relation

lemma bex-subset-imp-bex: | 3x€A. Px; A C B ]| = Jz€B. P x by blast
lemma bez-imp-ex: 3z€A. Pz = Jx. P x by blast
lemma ball-subset-imp-ball: [ Vz€B. Px; A C B]| = Vz€A. Pz by blast
thm

ball-subset-imp-ball

ball-subset-imp-ball[rule-format]
lemma all-imp-ball: Vz. Pz = VYx€A. P x by blast

thm mem-Collect-eq

lemma mem-Collect-eq-not: (a ¢ {z. P z}) = (= P a) by blast
lemma Collect-not-in-imp-not: a ¢ {z. P x} = = P a by blast
lemma Collect-not-imp-not-in: =~ P a = a ¢ {z. P z} by blast
lemma Collect-is-subset: {x € A. P z} C A by blast

end

2 Util-MinMax: Order and linear order: min and
max

theory Util-MinMaz

imports Lattices

begin

2.1 Additional lemmata about min and maz

thm min-less-iff-conj
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lemma min-less-imp-conj: (z::'a::linorder) < minzy = z < z A z < y by simp
lemma conj-less-imp-min: [ z < x; z < y | = (z::'a::linorder) < min z y by
stmp

lemmas min-le-iff-conj = min-mazx.le-inf-iff
lemma min-le-imp-conj: (z::'a::linorder) < minzy = z < z A z < y by simp

lemmas conj-le-imp-min = min-max.le-infl

thm min-maz.inf-absorb1

lemmas min-eqL = min-max.inf-absorbl

lemmas min-eqR = min-maz.inf-absorb2

lemmas min-eq = min-eqL min-eqR

thm min-eq

thm maz-less-iff-conj

lemma maz-less-imp-conj:maz ¢ y < b = z < (b::('a::linorder)) A y < b by
stmp

lemma cong-less-imp-max:[ © < (b::(‘a::linorder)); y < b ] = maz xz y < b by
s1mp

lemmas maz-le-iff-conj = min-mazx.le-sup-iff

lemma maz-le-imp-conj:mazx x y < b = = < (b::("a::linorder)) A y < b by simp
lemmas conj-le-imp-maxr = min-max.le-supl

thm min-maz.sup-absorbl

lemmas mazx-eqL = min-max.sup-absorbl

lemmas maz-eqR = min-max.sup-absorb2

lemmas maz-eq = maz-eqL max-eqR
thm maz-eq

thm
le-maxl1
le-mazxl2

lemmas le-minll = min-maz.inf-lel

lemmas le-minl2 = min-maz.inf-le2
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lemma
min-le-monoR: (a::'a::linorder) < b = min z a < min z b and
min-le-monoL: (a::'a::linorder) < b = min a x < min b x

by (fastsimp simp: min-mazx.inf-mono min-def )+

lemma
maz-le-monoR: (a::'a::linorder) < b = maz  a < maz z b and
maz-le-monoL: (a::’a::linorder) < b = mazx a x < maz b z

by (fastsimp simp: min-maz.sup-mono maz-def )+

end

3 Util-NatInf: Results for natural arithmetics with
infinity

theory Util-NatInf
imports $ISABELLE-HOME /src/ HOL/ Library / Nat-Infinity
begin

3.1 Arithmetic operations with inat

3.1.1 Additional definitions

thm one-inat-def
thm plus-inat-def
thm times-inat-def

instantiation inat :: {minus, Divides.div}
begin

definition
diff-inat-def [code del]:
a — b = (case a of
(Fin z) = (case b of (Finy) = Fin (z — y) | co = 0) |
00 = 00)

definition
div-inat-def [code del]:
a div b = (case a of
(Fin x) = (case b of (Finy) = Fin (z divy) | oo = 0) |
00 = (case b of (Finy) = ((case y of 0 = 0 | Sucn = 0)) | 0o = 0 ))
definition
mod-inat-def [code del]:
a mod b = (case a of
(Fin x) = (case b of (Fin y) = Fin (z mod y) | 0o = a) |
00 = 00)

instance ..
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end

lemmas inat-arith-defs =

zero-inat-def one-inat-def

plus-inat-def diff-inat-def times-inat-def div-inat-def mod-inat-def
declare zero-inat-def [simp]

primrec the-Fin :: inat = nat where
the-Fin (Fin n) = n

lemma Fin-the-Fin: n # oo = Fin (the-Fin n) = n by fastsimp

3.1.2 Results for comparison operators

lemma Fin-ile-mono: (Fin m < Finn) = (m < n) by simp
lemma Fin-iless-mono: (Fin m < Fin n) = (m < n) by simp
lemma Infty-ub: n < oo by simp

thm less-not-sym

lemma iless-not-sym: (z::inat) < y = = y < z by simp
thm less-not-refl

lemma iless-not-refl: = (n::inat) < n by simp

thm le-refl

lemma ile-refl: (n::inat) < n by simp

lemma eg-imp-ile: (m::inat) = n = m < n by simp

lemma not-Infty-iless: = oo < n by simp
lemma Fin-iless-Infty: Fin n < oo by simp

lemma not-Infty-ile-Fin: = co < Fin n by simp

lemmas Fin-ile-Infty = Infty-ub

lemmas neg-Infty-Fin-conv = not-Infty-eq
lemma Infty-le-eq: (co < n) = (n = o0) by simp

lemma ile-trans: [ (i:inat) < j; 5 < k] = i < k by simp

lemma ile-anti-sym: [ (m::inat) < n;n < m ] = m = n by simp
lemma iless-ile: ((m::inat) < n) = (m < n A m # n) by (safe, simp-all)
lemma ile-linear: (m::inat) < n V n < m by (safe, simp-all)
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thm neq0-conv

lemma ineq0-conv: (n # (0:inat)) = (0 < n)

by (case-tac n, simp-all)

lemmas ineq0-conv-Fin[simp] = ineq0-conv|unfolded zero-inat-def|

lemmas not-iless0 = not-ilessi0

lemma iless-iSuc0: (n < iSuc 0) = (n = 0)

by (case-tac n, simp-all)

lemmas iless-iSucO-Fin[simp] = iless-iSucO[unfolded zero-inat-def)

lemmas ile-0-eq = i0-neq

lemma neg-Infty-imp-ex-Fin: n # co = Jdnat. n = Fin nat
by (case-tac n, simp-all)

corollary less-Infty-imp-ex-Fin: n < co = Jnat. n = Fin nat
thm neg-Infty-imp-ez-Fin[OF less-imp-neq]

by (rule neg-Infty-imp-ex-Fin[OF less-imp-neq|)

3.1.3 Addition and difference

lemma iadd-Fin-Fin: Fin a + Fin b = Fin (a + b) by simp
lemma iadd-Infty: oo + n = oo by simp
lemma iadd-Infty-right: n + oo = oo by simp

lemma idiff-Fin-Fin[simp,code]: Fin a — Fin b = Fin (a — b)
unfolding diff-inat-def by simp

lemma idiff-Infty[simp,code]: co — n = oo

unfolding diff-inat-def by simp

lemma idiff-Infty-right[simp,code]: Fin a — oo = 0
unfolding diff-inat-def by simp

lemma idiff-0: (n::inat) — 0 = n

by (case-tac n, simp-all)

lemmas idiff-0-Fin[simp,code] = idiff-0[unfolded zero-inat-def]

lemma idiff-0-eq-0: (0::inat) — n = 0

by (case-tac n, simp-all)

lemmas idiff-0-eq-0-Fin[simp,code] = idiff-0-eq-0[unfolded zero-inat-def]

lemma diff-eq-conv-nat: (x — y = (z:nat)) = (if y < x thenz = y + z else z =
0)

by auto

lemma idiff-eq-conv:
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(z — y = (zinat)) =

(if y < zthenxz =y + zelse if x # oo then z = 0 else z = o)
by (case-tac x, case-tac y, case-tac z, auto, case-tac z, auto)
lemmas idiff-eq-conv-Fin = idiff-eq-conv]unfolded zero-inat-def)

lemma idiff-self-eq-0: n # co = (n::inat) — n = 0
by fastsimp
lemmas idiff-self-eq-0-Fin = idiff-self-eq-0[unfolded zero-inat-def]

lemma less-eq-idiff-eq-sum: y < (z:inat) = (z <z —y) = (2 + y < x)
by (case-tac x, case-tac y, case-tac z, fastsimp+)

lemma iSuc-pred: 0 < n => iSuc (n — iSuc 0) = n

apply (case-tac n)

apply (simp add: iSuc-Fin)+

done

lemmas iSuc-pred-Fin = iSuc-pred[unfolded zero-inat-def]
lemma iadd-0: (0::inat) + n = n

by (rule monoid-add-class.add-0-left)

lemmas iadd-0-Fin[simp, code] = iadd-0[unfolded zero-inat-def]
lemma iadd-0-right: n + (0::inat) = n

by (rule monoid-add-class.add-0-right)

lemmas iadd-0-right-Fin[simp, code] = iadd-0-right[unfolded zero-inat-def]

lemma iadd-commute: (a::inat) + b =b + a

by (rule ab-semigroup-add-class.add-commute)

thm add-assoc

lemma iadd-assoc: (a::inat) + b + ¢ =a + (b + ¢)
by (rule semigroup-add-class.add.assoc)

thm add-Suc

lemma iadd-Suc: iSuc m + n = iSuc (m + n)
apply (case-tac m, case-tac n)

apply (simp add: iSuc-Fin)+

done

thm add-Suc-right
lemma iadd-Suc-right: m + iSuc n = iSuc (m + n)
by (simp only: iadd-commute|of m] iadd-Suc)

lemma mono-iSuc: mono iSuc
unfolding mono-def by simp

thm add-is-0[no-vars]

lemma iadd-is-0: (m + n = (0::inat)) = (m =0 A n = 0)
by (case-tac m, case-tac n, simp-all)

lemmas iadd-is-0-Fin = iadd-is-0[unfolded zero-inat-def]
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lemma ile-addl: (n:inat) < n + m
by (case-tac m, case-tac n, simp-all)
lemma ile-add2: (n::inat) < m + n
by (simp only: iadd-commute|of m] ile-addl)

lemma iadd-ile-mono: [ (izinat) < j; k <l] =i+ k <j+1
by (rule add-mono)

lemma iadd-ile-monol: (izinat) <j = i+ k <j+k

by (rule add-right-mono)

lemma iadd-ile-mono2: (izinat) < j =k + i<k +j

by (rule add-left-mono)

lemma iadd-iless-mono: [ (izinat) < j; k<] =i+ k<j+1
by (case-tac i, case-tac k, case-tac j, case-tac l, simp-all)

lemma trans-ile-iadd1: i < (juinat) = i < j + m
by (rule order-trans[OF' - ile-add1])
lemma trans-ile-iadd2: i < (j:inal) = i < m + j
by (rule order-trans[OF - ile-add2])

lemma trans-iless-iadd1: i < (j:inat) = i < j + m
by (rule order-less-le-trans|OF - ile-add1])
lemma trans-iless-iadd2: i < (j:inat) = 1 < m + j
by (rule order-less-le-trans|OF - ile-add2))

thm add-leD1[no-vars]

lemma iadd-ileD1: m + k < (n:inat) = m < n
by (case-tac m, case-tac n, case-tac k, simp-all)
lemma iadd-ileD2: m + k < (n:inat) = k < n
by (rule iadd-ileD1, simp only: iadd-commute[of m])

thm diff-le-mono

lemma idiff-ile-mono: m < (n:inat) = m — 1 < n — I

by (case-tac m, case-tac n, case-tac l, simp-all)

thm diff-le-mono?2

lemma idiff-ile-mono2: m < (nzinat) =1 —n <1l —m

by (case-tac m, case-tac n, case-tac l, simp-all, case-tac 1, simp-all)

thm diff-less-mono

lemma idiff-iless-mono: [ m < (nuinat); I <m]=m —1l<n —1
by (case-tac m, case-tac n, case-tac 1, simp-all, case-tac 1, simp-all)
thm diff-less-mono?2

lemma idiff-iless-mono2: [ m < (n:inat); m <l =1—-n<1l—-m
by (case-tac m, case-tac n, case-tac l, simp-all, case-tac l, simp-all)

12
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3.1.4 Multiplication and division

lemma imult-Fin-Fin: Fin a * Fin b = Fin (a % b) by simp

lemma imult-Infty: (0::inat) < n = 00 * n = 00

by (case-tac n, simp-all)

lemmas imult-Infty-Fin[simp] = imult-Infty[unfolded zero-inat-def]

lemma imult-Infty-right: (0::inat) < n = n * 00 = 00O

by (case-tac n, simp-all)

lemmas imult-Infty-right-Fin[simp] = imult-Infty-right[unfolded zero-inat-def]

lemma idiv-Fin-Fin[simp, code]: Fin a div Fin b = Fin (a div b)
unfolding div-inat-def by simp

lemma idiv-Infty: 0 < n = oo div n = o0

unfolding div-inat-def

apply (case-tac n, simp-all)

apply (rename-tac nl, case-tac nl, simp-all)

done

lemmas idiv-Infty-Fin[simp] = idiv-Infty[unfolded zero-inat-def|

lemma idiv-Infty-right[simp]: n # co = n div co = 0
unfolding div-inat-def by (case-tac n, simp-all)

lemma idiv-Infty-if: n div oo = (if n = oo then oo else 0)
unfolding div-inat-def
by (case-tac n, simp-all)

lemmas idiv-Infty-if-Fin = idiv-Infty-if [unfolded zero-inat-def]

lemma imult-0: 0 * (m::inat) = 0

by (case-tac m, simp-all)

lemmas imult-0-Fin[simp, code] = imult-0[unfolded zero-inat-def]

lemma imult-0-right: (m::inat) * 0 = 0

by (case-tac m, simp-all)

lemmas imult-0-right-Fin[simp, code] = imult-0-right[unfolded zero-inat-def]

lemma imult-is-0: ((m:inat) x n = 0) = (m =0V n = 0)

apply (case-tac m, case-tac n, simp-all)

apply (case-tac n, simp-all)

done

lemma inat-0-less-mult-iff: (0 < (m:inat) * n) = (0 < m A 0 < n)

by (simp only: ineq0-conv[symmetric] imult-is-0, simp)

lemmas imult-is-0-Fin = imult-is-0[unfolded zero-inat-def]

lemmas inat-0-less-mult-iff-Fin = inat-0-less-mult-iff [unfolded zero-inat-def]

lemma imult-commute: (a::inat) * b = b * a

by (rule ab-semigroup-mult-class.mult-commute)

lemma imult-Infty-if: co * n = (if n = 0 then 0 else o0)
by (case-tac n, simp-all)
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lemma imult-Infty-right-if: n x oo = (if n = 0 then 0 else )

by (case-tac n, simp-all)

lemmas imult-Infty-if-Fin = imult-Infty-if [unfolded zero-inat-def]

lemmas imult-Infty-right-if-Fin = imult-Infty-right-if [unfolded zero-inat-def)

lemma imult-is-Infty: ((a:inat) x b =00) =(a =00 Ab A0V b=00Aa#0)
apply (case-tac a, case-tac b, simp-all)

apply (case-tac b, simp-all)

done

lemmas imult-is-Infty-Fin = imult-is-Infty[unfolded zero-inat-def]

lemma imult-assoc: (a::inat) * b x ¢ = a * (b * ¢)
by (rule semigroup-mult-class.mult.assoc)

lemma idiv-by-0: (a::inat) div 0 = 0
unfolding div-inat-def by (case-tac a, simp-all)
lemmas idiv-by-0-Fin[simp, code] = idiv-by-0[unfolded zero-inat-def]

lemma idiv-0: 0 div (a::inat) = 0
unfolding div-inat-def by (case-tac a, simp-all)
lemmas idiv-0-Fin[simp, code] = idiv-0[unfolded zero-inat-def]

thm mod-by-0

lemma imod-by-0: (a::inat) mod 0 = a

unfolding mod-inat-def by (case-tac a, simp-all)

lemmas imod-by-0-Fin[simp, code] = imod-by-0[unfolded zero-inat-def]

lemma imod-0: 0 mod (a::inat) = 0
unfolding mod-inat-def by (case-tac a, simp-all)
lemmas imod-0-Fin[simp, code] = imod-0[unfolded zero-inat-def]

lemma imod-Fin-Fin[simp, code]: Fin a mod Fin b = Fin (a mod b)
unfolding mod-inat-def by simp

lemma imod-Infty[simp, code]: 0o mod n = oo

unfolding mod-inat-def by simp

lemma imod-Infty-right[simp, code]: n mod co = n

unfolding mod-inat-def by (case-tac n) simp-all

lemma idiv-self: [ 0 < (n:inat); n # o0 ] = n divn = 1
by (case-tac n, simp-all add: one-inat-def)

lemma imod-self: n # oo = (n::inat) mod n = 0

by (case-tac n, simp-all)

lemma idiv-iless: m < (n:inat) = m divn = 0
by (case-tac m, simp-all) (case-tac n, simp-all)
lemma imod-iless: m < (n:inat) => m mod n = m
by (case-tac m, simp-all) (case-tac n, simp-all)

lemma imod-iless-divisor: [ 0 < (n::inat); m # oo ] = m mod n < n
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by (case-tac m, simp-all) (case-tac n, simp-all)
lemma imod-ile-dividend: (m::inat) mod n < m
by (case-tac m, simp-all) (case-tac n, simp-all)
lemma idiv-ile-dividend: (m::inat) divn < m

by (case-tac m, simp-all) (case-tac n, simp-all)

thm div-mult2-eq

lemma idiv-imult2-eq: (a::inat) div (b % ¢) = a div b div ¢
apply (case-tac a, case-tac b, case-tac ¢, simp add: div-mult2-eq)
apply (simp add: imult-Infty-right-if idiv-Infty-right)

apply (simp add: imult-Infty-if idiv-Infty-right idiv-0[unfolded zero-inat-def])
apply (case-tac b = 0, simp)

apply (case-tac ¢ = 0, simp)

thm idiv-Infty

thm idiv-Infty[|OF inat-0-less-mult-iff  THEN iffD2]]

apply (simp add: idiv-Infty[OF inat-0-less-mult-iff [ THEN iffD2]])
done

thm add-mult-distrib
lemma iadd-imult-distrib: ((m::inat) + n) x k =m x k + n x k
by (rule left-distrib)

thm add-mult-distrib2
lemma iadd-imult-distrib2: k x ((m:inat) + n) = kxm + k xn
by (simp only: imult-commute|of k] iadd-imult-distrib)

thm mult-le-mono

lemma imult-ile-mono: | (iinat) < j; k <1l] = ixk <j =«

apply (case-tac i, case-tac j, case-tac k, case-tac 1, simp-all add: mult-le-mono)
apply (case-tac k, case-tac l, simp-all)

apply (case-tac k, case-tac 1, simp-all)

done

lemma imult-ile-monol: (izinat) < j = i x k < j*x k
by (rule imult-ile-mono[OF - ile-refl])

thm mult-le-mono?2

lemma imult-ile-mono2: (izinat) <j =k x 1 <k xj
by (rule imult-ile-mono|OF ile-refl])

lemma imult-iless-monol: [ (izinat) < j; 0 < k; k£ oo ] = ixk <jxk
by (case-tac i, case-tac j, case-tac k, simp-all)

lemma imult-iless-mono2: [ (izinat) < j; 0 < k;k#oo] = k*xi <k =x*j
by (simp only: imult-commute|of k], rule imult-iless-monol)

lemma imod-1: (Fin m) mod iSuc 0 = 0
by (simp add: iSuc-Fin)
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lemmas imod-1-Fin[simp, code] = imod-1[unfolded zero-inat-def]

lemma imod-iadd-self2: (m + Fin n) mod (Fin n) = m mod (Fin n)
by (case-tac m, simp-all)

lemma imod-iadd-selfl: (Fin n + m) mod (Fin n) = m mod (Fin n)
by (simp only: iadd-commute[of - m| imod-iadd-self2)

lemma idiv-imod-equality: (m::inat) divn * n + m mod n + k = m + k
by (case-tac m, simp-all) (case-tac n, simp-all)

lemma imod-idiv-equality: (m::inat) divn * n + m mod n = m

by (insert idiv-imod-equality[of m n 0], simp)

lemma idiv-ile-mono: m < (n:inat) = m divk < n div k
apply (case-tac k = 0, simp)

apply (case-tac m, case-tac k, simp-all)

apply (case-tac n)

apply (simp add: div-le-mono)

apply (simp add: idiv-Infty)

apply (simp add: i0-1b[unfolded zero-inat-def])

done

lemma idiv-ile-mono2: [ 0 < m; m < (nuinat) | = k divn < k divm
apply (case-tac n = 0, simp)

apply (case-tac m, case-tac k, simp-all)

apply (case-tac n)

apply (simp add: div-le-mono2)

apply simp

done

end

4 Util-Nat: Results for natural arithmetics

theory Util-Nat
imports Nat
begin

4.1 Some convenience arithmetic lemmata

thm Nat.add-Suc-right

lemma add-1-Suc-conv: m + 1 = Suc m by simp

lemma sub-Suc0-sub-Suc-conv: b — a — Suc 0 = b — Suc a by simp
thm Nat.Suc-pred

lemma Suc-diff-Suc: m < n = Suc (n — Sucm) =n —m

apply (rule subst[OF sub-Suc0-sub-Suc-conv])

apply (rule Suc-pred)

apply (simp only: zero-less-diff)
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done

lemma nat-grSucO-conv: (Suc 0 < n) = (n # 0 A n # Suc 0)

by fastsimp

lemma nat-geSucSucO-conv: (Suc (Suc 0) < n) = (n # 0 A n # Suc 0)
by fastsimp

lemma nat-lessSucSucO-conv: (n < Suc (Suc 0)) = (n =0V n = Suc 0)
by fastsimp

lemma nat-leSucO-conv: (n < Suc 0) = (n = 0 V n = Suc 0)

by fastsimp

thm Nat.mult-Suc

lemma mult-pred: (m — Suc 0) x n =m*xn —n

by (simp add: diff-mult-distrib)

thm Nat.mult-Suc-right

lemma mult-pred-right: m * (n — Suc 0) = m xn — m
by (simp add: diff-mult-distrib2)

lemma gr-implies-gr0: m < (n:nat) = 0 < n by simp

thm

Nat.mult-cancell

Nat.mult-cancell
corollary mult-cancell-gro0:

(0:nat) <k = (k*m =k xn) = (m = n) by simp
corollary mult-cancel2-gr0:

(0:nat) < k = (mx k=n k) = (m = n) by simp

thm
Nat.mult-le-cancell
Nat.mult-le-cancel2
corollary mult-le-cancell-gr0:
(0:nat) < k = (kxm <k *n)=(m < n) by simp
corollary mult-le-cancel2-gr0:
(0:nat) <k = (mxk<nxk)=(m

IN

n) by simp

thm mult-le-mono
lemma gro-imp-self-le-multl: 0 < (k:nat) = m < m * k
by (drule Suc-lel, drule mult-le-mono[OF order-refl], simp)

lemma gro-imp-self-le-mult2: 0 < (k:nat) = m < k x m
by (subst mult-commute, rule gro-imp-self-le-mult1)
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lemma less-imp-Suc-mult-le: m < n = Suc m x k < n x k
by (rule mult-le-monol, simp)

lemma less-imp-Suc-mult-pred-less: [ m < n; 0 < k] = Sucm = k — Suc 0 <
n * k

apply (rule Suc-le-lessD)

apply (simp only: Suc-pred[OF nat-0-less-mult-iff THEN iffD2, OF conjI, OF
zero-less-Suc]])

apply (rule less-imp-Suc-mult-le, assumption)

done

thm Nat.zero-less-diff
lemma ord-zero-less-diff: (0 < (b::'a::ordered-ab-group-add) — a) = (a < b)
by (simp add: less-diff-eq)

lemma ord-zero-le-diff: (0 < (b::'a::ordered-ab-group-add) — a) = (a < b)
by (simp add: le-diff-eq)

diff-diff-right in rule format
lemmas diff-diff-right = Nat.diff-diff-right[rule-format]

thm Nat.le-add! Nat.le-add?2
lemma less-add1: (0:nat) < j = i < i + j by simp
lemma less-add?2: (0:nat) < j = i < j + i by simp

thm Nat.add-leD1 Nat.add-leD2
thm Nat.add-lessD1
lemma add-lessD2: i + j < (kunat) = j < k by simp

thm Nat.add-le-monol

lemma add-le-mono2: i < (junat) = k + i < k + j by simp
thm Nat.add-less-monol

lemma add-less-mono2: i < (jinat) = k + i < k + j by simp

thm Nat.diff-le-self
lemma diff-less-self: [ (0:nat) < i; 0 <j] =i —j < i by simp

lemma
ge-less-neg-conv: ((a::'az:linorder) < n) = (Vz. 2 < a — n # z) and
le-greater-neg-conv: (n < (a::’'a:linorder)) = Vx. a <z — n # x)

by (subst linorder-not-less[symmetric|, blast)+

lemma
greater-le-neg-conv: ((a::'az:linorder) < n) = Vz. 2 < a — n # z) and
less-ge-neg-conv: (n < (a:’azlinorder)) = Vz. a <z — n # )

by (subst linorder-not-le[symmetric], blast)+

Lemmas for Qtermabs function
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lemma leg-pos-imp-abs-leq: [ 0 < (a::’'a::ordered-ab-group-add-abs); a < b | =
lal < |b]

by simp

lemma leg-neg-imp-abs-geq: [ (a::'a::ordered-ab-group-add-abs) < 0; b <
la| < [b]

by simp

lemma abs-range: [ 0 < (a::'a::{ordered-ab-group-add-abs,abs-if }); —a < x; ¢ <
o] = |z| <a

apply (clarsimp simp: abs-if )

thm neg-le-iff-le] THEN iffD1]

apply (rule neg-le-iff-le[ THEN iffD1], simp)

done

N
e
I

Lemmas for @termsgn function

lemma sgn-abs:(x::'a:linordered-idom) # 0 = |sgn x| = 1

by (case-tac z < 0, simp+)

lemma sgn-mult-abs:|z| * |sgn (a::’a::linordered-idom)| = |z * sgn a|

by (fastsimp simp add: sgn-if abs-if)

lemma abs-imp-sgn-abs: |a| = |b|] = |sgn (a::’a:linordered-idom)| = |sgn b|

by (fastsimp simp add: abs-if)

lemma sgn-mono: a < b = sgn (a::'a::{linordered-idom,linordered-semidom})
< sgn b

by (simp add: sgn-if, safe, simp-all)

4.2 Additional facts about inequalities

thm Nat.le-add-diff
lemma add-diff-le: k < n = m + k — n < (m:nat)
by (case-tac m + k < n, simp-all)
thm
Nat.le-add-diff
add-diff-le

lemma less-add-diff: k < (n:nat) = m <n +m — k
thm add-less-imp-less-right[of - k]
by (rule add-less-imp-less-right|of - k], simp)
thm add-diff-le
lemma add-diff-less: [k <n; 0 <m] = m+ k — n < (m:nat)
by (case-tac m + k < n, simp-all)
thm
Nat.le-add-diff
add-diff-le
less-add-diff
add-diff-less

thm Nat.less-diff-conv
lemma add-le-imp-le-diff1: i + k < j = i < j — (k:nat)
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by (case-tac k < j, simp-all)
lemma add-le-imp-le-diff2: k + i < j = i < j — (k:nat) by simp
thm

Nat.less-diff-conv][symmetric]

Nat.le-diff-conv2[symmetric]

add-le-imp-le-diff1

add-le-imp-le-diff2

thm
Nat.le-diff-conv Nat.le-diff-conv2
Nat.less-diff-conv
lemma diff-less-imp-less-add: j — (k:nat) < i = j < i + k by simp
thm Nat.le-diff-conv
lemma diff-less-conv: 0 < i = (j — (kunat) < i) = < i+ k)
by (safe, simp-all)

lemma le-diff-swap: [ i < (kunat); j < k] = (k—j <i)=(k—1i<y)
by (safe, simp-all)

lemma diff-less-imp-swap: [ 0 < (iznat); k — i < j] = (k — j < i) by simp
lemma diff-less-swap: [ 0 < (iznat); 0 <j]| = (k —j<i)=(k—1i<}j)
by (blast intro: diff-less-imp-swap)

lemma less-diff-imp-less: (iz:nat) < j — m = i < j by simp
lemma le-diff-imp-le: (i:nat) < j — m = i < j by simp

lemma less-diff-le-imp-less: [ (iz:nat) <j — m;n <m] = i <j — n by simp
lemma le-diff-le-imp-le: | (iz:nat) < j — m;n<m] =i <j— n by simp

thm Nat.less-imp-diff-less
lemma le-imp-diff-le: (j:nat) < k = j — n < k by simp

4.3 Inequalities for Suc and pred

thm Nat.less-Suc-eq-le

corollary less-eg-le-pred: 0 < (n:nat) = (m < n) = (m < n — Suc 0)
by (safe, simp-all)

corollary less-imp-le-pred: m < n = m < n — Suc 0 by simp

corollary le-pred-imp-less: [ 0 < n; m < n — Suc 0 ] = m < n by simp

thm Nat.Suc-le-eq

corollary pred-less-eq-le: 0 < m = (m — Suc 0 < n) = (m < n)

by (safe, simp-all)

corollary pred-less-imp-le: m — Suc 0 < n = m < n by simp

corollary le-imp-pred-less: [ 0 < m; m < n] = m — Suc 0 < n by simp
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thm Nat.diff-add-inverse
lemma diff-add-inverse-Suc: n < m = n + (m — Suc n) = m — Suc 0 by simp

thm Nat.Suc-mono
lemma pred-mono: [ m < n; 0 < m] = m — Suc 0 < n — Suc 0 by simp
corollary pred-Suc-mono: [ m < Sucn; 0 < m ] = m — Suc 0 < n by simp

lemma Suc-less-pred-conv: (Suc m < n) = (m < n — Suc 0) by (safe, simp-all)
lemma Suc-le-pred-conv: 0 < n = (Suc m < n) = (m < n — Suc 0) by (safe,
simp-all)

lemma Suc-le-imp-le-pred: Suc m < n = m < n — Suc 0 by simp

4.4 Additional facts about cancellation in (in-)equalities

lemma diff-cancel-imp-eq: [ 0 < (n:nat); n+ i —j=n] = i =j by simp

thm

Nat.nat-add-left-cancel-less

Nat.nat-add-left-cancel-le

Nat.nat-add-right-cancel

Nat.nat-add-left-cancel

Nat.diff-diff-eq

Nat.eq-diff-iff

Nat.less-diff-iff

Nat.le-diff-iff
lemma nat-diff-left-cancel-less: k — m < k — (n:nat) = n < m by simp
lemma nat-diff-right-cancel-less: n — k < (m:nat) — k = n < m by simp

lemma nat-diff-left-cancel-lel: [k — m < k — (n:nat); m < k] = n < m by
s1mp
lemma nat-diff-left-cancel-le2: [ k — m < k — (nunat); n < k] = n < m by
stmp

lemma nat-diff-right-cancel-lel: [ m — k < n — (k:nat); k < m] = m < n by
s1mp
lemma nat-diff-right-cancel-le2: [ m — k < n — (kznat); k <n] = m < n by
stmp

lemma nat-diff-left-cancel-eql: [ k — m = k — (nunat); m < k] = m = n by
simp
lemma nat-diff-left-cancel-eq2: [ k — m = k — (nunat); n < k] = m = n by
s1mp

lemma nat-diff-right-cancel-eq1: [ m — k = n — (kinat); k < m] = m =n
by simp

lemma nat-diff-right-cancel-eq2: [ m — k = n — (kunat); k <n] = m = n by
s1mp
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thm eq-diff-iff
lemma eq-diff-left-iff : [ (m:nat) < k;n <k] = (k—m=4%k —n) = (m = n)
by (safe, simp-all)

thm Nat.nat-add-right-cancel Nat.nat-add-left-cancel
thm Nat.diff-le-mono
lemma eg-imp-diff-eq: m = (n::nat) = m — k = n — k by simp

List of definitions and lemmas

thm
Nat.add-Suc-right
add-1-Suc-conv
sub-SucO-sub-Suc-conv

thm
Nat.mult-cancell
Nat.mult-cancel2
mult-cancell-gr0
mult-cancel2-gr0

thm
Nat.add-lessD1
add-lessD2

thm
Nat.zero-less-diff
ord-zero-less-diff
ord-zero-le-diff

thm
Nat.le-add-diff
add-diff-le
less-add-diff
add-diff-less

thm
Nat.le-diff-conv Nat.le-diff-conv2
Nat.less-diff-conv
diff-less-imp-less-add
diff-less-conv

thm
le-diff-swap
diff-less-imp-swap
diff-less-swap

thm
less-diff-imp-less
le-diff-imp-le
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thm
less-diff-le-imp-less
le-diff-le-imp-le

thm
Nat.less-imp-diff-less
le-imp-diff-le

thm
Nat.less-Suc-eq-le
less-eq-le-pred
less-imp-le-pred
le-pred-imp-less

thm
Nat.Suc-le-eq
pred-less-eq-le
pred-less-imp-le
le-itmp-pred-less

thm
diff-cancel-imp-eq
thm
diff-add-inverse-Suc
thm

Nat.nat-add-left-cancel-less
Nat.nat-add-left-cancel-le
Nat.nat-add-right-cancel

Nat.nat-add-left-cancel
Nat.eq-diff-iff
Nat.less-diff-iff
Nat.le-diff-iff

thm
nat-diff-left-cancel-less

nat-diff-right-cancel-less

thm
nat-diff-left-cancel-le1
nat-diff-left-cancel-le2
nat-diff-right-cancel-lel
nat-diff-right-cancel-le2

thm
nat-diff-left-cancel-eq1
nat-diff-left-cancel-eq2
nat-diff-right-cancel-eql
nat-diff-right-cancel-eq2

thm
Nat.eq-diff-iff

23
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eq-diff-left-iff

thm
Nat.nat-add-right-cancel Nat.nat-add-left-cancel
Nat.diff-le-mono
eq-imp-diff-eq

end

5 Util-Div: Results for division and modulo oper-
ators on integers

theory Util-Div
imports Util-Nat Presburger Sledgehammer
begin

5.1 Additional (in-)equalities with div and mod

thm Divides.mod-less-divisor
corollary Suc-mod-le-divisor: 0 < m = Suc (n mod m) < m
by (rule Suc-lel, rule mod-less-divisor)

thm Divides.mod-less

thm Divides.mod-less-divisor

lemma mod-less-dividend: [ 0 < m; m < n ]| = n mod m < (n:nat)
thm mod-less-divisor|of m n]

thm less-le-trans| OF mod-less-divisor[of m n]]

by (rule less-le-trans| OF mod-less-divisor])

thm Divides.mod-le-divisor

lemmas mod-le-dividend = mod-less-eq-dividend

lemma diff-mod-le: (t — r) mod m < (t::nat)
thm le-trans|OF mod-le-dividend, OF diff-le-self]
by (rule le-trans|OF mod-le-dividend, OF diff-le-self])

thm Divides.mult-div-cancel

lemmas div-mult-cancel = div-mod-equality’

lemma mod-0-div-mult-cancel: (n mod (m::nat) = 0) = (n div m * m = n)
apply (insert eg-diff-left-iff [OF mod-le-dividend le0, of n m])

apply (simp add: mult-commute mult-div-cancel)
done
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thm Divides.mult-div-cancel

lemma div-mult-le: (n::nat) divm = m < n

by (simp add: mult-commute mult-div-cancel)

lemma less-div-Suc-mult: 0 < (m:nat) = n < Suc (n div m) * m
apply (simp add: mult-commute mult-div-cancel)

apply (rule less-add-diff)

by (rule mod-less-divisor)

lemma nat-ge2-conv: ((2:nat) < n)=(n#0An#1)
by fastsimp

lemma Suc0-mod: m # Suc 0 => Suc 0 mod m = Suc 0
by (case-tac m, simp-all)
corollary Suc0-mod-subst:
[ m # Suc 0; P (Suc 0) ] = P (Suc 0 mod m)
thm subst|OF Suc0-mod[symmetric]]
by (blast intro: subst[OF SucO-mod[symmetric]])
corollary SucO-mod-cong:
m # Suc 0 = f (Suc 0 mod m) = f (Suc 0)
thm arg-cong|OF Suc0-mod)]
by (blast intro: arg-cong|OF Suc0O-mod))

5.2 Additional results for addition and subtraction with mod

thm Divides.mod-Suc
lemma mod-Suc-conv:
((Suc a) mod m = (Suc b) mod m) = (a mod m = b mod m)
by (simp add: mod-Suc)
thm mod-Suc-conv

thm mod-Suc
lemma mod-Suc’:
0 < n = Sucmmodn = (if m mod n < n — Suc 0 then Suc (m mod n) else
0)
apply (simp add: mod-Suc)
apply (intro congl impI)
apply simp
apply (insert le-neg-trans[OF mod-less-divisor[ THEN Suc-lel, of n m]], simp)
done

lemma mod-add:
((a + k) mod m = (b + k) mod m) =
((a::nat) mod m = b mod m)

by (induct k, simp-all add: mod-Suc-conv)

corollary mod-sub-add:
k < (a:nat) =
((a — k) mod m = b mod m) = (a mod m = (b + k) mod m)
thm mod-add[where m=m and a=a—k and b=b and k=£k, symmetric]
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by (simp add: mod-add[where m=m and a=a—k and b=b and k=k, symmet-
ric))

thm
mod-Suc-conv
mod-add
mod-sub-add

lemma mod-sub-eq-mod-0-conv:

a+ b < (n:nat) =

((n — a) mod m = b mod m) = ((n — (a + b)) mod m = 0)
thm mod-add[of n—(a+b) b m 0]
by (insert mod-add[of n—(a+b) b m 0], simp)
lemma mod-sub-eq-mod-swap:

[a< (n:nat);b<n]=

((n — a) mod m = b mod m) = ((n — b) mod m = a mod m)
thm mod-sub-add
by (simp add: mod-sub-add add-commute)

lemma le-mod-greater-imp-div-less:
[ a < (b:nat); amod m >bmodm] = adivm <bdivm
apply (rule ccontr, simp add: linorder-not-less)
thm mult-le-monol[of b div m a div m m)
apply (drule mult-le-monol[of b div m - m))
thm add-less-le-mono[of b mod m a mod m b div m * m a div m * m]
apply (drule add-less-le-monolof b mod m a mod m b div m x m a div m * m])
apply simp-all
done

lemma less-mod-ge-imp-div-less: [ a < (b:nat); a mod m > b mod m | = a div
m < b divm

apply (case-tac m = 0, simp)

thm mult-less-cancel2[ THEN iffD1, THEN conjunct2]

apply (rule mult-less-cancell [of m, THEN iffD1, THEN conjunct2])

apply (simp add: mult-div-cancel)

apply (rule order-less-le-trans[of - b — a mod m))

apply (rule diff-less-mono)

apply simp+

done

corollary less-mod-0-imp-div-less: [ a < (b::nat); b modm = 0] = a divm <
b div m

by (simp add: less-mod-ge-imp-div-less)

lemma mod-diff-right-eq:

(aznat) < b = (b — a) mod m = (b — a mod m) mod m
proof —

assume a-as:a < b

have (b — a) mod m = (b — a + a div m * m) mod m by simp
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also have ... = (b + a div m x m — a) mod m using a-as by simp
also have ... = (b + a divm * m — (a divm * m + a mod m)) mod m by simp
also have ... = (b + a div m x m — a div m x m — a mod m) mod m

thm diff-diff-left[symmetric]
by (simp only: diff-diff-left[symmetric])

also have ... = (b — a mod m) mod m by simp
finally show ?thesis .
qed

corollary mod-eq-imp-diff-mod-eq:
[ £ mod m =y mod m; x < (tunat); y <t ] =
(t — x) mod m = (t — y) mod m
thm mod-diff-right-eq
by (simp only: mod-diff-right-eq)
lemma mod-eg-imp-diff-mod-eq2:
[ £ mod m = y mod m; (t:nat) < z;t <y =
(x — t) mod m = (y — t) mod m
apply (case-tac m = 0, simp+)
thm mod-mult-self2[of © — t m t]
apply (subst mod-mult-self2[of = — t m t, symmetric])
apply (subst mod-mult-self2[of y — t m t, symmetric])
apply (simp only: add-diff-assoc2 diff-add-assoc grO-imp-self-le-mult2)
apply (simp only: mod-add)
done
thm
mod-diff-right-eq
mod-eq-imp-diff-mod-eq
mod-eq-imp-diff-mod-eq2

lemma divisor-add-diff-mod-if:
(m + b mod m — a mod m) mod (m::nat)= (
if a mod m < b mod m
then (b mod m — a mod m)
else (m + b mod m — a mod m))
apply (case-tac m = 0, simp)
apply clarsimp
apply (subst diff-add-assoc, assumption)
apply (simp only: mod-add-self1)
apply (rule mod-less)
thm less-imp-diff-less
apply (simp add: less-imp-diff-less)
done
corollary divisor-add-diff-mod-eq1 :
a mod m < b mod m —
(m + b mod m — a mod m) mod (m::nat) = b mod m — a mod m
by (simp add: divisor-add-diff-mod-if)
corollary divisor-add-diff-mod-eq2:
b mod m < a mod m =
(m + b mod m — a mod m) mod (m:nat) = m + b mod m — a mod m
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by (simp add: divisor-add-diff-mod-if)

lemma mod-add-mod-if :

(a mod m + b mod m) mod (m::nat)= (

if a mod m + b mod m < m

then a mod m + b mod m

else a mod m + b mod m — m)
apply (case-tac m = 0, simp-all)
apply (clarsimp simp: linorder-not-less)
apply (simp add: mod-if [of a mod m + b mod m])
apply (rule mod-less)
thm diff-less-conv[ THEN iffD2]
apply (rule diff-less-conv[THEN iffD2], assumption)
apply (simp add: add-less-mono)
done
corollary mod-add-mod-eq1:

a mod m + b mod m < m =

(@ mod m + b mod m) mod (m::nat) = a mod m + b mod m
by (simp add: mod-add-mod-if)
corollary mod-add-mod-eq2:

m < a mod m + b mod m—>

(a mod m + b mod m) mod (m::nat) = a mod m + b mod m — m
by (simp add: mod-add-mod-if)

thm Divides.mod-add-eq
lemma mod-addI-eqg-if:
(a + b) mod (m::nat) = (
if (a mod m + b mod m < m) then a mod m + b mod m

else a mod m + b mod m — m)
by (simp add: mod-add-eq[of a b] mod-add-mod-if)

lemma mod-add-eg-mod-conv: 0 < (m:nat) =
((x + a) mod m = b mod m ) =
(z mod m = (m + b mod m — a mod m) mod m)
apply (simp only: mod-add-eq|of x a])
apply (rule iffT)
apply (drule sym)
thm mod-add-mod-if[of  m a]
apply (simp add: mod-add-mod-if)
thm mod-add-left-eq|symmetric)
thm le-add-diff-inverse2|OF trans-le-add1[OF mod-le-divisor], of m)|
apply (simp add: mod-add-left-eq[symmetric] le-add-diff-inverse2| OF trans-le-add1[OF
mod-le-divisor]])
done

lemma mod-diff1-eq:
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(aznat) < b = (b — a) mod m = (m + b mod m — a mod m) mod m
apply (case-tac m = 0, simp)
apply simp
proof —
assume a-as:a < b
and m-as: 0 < m
have a-mod-le-b-s: a mod m < b
by (rule le-trans[of - a], simp only: mod-le-dividend, simp only: a-as)
have (b — a) mod m = (b — a mod m) mod m
using a-as by (simp only: mod-diff-right-eq)

also have ... = (b — a mod m + m) mod m

by simp
thm diff-add-assoc2[of a mod m b m, symmetric ]
also have ... = (b + m — a mod m) mod m

using a-mod-le-b-s by simp
thm mod-div-equality

also have ... = (b div m « m + b mod m + m — a mod m) mod m
by simp

thm diff-add-assoc[of a mod m b mod m + m)|

also have ... = (b divm x m + (b mod m + m — a mod m)) mod m

thm diff-add-assoc[OF mod-le-divisor, OF m-as]
by (simp add: diff-add-assoc|OF mod-le-divisor, OF m-as])

also have ... = ((b mod m + m — a mod m) + b div m x m) mod m
by simp

also have ... = (b mod m + m — a mod m) mod m
by simp

also have ... = (m + b mod m — a mod m) mod m

by (simp only: add-commute)
finally show ?thesis .
qed
thm divisor-add-diff-mod-if
corollary mod-diff1-eq-if :
(atnat) < b = (b — a) mod m = (
if a mod m < b mod m then b mod m — a mod m
else m + b mod m — a mod m)
by (simp only: mod-diff1-eq divisor-add-diff-mod-if)
corollary mod-diff1-eq1:
[ (a:nat) < b; a mod m < b mod m |
= (b — a) mod m = b mod m — a mod m
by (simp add: mod-diff1-eq-if )
corollary mod-diff1-eq2:
[ (a:nat) < b; b mod m < a mod m]
= (b — a) mod m = m + b mod m — a mod m
by (simp add: mod-diff1-eq-if )

5.2.1 Divisor subtraction with diw and mod

thm
Divides.mod-add-self1
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Divides.mod-add-self2
Divides.mod-mult-self1
Divides.mod-mult-self2
thm mod-diff1-eq2
lemma mod-diff-self1 :
0 < (n:nat) = (m — n) modm =m — n
by (case-tac m = 0, simp-all)
lemma mod-diff-self2:
m < (n:nat) = (n — m) mod m = n mod m
thm mod-diff-right-eq[of m n m]
by (simp add: mod-diff-right-eq)
lemma mod-diff-mult-self1
kExm < (n:nat) = (n — k x m) mod m = n mod m
thm mod-diff-right-eq[of m n m]
by (simp add: mod-diff-right-eq)
lemma mod-diff-mult-self2:
m * k < (n:nat) = (n — m * k) mod m = n mod m
by (simp only: mult-commute[of m k] mod-diff-mult-self1)

thm
Divides. div-add-self1
Divides. div-add-self2
Divides. div-mult-self1
Divides. div-mult-self2
thm div-0
lemma div-diff-selfl: 0 < (n:nat) = (m — n) divm = 0
by (case-tac m = 0, simp-all)
lemma div-diff-self2: (n — m) div m = n div m — Suc 0
apply (case-tac m = 0, simp)
apply (case-tac n < m, simp)
apply (case-tac n = m, simp)
thm div-if
apply (simp add: div-if)
done

lemma div-diff-mult-self1:
(n —k +m) divm = n divm — (k:nat)
apply (case-tac m = 0, simp)
apply (case-tac n < k * m)
apply simp
thm div-le-mono[OF less-imp-le]
apply (drule div-le-mono[OF less-imp-le, of n - m])
apply simp
apply (simp add: linorder-not-less)
thm iffD1[OF mult-cancell-gr0[where k=m]]
apply (rule iffD1[OF mult-cancell-gr0[where k=m]]|, assumption)
thm diff-mult-distrib2
apply (subst diff-mult-distrib2)
thm mult-div-cancel[of m n — k % m]
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apply (simp only: mult-div-cancel)
apply (simp only: diff-commute[of - kxm])
apply (simp only: mult-commute[of m])
thm mod-diff-mult-self1
apply (simp only: mod-diff-mult-self1)
done
lemma div-diff-mult-self2:
(n — mx k) divm = n divm — (k:nat)
by (simp only: mult-commute div-diff-mult-self1)

5.2.2 Modulo equality and modulo of difference

lemma mod-eq-imp-diff-mod-0:
(a::nat) mod m = b mod m = (b — a) mod m = 0
(is 2P = ?Q))
proof —
assume asl: 7P
thm mod-div-equality
have b — a = b divm x m + b mod m — (a div m x m + a mod m)
by simp

also have ... = b div m * m + b mod m — (a mod m + a div m x m)
by simp

also have ... =bdivm x m + b mod m — a modm — a divm x m
by simp

also have ... =bdivm *xm + b mod m — b mod m — a divm xm
using asl by simp

also have ... =bdivm xm — a divm x m
by (simp only: diff-add-inverse2)

also have ... = (b divm — a divm) * m

by (simp only: diff-mult-distrib)
finally have b — a = (b divm — a divm) x m .
hence (b — a) mod m = (b div m — a div m) * m mod m
by (rule arg-cong)
thus %thesis by (simp only: mod-mult-self2-is-0)
qed
corollary mod-eq-imp-diff-dvd:
(a::nat) mod m = b mod m = m dvd b — a
by (rule dvd-eq-mod-eq-0[ THEN iffD2, OF mod-eg-imp-diff-mod-0])

thm mod-diff1-eq
lemma mod-neg-imp-diff-mod-neq0:
[ (a::nat) mod m # b mod m; a <b] = 0 < (b — a) modm
apply (case-tac m = 0, simp)
apply (drule le-imp-less-or-eq, erule disjE)
prefer 2
apply simp
apply (drule neg-iff[THEN iffD1], erule disjE)
thm mod-diff1-eql
apply (simp add: mod-diff1-eql)
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thm mod-diff1-eq2[OF less-imp-le]
thm trans-less-add1[OF mod-less-divisor]
apply (simp add: mod-diff1-eq2|OF less-imp-le| trans-less-add1|OF mod-less-divisor])
done
corollary mod-neg-imp-diff-not-dvd:
[ (a::nat) mod m # b modm; a <b] = - mdvdb — a
thm dvd-eq-mod-eq-0
by (simp add: dvd-eg-mod-eq-0 mod-neg-imp-diff-mod-neq0)

lemma diff-mod-0-imp-mod-eq:
[ (6 —a) modm = 0;a<b]= (a:nat) mod m = b mod m
apply (rule ccontr)
thm mod-neq-imp-diff-mod-neq0
apply (drule mod-neg-imp-diff-mod-neq0)
apply simp-all
done
corollary diff-dvd-imp-mod-eq:
[mdvdbd— a;a<b] = (a:nat) mod m = b mod m
thm dvd-eq-mod-eq-O[THEN iffD1, THEN diff-mod-0-imp-mod-eq|
by (rule dvd-eq-mod-eq-O[THEN iffD1, THEN diff-mod-0-imp-mod-eq])

thm
mod-eq-imp-diff-mod-0
diff-mod-0-imp-mod-eq
lemma mod-eq-diff-mod-0-conv:
a < (binat) = (a mod m = b mod m) = ((b — a) mod m = 0)
apply (rule iffI)
apply (rule mod-eg-imp-diff-mod-0, assumption)
apply (rule diff-mod-0-imp-mod-eq, assumption+)
done
corollary mod-eq-diff-dvd-conv:
a < (binat) = (a mod m = b mod m) = (m dvd b — a)
thm dvd-eq-mod-eq-0[symmetric, THEN subst]
by (rule dvd-eq-mod-eq-0[symmetric, THEN subst], rule mod-eq-diff-mod-0-conv)

5.3 Some additional lemmata about integer div and mod

lemma zmod-eq-imp-diff-mod-0:
(a::int) mod m = b mod m = (b — a) mod m = 0
apply (simp only: diff-minus)
thm mod-add-eq[of b —a m]
apply (simp only: mod-add-eq[of b —a m])
thm zmod-zminus1-eq-if
apply (simp add: zmod-zminus1-eq-if)
done

thm
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zmod-eq-imp-diff-mod-0[of a::int m b]
mod-eq-imp-diff-mod-0[of a::nat m b

thm Divides.nat-mod-distrib
lemma [ 0 < (n:int); 0 < m | = nat (n mod m) = nat n mod nat m
by (blast intro: nat-mod-distrib)

lemmas int-mod-distrib = zmod-int

lemma zdiff-mod-0-imp-mod-eg--pos:
[ (b —a) modm=0;0 < (m:int) ] = a mod m = b mod m
(is [ 2P; 2Pm | = ?Q)
proof —
assume asl: ?P
and as2: 0 < m

obtain r1 where a-r1:r1 = a mod m by blast
obtain r2 where b-r2:72 = b mod m by blast

obtain ¢! where a-q1: q/ = a div m by blast
obtain ¢2 where 0-¢2: ¢2 = b div m by blast

have a-r1-q1: a = m x q1 + rl
using a-r1 a-ql by simp

have b-72-q2: b = m * ¢2 + r2
using b-72 b-q2 by simp

thm divmod-int-rel-div-mod[of m a]
thm Divides.divmod-int-rel-def

have b —a=mx*x q2 + r2 — (m % ql + rl)
using a-r1-ql b-r2-q2 by simp

alsohave ...=m *x ¢2 + 12 — m % q1 — rl
by simp
alsohave ... = m x g2 — m x ql + r2 — rl
by simp

finally have b — a = m x (¢2 — q1) + (r2 — r1)
by (simp add: zdiff-zmult-distrib2)

hence (b — a) mod m = (r2 — r1) mod m
by (simp add: mod-add-eq)

hence r2-ri-mod-m-0:(r2 — r1) mod m = 0 (is ?R1)
by (simp only: asl)

have r1 = r2
thm notl[of r1 # r2, simplified]
proof (rule notlof r1 # r2, simplified])
assume asl’: vl # r2
have diff-le-s: Aa b (mzint). [0 < a;b<m]=b—a<m
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by simp
have s-r1:0 < r1 ANrl < m and s-r2:0 < r2 AN r2 < m
thm pos-mod-conj
by (simp add: as2 a-r1 b-r2 pos-mod-congj)+
have mr2ri:—m < r2 — r1 and r2rim:r2 — rl < m
thm minus-less-iff [of m]
thm diff-le-s
by (simp add: minus-less-iff [of m] s-r1 s-r2 diff-le-s)+
have 0 <12 —rl = (r2 — r1) mod m = (r2 — rl)
thm mod-pos-pos-trivial[of r2—r1 m]
using r2rim by (blast intro: mod-pos-pos-trivial)
hence si-pos: 0 < r2 — 11 = r2 —rl =0
using r2-r1-mod-m-0 by simp

have (r2—r1) mod —m = 0
thm zmod-zminus2-eq-if [of T2—r1 m, simplified]
by (simp add: zmod-zminus2-eq-if [of r2—r1 m, simplified] r2-r1-mod-m-0)
moreover
have 2 — r1 < 0 = (2 — r1) mod —m = 12 — rl
using mr2ri
thm mod-neg-neg-trivial[of r2—r1 —m]
by (simp add: mod-neg-neg-trivial)
ultimately have sl-neg:r2 — r1 < 0 =12 —rl =0
by simp

have r2 — r1 = 0
using sl-pos s1-neg zle-linear by blast
hence r1 = r2 by simp
thus Fulse
using as!’ by blast
qed
thus ?thesis
using a-r1 b-r2 by blast
qed

lemma zmod-zminus-eq-conv-pos:
0 < (m:int) = (a mod — m = b mod — m) = (a mod m = b mod m)
apply (simp only: zmod-zminus2 neg-equal-iff-equal)
thm zmod-zminus1-eq-if [of - m)|
apply (simp only: zmod-zminusI-eq-if )
apply (split split-if )+
apply (safe, simp-all)
thm pos-mod-bound|of m]
apply (insert pos-mod-bound[of m a] pos-mod-bound[of m b], simp-all)
done
lemma zmod-zminus-eq-conv:
((a::int) mod — m = b mod — m) = (a mod m = b mod m)
apply (insert zless-linear[of 0 m], elim disjE)
apply (blast dest: zmod-zminus-eq-conv-pos)
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apply simp

thm zmod-zminus-eq-conv-pos[of —m, symmetric]

apply (simp add: zmod-zminus-eq-conv-pos|of —m, symmetric|)
done

lemma zdiff-mod-0-imp-mod-eq:

(b — a) mod m = 0 = (az:int) mod m = b mod m
by (metis dvd-eq-mod-eg-0 zmod-eq-dvd-iff )
thm zdiff-mod-0-imp-mod-eq

thm

zmod-eq-imp-diff-mod-0

zdiff-mod-0-imp-mod-eq
lemma zmod-eq-diff-mod-0-conv:

((a::int) mod m = b mod m) = ((b — a) mod m = 0)
apply (rule iffI)
apply (rule zmod-eg-imp-diff-mod-0, assumption)
apply (rule zdiff-mod-0-imp-mod-eq, assumption)
done

lemma —(3 (a::int) b m. (b — a) mod m = 0 A a mod m # b mod m)
by (simp add: zmod-eq-diff-mod-0-conv)

lemma 3 (a::nat) b m. (b — a) mod m = 0 A a mod m # b mod m
apply (rule-tac z=1 in exl)

apply (rule-tac x=0 in exl)

apply (rule-tac x=2 in exl)

apply simp

done

thm
zdiff-mod-0-imp-mod-eq[of b::int a m]
diff-mod-0-imp-mod-eq[of b::nat a m]

lemma zmult-div-leg-mono:
[(0uint) <z;a<bj0<d]=zxadivd <zxbdvd
by (metis mult-right-mono zdiv-monol zmult-commute)

lemma zmult-div-leg-mono-neg:
[z < (0zint);a <b;0<d]=zxbdivd <zx*xadvd
by (metis mult-left-mono-neg zdiv-monol)

lemma zmult-div-pos-le:
[ (0zint) <a; 0 <b;b<c]=axbdivc<a
apply (case-tac b = 0, simp)
apply (subgoal-tac b * a < ¢ * a)
prefer 2
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apply (simp only: mult-right-mono)

apply (simp only: zmult-commute)

apply (subgoal-tac a x b div ¢ < a * ¢ diwv c)
prefer 2

thm zdiv-monol

apply (simp only: zdiv-monol)

apply simp

done

lemma zmult-div-neg-le:
[a<(0zint); 0 <c;e<b]=axbdivc<a

apply (subgoal-tac b *x a < ¢ * a)

prefer 2

apply (simp only: mult-right-mono-neg)

apply (simp only:zmult-commute)

apply (subgoal-tac a x b div c < a * ¢ div c)
prefer 2

thm zdiv-monol

apply (simp only: zdiv-monol)

apply simp

done

lemma zmult-div-ge-0:[ (0::int) < z; 0 < a; 0 < c] = 0 < ax*xz divc
by (metis pos-imp-zdiv-nonneg-iff split-mult-pos-le)

corollary zmult-div-plus-ge-0:
[(0zint) <z;0<a;0<b;0<c]=0<axzdivec+bd
by (insert zmult-div-ge-0[of = a c|, simp)

lemma zmult-div-abs-ge:
[ (0:zint) <b;b<b;0<a;0<c]=
la * b div el < |ax* b divc|
thm zmult-div-ge-0[of b a (]
apply (insert zmult-div-ge-0[of b a c] zmult-div-ge-0[of b’ a c|, simp)
by (metis zmult-div-leg-mono)

lemma zmult-div-plus-abs-ge:
[(0zint) <b;0<b;0<a;0<c]=
la % b dive+ al <l|axb dive+ af
thm zmult-div-plus-ge-0

36

apply (insert zmult-div-plus-ge-0[of b a a c| zmult-div-plus-ge-0[of b’ a a c], simp)

by (metis zmult-div-leg-mono)
thm zmult-div-plus-abs-ge
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5.4 Some further (in-)equality results for div and mod

lemma less-mod-eq-imp-add-divisor-le:
[ (zznat) < y;zmodm=ymodm] = z+m<y
apply (case-tac m = 0)
apply simp
thm contrapos-pplof x mod m = y mod m)|
apply (rule contrapos-pplof x mod m = y mod m])
apply blast
apply (rule ccontr, simp only: not-not, clarify)
proof —
assume m-greater-0: 0 < m
assume z-less-y:x < y
hence y-z-greater-0:0 < y — x
by simp
assume z mod m = y mod m
hence y-z-mod-m: (y — x) mod m = 0
thm mod-eq-imp-diff-mod-0
by (simp only: mod-eq-imp-diff-mod-0)
assume -z + m < y
hence y < z + m by simp
hencey —z <z +m — z
by (simp add: diff-add-inverse diff-less-conv m-greater-0)
hence y-z-less-m: y — z < m
by simp
thm y-z-greater-0 y-z-less-m
thm mod-less[of y — x m]
have (y — z) mod m =y — ¢
using y-z-less-m by simp
hence y — 2z =0
using y-z-mod-m by simp
thus Fulse
using y-z-greater-0 by simp
qed

lemma less-div-imp-mult-add-divisor-le:
(zunat) < ndivm = z+m+ m<n

apply (case-tac m = 0, simp)

apply (case-tac n < m, simp)

apply (simp add: linorder-not-less)

apply (subgoal-tac m < n — n mod m)

prefer 2

apply (drule div-le-mono[of m - m])

apply (simp only: div-self)

apply (drule mult-le-mono2[of 1 - m])

apply (simp only: mult-1-right mult-div-cancel)

apply (drule less-imp-le-pred|of x])

apply (drule mult-le-mono2[of x - m])

apply (simp add: diff-mult-distrib2 mult-div-cancel del: diff-diff-left)

37
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thm le-diff-conv2]of m]

apply (simp only: le-diff-conv2[of m])
thm le-diff-imp-le[of m * x + m]

apply (drule le-diff-imp-le[of m *  + m])
apply (simp only: mult-commute[of - m])
done

lemma mod-add-eq-imp-mod-0:
((n + k) mod (m::nat) = n mod m) = (k mod m = 0)
by (metis add-eq-if mod-add mod-add-selfl mod-self nat-add-commute)

lemma between-imp-mod-between:
[b< (munat)ymxk+a<nn<mxk+b]=
a < nmodmANAnmodm < b

apply (case-tac m = 0, simp-all)

apply (frule gr-implies-gr0)

apply (subgoal-tac k = n div m)

prefer 2

apply (rule split-div-lemma|THEN iffD1], assumption)
apply simp

apply clarify

apply (rule congl)

apply (rule add-le-imp-le-left[where c=m * (n div m)], simp)+

done

corollary between-imp-mod-le:

[b< (munat)ymxk<nn<mx*xk+db]=nmodm<Db
by (insert between-imp-mod-between[of b m k 0 n], simp)
corollary between-imp-mod-gro0:

[ (m:nat) *x k <n;n<mxxk+m]= 0<nmodm
apply (case-tac m = 0, simp-all)
apply (rule Suc-le-lessD)
apply (rule between-imp-mod-between| THEN conjunctl, of m — Suc 0 m k Suc 0
)
apply simp-all
done

Some variations of split-div-lemma

corollary le-less-div-conv:
0<m= (kxm<nAn<Suckxm)=(ndivm=k)
by (metis div-mult-le nat-mult-commute split-div-lemma)
lemma le-less-imp-div:
[kxm<nn<Sucksxm]= ndivm==%k
by (metis gr-implies-not0 mult-eq-if nat-mult-commute neq0-conv split-div-lemma)
lemma div-imp-le-less:
[ndivm=Fk 0<m]=ksm<nAn<Sucks*m
thm le-less-div-conv| THEN iffD2]
by (rule le-less-div-conv| THEN iffD2])
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lemma div-le-mod-le-imp-le:
[ (a:nat) divm < b divm; a modm <bmodm] = a<b
apply (rule subst|OF mod-div-equality2[of m al])
apply (rule subst[OF mod-div-equality2[of m b]])
apply (rule add-le-mono)
apply (rule mult-le-mono2)
apply assumption+
done

lemma le-mod-add-eq-imp-add-mod-le:

[a<b;(a+ k) modm= (b:nat) mod m] = a + kmodm <b
by (metis add-le-mono2 diff-add-inverse le-addl le-add-diff-inverse mod-diff1-eq
mod-less-eq-dividend)

corollary mult-divisor-le-mod-ge-imp-ge:
[ (minat) * k<n;r<nmodm]= mxk+r<n
apply (insert le-mod-add-eq-imp-add-mod-le[of m * k n n mod m m])
apply (simp add: add-commute[of m x k])
done

5.5 Additional multiplication results for mod and div

lemma mod-0-imp-mod-mult-right-0:

n mod m = (0:nat) = n x k mod m = 0
by fastsimp
lemma mod-0-imp-mod-mult-left-0:

n mod m = (0:nat) = k * n mod m = 0
by fastsimp

lemma mod-0-imp-div-mult-left-eq:
nmod m = (0:nat) = k x n divm =k x (n div m)
by fastsimp
lemma mod-0-imp-div-mult-right-eq:
n mod m = (0:nat) = n * k div m =k * (n divm)
by fastsimp

thm Rings.dvd-mult-left
lemma mod-0-imp-mod-factor-0-left:

n mod (m x m’) = (0:nat) = n mod m = 0
by fastsimp
lemma mod-0-imp-mod-factor-0-right:

n mod (m *x m') = (0:nat) = n mod m’ = 0
by fastsimp
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5.6 Some factor distribution facts for mod

lemma mod-eq-mult-distrib:

(a::nat) mod m = b mod m =

ax kmod (mxk)=>bxkmod (mx k)
by simp

lemma mod-mult-eq-imp-mod-eq:
(a::nat) mod (m x k) = b mod (m * k) = a mod m = b mod m
thm mod-mult2-eq[of a m k]
apply (simp only: mod-mult2-eq)
thm arg-conglwhere f=Az. x mod m)|
apply (drule-tac arg-cong[where f=Az.  mod m))
apply (simp add: add-commute)

done
corollary mod-eq-mod-0-imp-mod-eq:
[ (a::nat) mod m’ = b mod m’; m’ mod m = 0 ]

= a mod m = b mod m
by (clarify, drule mod-mult-eg-imp-mod-eq)

lemma mod-factor-imp-mod-0:
[(z::nat) mod (m x k) = y x k mod (m * k)] = zmod k = 0
(is| ?P1 | = ?Q)
proof —
assume asl: ?P1
thm mod-mult-distribjwhere m=y and n=m and k=k]
have y * k mod (m x k) = y mod m * k
by simp
hence = mod (m x k) = y mod m * k
using as! by simp
hence y mod m * k = k * (x div k mod m) + x mod k (is ?l1 = ?rl)
by (simp only: mult-ac mod-mult2-eq)
hence (y mod m x k) mod k = 9r1 mod k
by simp
hence 0 = ?r1 mod k
by simp
thus x mod k = 0
thm mod-add-eq
by (simp add: mod-add-eq)
qed
corollary mod-factor-div:
[(z::nat) mod (m x k) =y« kmod (m *x k)] = zdivk*k =z
thm mod-factor-imp-mod-0[THEN mod-0-div-mult-cancel[ THEN iff D1]]
by (blast intro: mod-factor-imp-mod-0[ THEN mod-0-div-mult-cancel[ THEN iffD1]])

lemma mod-factor-div-mod:
[ (z::nat) mod (m * k) =y x kmod (m * k); 0 < k|
= z div k mod m = y mod m
(is [ ?P1; ?P2 ]| = ?L = %R)

proof —
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assume asl: ?P1
assume as2: ?P2
have z-mod-k-0: x mod k = 0
using as! by (blast intro: mod-factor-imp-mod-0)
thm mod-mult2-eq[where a=z and b=k and c=m]
have ?L x k + z mod k = z mod (k * m)
by (simp only: mod-mult2-eq mult-commute[of - k])
hence ?L x k = z mod (k * m)
using z-mod-k-0 by simp
hence ?L x k = y * k mod (m x k)
using as! by (simp only: mult-ac)
hence 7L x* k = y mod m * k
thm mod-mult-distrib
by (simp only: mod-mult-distrib)
thus ?thesis
using as2 by simp
qed

thm
Divides.mod-mult-distrib
Divides.mod-mult-distrib2

thm
mod-eq-mult-distrib

thm
mod-factor-imp-mod-0
mod-factor-div
mod-factor-div-mod
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5.7 More results about quotient div with addition and sub-

traction

thm Divides.div-add1-eq
thm mod-addi-eq-if
lemma div-addi-eq-if: 0 < m =

(a + b) div (m:nat) = a divm + b divm + (

if a mod m + b mod m < m then 0 else Suc 0)

apply (simp only: div-addI-eq[of a b])
thm arg-conglof (a mod m + b mod m) div m]
apply (rule arg-conglof (a mod m + b mod m) div m])
apply (clarsimp simp: linorder-not-less)
thm le-less-imp-div[of Suc 0 m a mod m + b mod m]
apply (rule le-less-imp-div[of Suc 0 m a mod m + b mod m], simp)
apply simp
apply (simp only: add-less-mono[OF mod-less-divisor mod-less-divisor])
done
corollary div-addi-eql:

a mod m + b mod m < (m:nat) =

(a + b) div (m:nat) = a divm + b div m
apply (case-tac m = 0, simp)
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apply (simp add: div-addl1-eq-if)
done
corollary div-add1-eql-mod-0-left:
amodm =0 = (a + b) div (m:nat) = a divm + b divm
apply (case-tac m = 0, simp)
apply (simp add: div-add1-eql)
done
corollary div-addi-eql-mod-0-right:
bmodm = 0= (a + b) div (m:nat) = a divm + b divm
by (fastsimp simp: div-add1-eq1-mod-0-left)
corollary div-add1-eq2:
[ 0 < m; (m:nat) < amodm + bmodm | =
(a + b) div (m:nat) = Suc (a div m + b div m)
by (simp add: div-add1-eg-if)

lemma div-Suc:
0 < n = Sucm divn = (if Suc (m mod n) = n then Suc (m div n) else m div
")
apply (drule Suc-lel, drule le-imp-less-or-eq)
apply (case-tac n = Suc 0, simp)
apply (split split-if , intro conjl impI)
apply (rule-tac t=Suc m and s=m + 1 in subst, simp)
apply (subst div-add1-eq2, simp+)
thm le-neg-trans|OF mod-less-divisor[ THEN Suc-lel]]
apply (insert le-neg-trans[OF mod-less-divisor[ THEN Suc-lel, of n m]], simp)
apply (rule-tac t=Suc m and s=m + 1 in subst, simp)
apply (subst div-addl-eql, simp+)
done
lemma div-Suc'”:
0 < n = Sucmdivn = (if m mod n < n — Suc 0 then m div n else Suc (m
div n))
apply (simp add: div-Suc)
apply (intro congl impI)
apply simp
apply (insert le-neg-trans[OF mod-less-divisor[ THEN Suc-lel, of n m]], simp)
done

lemma div-diff1-eq-if :

(b — a) div (m:nat) =

bdivm — a divm — (if a mod m < b mod m then 0 else Suc 0)
apply (case-tac m = 0, simp)
apply (case-tac b < a)

apply (frule less-imp-le[of b])

apply (frule div-le-mono|of - - m])

apply simp
apply (simp only: linorder-not-less neq0-conv)
proof —

assume le-as: a < b

and m-as: 0 < m
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have div-le:a div m < b div m
using le-as by (simp only: div-le-mono)
thm mod-div-equality[of b m)|
have b — a = b divm x m + b mod m — (a div m x m + a mod m)

by simp
also have ... = bdivm x m + b mod m — a div m x m — a mod m
by simp
also have =bdivms+m — adivm* m + b mod m — a mod m

thm mult-le-monol [OF div-le]
thm diff-add-assoc2[OF mult-le-monol [OF div-le]]
by (simp only: diff-add-assoc2|OF mult-le-monol[OF div-le]])
finally have b-a-s1: b — a = (b divm — a div m) * m + b mod m — a mod m
(is ?b-a = %b-al)
by (simp only: diff-mult-distrib)
thm b-a-s1
hence b-a-div-s: (b — a) div m =
((b divm — a divm) x m + b mod m — a mod m) divm
by (rule arg-cong)

show ?thesis

proof (cases a mod m < b mod m)
case True
hence as’: a mod m < b mod m .

have (b — a) div m = ?b-al div m
using b-a-div-s .
also have ... = ((b div m — a divm) * m + (b mod m — a mod m)) divm
using as’ by simp
thm div-addi-eq
also have ... = b div m — a divm + (b mod m — a mod m) div m
thm div-mult-self1
apply (simp only: add-commute)
thm less-imp-neq[OF m-as, THEN not-sym)|
thm div-mult-self1 [OF less-imp-neq|OF m-as, THEN not-sym|]
by (simp only: div-mult-self1[OF less-imp-neq[OF m-as, THEN not-sym]])
finally have b-a-div-s: (b — a) divm = ....
have (b mod m — a mod m) div m = 0
by (rule div-less, rule less-imp-diff-less,
rule mod-less-divisor, rule m-as)
thus ?thesis
using b-a-div-s’ as’
by simp
next
case Fulse
hence as!” = a mod m < b mod m .
hence as”: b mod m < a mod m by simp

have a-div-less: a divm < b div m
using le-as as’
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thm le-mod-greater-imp-div-less
by (blast intro: le-mod-greater-imp-div-less)

have b divm — a divm

by simp

also have ...

by simp

also have ...

thm a-div-less
thm a-div-less| THEN zero-less-diff [ THEN iffD2]]
thm a-div-less|[ THEN zero-less-diff [THEN 4ffD2],
THEN Suc-le-eq[ THEN iffD2]]
thm diff-add-assoc2
by (simp only: diff-add-assoc2
a-div-less| THEN zero-less-diff[THEN iffD2], THEN Suc-le-eq| THEN 4ffD2]])
finally have b-a-div-s” b divm — a divm = ....

b div m

b divm

b divm — a divm — (Suc 0 — Suc 0)
a divm + Suc 0 — Suc 0

a divm — Suc 0 + Suc 0

have (b — a) div m = %b-al div m
using b-a-div-s .
= ((b divm — a divm — Suc 0 + Suc 0) * m
+ b mod m — a mod m ) divm
using b-a-div-s’ by (rule arg-cong)
= ((bdivm — a divm — Suc 0) x m
+ Suc 0 * m + b mod m — a mod m ) divm
by (simp only: add-mult-distrib)
also have ... = ((b div m — a div m — Suc 0) x m
+ m + b mod m — a mod m ) divm

also have ...

also have ...

by simp

also have ...

also have ...

not-sym]])

= ((bdivm — a divm — Suc 0) x m
+ (m 4+ b mod m — a mod m) ) divm
thm diff-add-assoc[of a mod m m + b mod m)|
thm trans-le-add1[of a mod m m, OF mod-le-divisor]
by (simp only: add-assoc m-as
diff-add-assoc[of a mod m m + b mod m)|
trans-le-add1[of a mod m m, OF mod-le-divisor])
=bdivm — a divm — Suc 0
+ (m 4+ b mod m — a mod m) div m
thm div-mult-self1
thm div-mult-self1 [OF less-imp-neq|OF m-as, THEN not-sym]]
by (simp only: add-commute div-mult-self1[OF less-imp-neq[OF m-as, THEN

finally have b-a-div-s: (b — a) divm = ....

have div-0-s: (m + b mod m — a mod m) div m = 0
thm add-diff-less
by (rule div-less, simp only: add-diff-less m-as as’)

show Zthesis

by (simp add: asl’ b-a-div-s’ div-0-s)

qed
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qed

thm div-diff1-eq-if
corollary div-diff1-eq:
(b — a) div (m:nat) =
bdivm — adivm — (m + a mod m — Suc (b mod m)) divm
apply (case-tac m = 0, simp)
apply (simp only: neq0-conv)
thm div-diff1-eq-if
thm subst|of
if a mod m < b mod m then 0 else Suc 0
(m + a mod m — Suc(b mod m)) div m]
apply (rule subst|of
if a mod m < b mod m then 0 else Suc 0
(m + a mod m — Suc(b mod m)) div m])
prefer 2 apply (rule div-diff1-eq-if)
apply (split split-if , rule congl)
apply simp
apply (clarsimp simp: linorder-not-le)
apply (rule sym)

thm Suc-le-eq[of b mod m, THEN iffD2]

apply (drule Suc-le-eq[of b mod m, THEN iffD2])
apply (simp only: diff-add-assoc)

apply (simp only: div-add-self)

apply (simp add: less-imp-diff-less)

done

corollary div-diff1-eql:

a mod m < b mod m —

(b — a) div (m=nat) = b divm — a divm
by (simp add: div-diff1-eq-if )
corollary div-diff1-eq1-mod-0:

a mod m = 0 =

(b — a) div (m:nat) = b divm — a divm
by (simp add: div-diff1-eql)
corollary div-diff1-eq2:

b mod m < a mod m =

(b — a) div (m=nat) = b div m — Suc (a div m)
by (simp add: div-diff1-eq-if )

5.8 Further results about div and mod

5.8.1 Some auxiliary facts about mod

lemma diff-less-divisor-imp-sub-mod-eq:
[ (zinat) <ys;y —z<m]=z=y— (y — x) mod m
by simp
lemma diff-ge-divisor-imp-sub-mod-less:
[(zinat) <yym<y—z;0<m]=z<y— (y—x) modm
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apply (simp only: less-diff-conv)

apply (simp only: le-diff-conv2 add-commute|of m])

apply (rule less-le-trans[of - x + m])

apply simp-all

done

thm
diff-less-divisor-imp-sub-mod-eq
diff-ge-divisor-imp-sub-mod-less

lemma le-imp-sub-mod-le:
(z:nat) <y=z <y — (y — x) mod m
apply (case-tac m = 0, simp-all)
thm
diff-less-divisor-imp-sub-mod-eq
diff-ge-divisor-imp-sub-mod-less
apply (case-tac m < y — x)
thm diff-ge-divisor-imp-sub-mod-less
apply (drule diff-ge-divisor-imp-sub-mod-less[of = y m])
apply simp-all
done

thm mod-diff1-eq
lemma mod-less-diff-mod:
[nmodm < r;r<m;r < (n:nat) | =
(n —r) mod m=m + nmodm — r
apply (case-tac r = m)
thm mod-diff-self2
apply (simp add: mod-diff-self2)
apply (simp add: mod-diff1-eqlof 7 n m])
done

lemma mod-0-imp-mod-pred:
[ 0 < (n:nat); n mod m = 0] =
(n — Suc 0) mod m = m — Suc 0
apply (case-tac m = 0, simp-all)
thm mod-less-diff-mod[of n m Suc 0]
apply (simp only: Suc-le-eq[symmetric])
thm mod-diff1-eq[of Suc 0 n m)
apply (simp only: mod-diff1-eq)
apply (case-tac m = Suc 0)
apply simp-all
done

lemma mod-pred:
0<n=
(n — Suc 0) mod m = (
if n mod m = 0 then m — Suc 0 else n mod m — Suc 0)
apply (split split-if , rule congI)
apply (simp add: mod-0-imp-mod-pred)

46
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apply clarsimp
apply (case-tac m = Suc 0, simp)
thm subst|OF Suc0-mod[symmetric], where P=Xz. © < n mod m]
apply (frule subst[OF SucO-mod[symmetric], where P=Az. z < n mod m], simp)
thm mod-diff1-eq1[of Suc 0 n m]
apply (simp only: mod-diff1-eql)
thm Suc0-mod
apply (simp add: Suc0-mod)
done
corollary mod-pred-Suc-mod:

0 < n = Suc ((n — Suc 0) mod m) mod m = n mod m
apply (case-tac m = 0, simp)
apply (simp add: mod-pred)
done
corollary diff-mod-pred:

a<b=

(b — Suc a) mod m = (

if @ mod m = b mod m then m — Suc 0 else (b — a) mod m — Suc 0)

apply (rule-tac t=b — Suc a and s=b — a — Suc 0 in subst, simp)
apply (subst mod-pred, simp)
apply (simp add: mod-eq-diff-mod-0-conv)
done
corollary diff-mod-pred-Suc-mod:

a < b= Suc ((b — Suc a) mod m) mod m = (b — a) mod m
apply (case-tac m = 0, simp)
apply (simp add: diff-mod-pred mod-eq-diff-mod-0-conv)
done

lemma mod-eg-imp-diff-mod-eq-divisor:
[a<b;0<m;amodm=>bmodm] =
Suc ((b — Suc a) mod m) = m

thm mod-eq-imp-diff-mod-0

apply (drule mod-eg-imp-diff-mod-0[of a])

thm iffD2[OF zero-less-diff]

apply (frule iff D2[OF zero-less-diff])

thm mod-0-imp-mod-pred[of b — a m]

apply (drule mod-0-imp-mod-pred[of b—a m], assumption)

apply simp

done

lemma sub-diff-mod-eq:
r<t= (t — (t — r) mod m) mod (m::nat) = r mod m
by (metis mod-diff-right-eq diff-diff-cancel diff-le-self)

thm diff-mod-le
lemma sub-diff-mod-eq:

r<t= (kxm-+1t— (t —r) mod m) mod (m:nat) = r mod m
thm diff-mod-le[of t T m)]



THEORY “Util-Div” 48

apply (simp only: diff-mod-le[of t r m, THEN add-diff-assoc, symmetric|)
apply (simp add: sub-diff-mod-eq)
done

lemma mod-eq-Suc-0-conv: Suc 0 < k = ((z + k — Suc 0) mod k = 0) = (z
mod k = Suc 0)

apply (simp only: mod-pred)

apply (case-tac x mod k = Suc 0)

apply simp-all

done

lemma mod-eg-divisor-minus-Suc-0-conv: Suc 0 < k = (z mod k = k — Suc 0)
= (Suc x mod k = 0)
by (simp only: mod-Suc, split split-if , fastsimp)

5.8.2 Some auxiliary facts about div

lemma sub-mod-div-eq-div: ((n::nat) — n mod m) div m = n div m
apply (case-tac m = 0, simp)

thm mult-div-cancel[of m n, symmetric]

apply (simp add: mult-div-cancel[symmetric])

done

thm split-div-lemma
lemma mod-less-imp-diff-div-conv:
[nmodm < r;r<m+ nmodm] = (n—r)divm=ndivm— Suc 0
apply (case-tac m = 0, simp)
apply (simp only: neq0-conv)
apply (case-tac n < m, simp)
apply (simp only: linorder-not-less)
thm split-div-lemmalof m n div m — Suc 0 n—r]
thm iffD1[OF split-div-lemmalof m n div m — Suc 0 n—r], symmetric]
apply (rule iffD1[OF split-div-lemma, symmetric], assumption)
apply (rule congl)
apply (simp-all add: diff-mult-distrib2 mult-div-cancel)
done

corollary mod-0-le-imp-diff-div-conv:
[nmodm=0;0<r;r<m]= (n—r)divm=ndivm — Suc0

thm mod-less-imp-diff-div-conv]of n m r]

by (simp add: mod-less-imp-diff-div-conv)

corollary mod-0-less-imp-diff-Suc-div-conv:
[nmodm=0;r<m]= (n— Sucr) divm = n divm — Suc 0

by (drule mod-0-le-imp-diff-div-conv|[where r=Suc r], simp-all)

corollary mod-0-imp-diff-Suc-div-conv:
(n—r)modm=0= (n— Sucr) divm=(n—r) divm — Suc 0

apply (case-tac m = 0, simp)

apply (rule-tac t=n — Suc r and s=n — r — Suc 0 in subst, simp)

apply (rule mod-0-le-imp-diff-div-conv, simp+)
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done
corollary mod-0-imp-sub-1-div-conv:

nmod m =0 = (n — Suc 0) divm = n divm — Suc 0
thm mod-0-less-imp-diff-Suc-div-conv[where r=0]
apply (case-tac m = 0, simp)
apply (simp add: mod-0-less-imp-diff-Suc-div-conv)
done
corollary sub-Suc-mod-div-conv:

(n — Suc (n mod m)) div m = n div m — Suc 0
apply (case-tac m = 0, simp)
apply (simp add: mod-less-imp-diff-div-conv)
done

thm Divides.div-le-mono

lemma div-le-conv: 0 < m = ndivm < k= (n < Suc k * m — Suc 0)
apply (rule iffT)

apply (drule mult-le-monol [of - - m])

apply (simp only: mult-commute[of - m] mult-div-cancel)
apply (drule le-diff-conv[THEN iffD1])

apply (rule le-trans[of - m x k + n mod m], assumption)
apply (simp add: add-commute[of m))

thm diff-add-assoc[OF Suc-lel]

apply (simp only: diff-add-assoc[OF Suc-lel])

thm add-le-mono[OF le-refl]

apply (rule add-le-mono[OF le-refi])

apply (rule less-imp-le-pred)

apply (rule mod-less-divisor, assumption)

apply (drule div-le-mono[of - - m])

thm mod-0-imp-sub-1-div-conv

apply (simp add: mod-0-imp-sub-1-div-conv)

done

lemma le-div-conv: 0 < (m:nat) = (n < k divm) = (n x m < k)
apply (rule iffI)

apply (drule mult-le-monol[of - - m])

apply (simp add: div-mult-cancel)

apply (drule div-le-mono[of - - m])

apply simp

done

lemma less-mult-imp-div-less: n < k * m = n div m < (k:nat)
apply (case-tac k = 0, simp)

apply (case-tac m = 0, simp)

apply simp

apply (drule less-imp-le-pred|of n])

49



THEORY “Util-Div”

apply (drule div-le-mono|of - - m])

thm mod-0-imp-sub-1-div-conv

apply (simp add: mod-0-imp-sub-1-div-conv)
done

lemma div-less-imp-less-mult: [ 0 < (m:nat); ndivm < k] = n<kxm
apply (rule ccontr, simp only: linorder-not-less)

apply (drule div-le-mono[of - - m])

apply simp

done

lemma div-less-conv: 0 < (m:nat) = (n divm < k) = (n < k * m)
apply (rule iffI)

apply (rule div-less-imp-less-mult, assumption+)

apply (rule less-mult-imp-div-less, assumption)

done

lemma div-eq-0-conv: (n div (m:nat) = 0) = (m =0V n < m)
apply (rule iffI)

apply (case-tac m = 0, simp)

apply (rule ccontr)

apply (simp add: linorder-not-less)

apply (drule div-le-mono|of - - m])

apply simp

apply fastsimp

done

lemma div-eq-0-conv”: 0 < m = (n div (m:nat) = 0) = (n < m)
by (simp add: div-eq-0-conv)

corollary div-gr-imp-gr-divisor: x < n div (m:nat) = m < n
apply (drule gr-implies-gr0, drule neq0-conv| THEN 4ffD2)]

apply (simp add: div-eq-0-conv)

done

lemma mod-0-less-div-conv:
n mod (m:nat) = 0 = (k*x m < n) = (k < n divm)
apply (case-tac m = 0, simp)
apply fastsimp
done

lemma add-le-divisor-imp-le-Suc-div:

[zdivm <n;y<m]= (z + y) divm < Sucn
apply (case-tac m = 0, simp)
apply (simp only: div-add1-eg-if [of - z])
apply (drule order-le-less[of y, THEN iffD1], fastsimp)
done

List of definitions and lemmas

thm
Divides.mod-less
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Divides.mod-less-divisor
Divides.mod-le-divisor
mod-less-dividend
mod-le-dividend

thm
Divides.mult-div-cancel
mod-0-div-mult-cancel
div-mult-le
less-div-Suc-mult

thm
SucO-mod
SucO-mod-subst
Suc0-mod-cong

thm
Divides.mod-Suc

thm
mod-Suc-conv

thm
mod-add
mod-sub-add

thm
mod-sub-eq-mod-0-conv

mod-sub-eq-mod-swap

thm

le-mod-greater-imp-div-less

thm
mod-diff-right-eq
mod-egq-imp-diff-mod-eq

thm
divisor-add-diff-mod-if
divisor-add-diff-mod-eq1
divisor-add-diff-mod-eq2

thm
mod-add-eq
mod-add1-eq-if

thm
mod-diff1-eq-if
mod-diff1-eq
mod-diff1-eq1
mod-diff1-eq2

thm

o1
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Divides.nat-mod-distrib
int-mod-distrib

thm
zmod-zminus-eq-conv

thm
mod-eq-imp-diff-mod-0
zmod-eq-imp-diff-mod-0

thm
mod-negq-imp-diff-mod-neq0
diff-mod-0-imp-mod-eq
zdiff-mod-0-imp-mod-eq

thm
zmod-eq-diff-mod-0-conv
mod-eq-diff-mod-0-conv

thm
less-mod-eq-imp-add-divisor-le

thm
mod-add-eq-imp-mod-0

thm
mod-eq-mult-distrib
mod-factor-imp-mod-0
mod-factor-div
mod-factor-div-mod

thm
Divides.mod-add-self1
Divides.mod-add-self2
Divides.mod-mult-self1
Divides.mod-mult-self2

mod-diff-self1
mod-diff-self2
mod-diff-mult-self1
mod-diff-mult-self2

thm
Divides. div-add-self1
Divides. div-add-self2
Divides. div-mult-self1
Divides. div-mult-self2

div-diff-self1
div-diff-self2
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div-diff-mult-self1
div-diff-mult-self2

thm
le-less-imp-div
div-imp-le-less

thm
le-less-div-conv

thm
diff-less-divisor-imp-sub-mod-eq
diff-ge-divisor-imp-sub-mod-less
le-imp-sub-mod-le

thm
sub-mod-div-eq-div

thm
mod-less-imp-diff-div-conv
mod-0-le-imp-diff-div-conv
mod-0-less-imp-diff-Suc-div-conv
mod-0-imp-sub- 1-div-conv

thm
sub-Suc-mod-div-conv

thm
mod-less-diff-mod
mod-0-imp-mod-pred

thm
mod-pred
mod-pred-Suc-mod

thm
mod-eq-imp-diff-mod-eq-divisor

thm
diff-mod-le
sub-diff-mod-eq
sub-diff-mod-eq’

thm
Divides.div-add1-eq
div-add1-eq-if
div-addi1-eql
div-add1-eq2

thm
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div-diff1-eq-if
div-diff1-eq
div-diff1-eql
div-diff1-eq2

thm
div-le-conv

end

6 SetInterval2: Sets of natural numbers

theory SetInterval2

imports
$ISABELLE-HOME /src/ HOL/ Library / Infinite-Set
Util-Set
../ CommonArith/ Util-MinMazx
../ CommonArith/ Util-NatInf
../ CommonArith/ Util-Div

begin

6.1 Auxiliary results for monotonic, injective and surjective
functions over sets

6.1.1 Monotonicity

thm Orderings.strict-mono-def

thm mono-def

definition mono-on :: (‘a::order = 'b::order) = 'a set = bool where
mono-on fA=VacA.VbeA. a <b— fa < fb

definition strict-mono-on :: (‘a::order = 'b::order) = 'a set = bool where
strict-mono-on f A =Va€A. VbEA. a < b — fa < fb

lemma mono-on-subset: | mono-on fA; B C A] = mono-on f B

unfolding mono-on-def by blast

lemma strict-mono-on-subset: [ strict-mono-on f A ; B C A ]| = strict-mono-on
fB

unfolding strict-mono-on-def by blast

lemma mono-on-UNIV-mono-conv: mono-on f UNIV = mono f
unfolding mono-on-def mono-def by blast
lemma strict-mono-on-UNIV-strict-mono-conv:
strict-mono-on f UNIV = strict-mono f
unfolding strict-mono-on-def strict-mono-def by blast
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lemma mono-imp-mono-on: mono f = mono-on f A

unfolding mono-on-def mono-def by blast

lemma strict-mono-imp-strict-mono-on: strict-mono f = strict-mono-on f A
unfolding strict-mono-on-def strict-mono-def by blast

lemma strict-mono-on-imp-mono-on: strict-mono-on f A = mono-on f A
apply (unfold strict-mono-on-def mono-on-def)

apply (fastsimp simp: order-le-less)

done

6.1.2 Injectivity

lemma inj-imp-ing-on: inj f = inj-on f A
unfolding inj-on-def by blast

lemma strict-mono-on-imp-ingj-on:

strict-mono-on [ (A::'a::linorder set) = inj-on f A
apply (unfold strict-mono-on-def inj-on-def, clarify)
apply (rule ccontr)
apply (fastsimp simp add: linorder-neg-iff )
done

lemma strict-mono-imp-inj: strict-mono (f::('a::linorder = 'b::order)) = inj f
by (rule strict-mono-imp-inj-on)

lemma strict-mono-on-mono-on-conv:
strict-mono-on f (A:’'a:linorder set) = (mono-on f A N\ inj-on f A)
apply (rule iffT)
apply (frule strict-mono-on-imp-mono-on)
apply (frule strict-mono-on-imp-inj-on)
apply blast
apply (erule conjE)
apply (unfold inj-on-def mono-on-def strict-mono-on-def, clarify)
apply fastsimp
done

corollary strict-mono-mono-conuv:
strict-mono (f::('a:linorder = 'b::order)) = (mono f A inj f)

by (simp only: strict-mono-on-UNIV-strict-mono-conv[symmetric]
mono-on- UNIV-mono-conv[symmetric] strict-mono-on-mono-on-conwv)

thm inj-image-mem-iff
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lemma inj-on-image-mem-iff:
[inj-on fA; BC A;a€ A] = (fae f*B)=(a€ B)
unfolding inj-on-def by blast

thm Set.image-Un
thm Fun.inj-on-def

thm image-Int
thm inj-on-image-Int
corollary inj-on-union-image-Int:
injonf (AUB)= f‘(ANB)=f‘ANnf‘B
thm inj-on-image-Int[OF - Un-upper! Un-upper2]
by (rule inj-on-image-Int[OF - Un-upperl Un-upper2])

6.1.3 Surjectivity
thm surj-def

definition

surj-on = ('a = 'b) = 'a set = b set = bool
where

surj-on fA B=VbeB. dacA. b= fa
thm surj-on-def

lemma surj-on-conv: (surj-on f A B) = (VbeB. JacA. b = fa)
unfolding surj-on-def ..

lemma surj-on-image-conv: (surj-on f A B) = (B C f * A)
unfolding surj-on-conv by blast

lemma surj-on-id: surj-on id A A
unfolding id-def surj-on-conv by blast

lemma
surj-onl: [Vb € B. Ja€A. b= fa] = surj-on f A B and
surj-onD2: surj-on fA B = Vb € B. 3a€A. b = fa and
surj-onD: [ surj-on f A B; b € B] = JacA. b= fa

unfolding surj-on-conv

by blast+

thm comp-suryj
lemma comp-surj-on:

[ surj-on f A B; surj-on ¢ B C'| = surj-on (go f) A C
unfolding comp-def surj-on-image-conv by blast
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thm
ing-on-Un
ingj-on-diff
mj-on-empty
inj-on-imagel
mnj-on-insert
subset-inj-on
lemma surj-on-Un-right: surj-on f A (B1 U B2) = (surj-on f A BI A surj-on f A
B2)
unfolding surj-on-image-conv
by blast
lemma surj-on-Un-left:
surj-on f (A1 U A2) B =
(3B1.3B2. B C Bl U B2 A surj-on f Al BI A surj-on f A2 B2)
unfolding surj-on-image-conv
apply (rule iffI)
apply (rule-tac z=f ‘ A1 in exl)
apply (rule-tac z=f ‘ A2 in exl)
apply blast
apply blast
done
lemma surj-on-diff-right: surj-on f A B = surj-on f A (B — B’)
unfolding surj-on-conv by blast
lemma surj-on-empty-right: surj-on f A {}
unfolding surj-on-conv by blast
lemma surj-on-empty-left: surj-on f {} B = (B = {})
unfolding surj-on-conv by blast
lemma surj-on-imagel: surj-on (g o f) A B = surj-on g (f ‘A) B
unfolding surj-on-conv by fastsimp
lemma surj-on-insert-right: surj-on f A (insert b B) = (surj-on f A B A surj-on
f4 (b))
unfolding surj-on-conv by blast
lemma surj-on-insert-left: surj-on f (insert a A) B = (surj-on f A (B — {f a}))
unfolding surj-on-conv by blast
lemma surj-on-subset-right: | surj-on f A B; B’ C B | = surj-on f A B’
unfolding surj-on-conv by blast
lemma surj-on-subset-left: | surj-on f A B; A C A'] = surj-on f A’ B
unfolding surj-on-conv by blast

lemma bij-betw-imp-surj-on: bij-betw f A B = surj-on f A B
unfolding bij-betw-def surj-on-image-conv by simp

lemma bij-betw-ingj-on-surj-on-conv:

bij-betw f A B = (inj-on f A A\ surj-on fA B AN f*“AC B)
unfolding bij-betw-def surj-on-image-conv by blast

6.1.4 Induction over natural sets

lemma image-nat-induct:
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[P(f0); An. P (fn) = P (f (Sucn)); surj-on fUNIVI;a € I] = Pa
proof —
assume as-P0: P (f 0)
and as-IA: An. P (fn) = P (f (Suc n))
and as-surj-f: surj-on f UNIV I
and as-a:a €]
have P-n:An. P (f n)
apply (induct-tac n)
apply (simp only: as-P0)
apply (simp only: as-TA)
done
have Vzel. 3n. z = fn
using as-surj-f
by (unfold surj-on-conv, blast)
hence dn. a = fn
using as-a by blast
thus P a
using P-n by blast
qed
thm image-nat-induct

thm nat-induct
lemma nat-induct[rule-format]:
[PnOo; An.[n0 <n; Pn]= P (Sucn);n0 <n]= Pn
thm nat-induct
thm nat-induct|where n=n—n0 and P=An. P (n0+n)]
by (insert nat-induct[where n=n—n0 and P=An. P (n0+n)], simp)

thm
nat-induct’
nat-induct [where ?n0.0=0, simplified]
nat-induct

lemma inat-induct:
[ PO; Poo; An. Pn = P (iSucn)] = Pn
apply (case-tac n)
prefer 2
apply simp
apply (simp only: inat-defs)
apply (rename-tac nl)
apply (induct-tac nl1)
apply (simp add: inat-splits)+
done
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lemma iSuc-imp-Suc-auz-0:
[ An. Pn = P (iSuc n); n0' < n’; P (Fin n")] = P (Fin (Suc n'))
by (simp only: inatl-defs inat-splits)
lemma iSuc-imp-Suc-auz-n0:
[ An. [Fin n0’ < n; Pn] = P (iSuc n); n0' < n'; P (Fin n")] = P (Fin
(Suc n'))
thm inat-defs
proof —
assume JA: An. [Fin n0’ < n; P n] = P (iSuc n)
and n0-n: n0' < n’
and Pn: P (Fin n’)
from no0-n
have (Fin n0’ < Fin n’) by simp
with Pn IA
have P (iSuc (Fin n')) by blast
thus P (Fin (Suc n')) by (simp only: iSuc-Fin)
qged

lemma inat-induct”:
[ P (n0:inat); P oo; An. [n0 < n; Pn] = P (iSucn);n0 <n] = Pn
apply (case-tac n)
prefer 2 apply simp
apply (case-tac n0)
prefer 2 apply (simp add: inat-defs)
apply (rename-tac n’ n0’, simp)

thm nat-induct’[where ?n0.0=n0’" and n=n’and P=An. P (Fin n)]

apply (rule-tac ?n0.0=n0'" and n=n'and P=An. P (Fin n) in nat-induct’)
apply simp

apply (simp add: iSuc-Fin[symmetric])

apply simp

done

thm
inat-induct’
inat-induct [where ?n0.0=0, simplified]
inat-induct

thm inat-induct’

thm
nat-induct
nat-induct’

thm
inat-induct
inat-induct’

thm wellorder-class.intro
thm wf-def
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thm
wf-less
wf-subset

lemma wf-less-interval:
wf { (z,y). z € (Iznatset) N\ye I ANz <y}
thm wf-subset
thm wf-subset[where
p={ (zy).z€elNyelANz<y}and
r={(z,y). = < y}]
apply (rule wf-subset[where
p={ (zy).z €l ANyelANz<y}and
r={(z,y). z < y}])
thm wf-less
apply (rule wf-less)
apply blast
done
thm wf-less-interval

thm wf-induct
lemma interval-induct:
[ Az.Vy. (ze(Iunat set) Nye INy<xz — Py)= Puz]
= Pa
(is[ANz.Vy. ?IAzy = Pz ] = Pa)
thm wf-induct
thm wf-induct|where r={ (z,y). z € I ANy €I ANz <y}
apply (rule-tac r={ (z,y). x € I Ny € I Az <y } in wf-induct)
apply (rule wf-less-interval)
apply blast
done
corollary interval-induct-rule:
[ Az. (Ay. (z€(I:nat set) Nye I ANy<axz= Py)) = Puz]
= Pa
by (blast intro: interval-induct)

thm
wf-induct
wf-induct-rule
interval-induct
interval-induct-rule

6.1.5 Monotonicity and injectivity of artithmetic operators

lemma add-left-inj: inj (Az. n + (z::'a::cancel-ab-semigroup-add))
by (simp add: inj-on-def)
lemma add-right-inj: inj (Ax. z + (n::’a::cancel-ab-semigroup-add))
by (simp add: inj-on-def)
thm

add-left-inj
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add-right-inj

lemma mult-left-inj: 0 < n = inj (Az. (n:nat) * x)
by (simp add: inj-on-def)
lemma mult-right-inj: 0 < n = inj (Az. x * (n:nat))
by (simp add: inj-on-def)
thm

mult-left-ing

mult-right-ing

lemma sub-left-inj-on: inj-on (A\z. (z::nat) — k) {k..}
by (rule inj-onl, simp)

lemma sub-right-inj-on: inj-on (Azx. k — (z::nat)) {..k}
by (rule inj-onl, simp)

lemma add-left-strict-mono: strict-mono (Az. n + (z::'a::ordered-cancel-ab-semigroup-add))
by (unfold strict-mono-def, clarify, rule add-strict-left-mono)

lemma add-right-strict-mono: strict-mono (Ax. z + (n::'a::ordered-cancel-ab-semigroup-add))
by (unfold strict-mono-def, clarify, rule add-strict-right-mono)

lemma mult-left-strict-mono: 0 < n = strict-mono (Az. n * (z:nat))
by (unfold strict-mono-def, clarify, simp)

lemma mult-right-strict-mono: 0 < n = strict-mono (Az. z * (n:nat))
by (unfold strict-mono-def, clarify, simp)

lemma sub-left-strict-mono-on: strict-mono-on (Az. (z::nat) — k) {k..}
apply (rule strict-mono-on-mono-on-conv[ THEN iffD2], rule congI)
apply (unfold mono-on-def, clarify, simp)

apply (rule sub-left-inj-on)

done

lemma div-right-strict-mono-on:
[0 < (kunat);Vael.Vyel. 2 <y — 2+ k<y] =
strict-mono-on (Az. x div k) I

apply (unfold strict-mono-on-def, clarify)

apply (fastsimp dest: div-le-mono[of - - k])

done

lemma mod-eq-div-right-strict-mono-on:
[0 < (k:nat); Vael. Yyel. xmod k = y mod k | =
strict-mono-on (Az. x div k) I

apply (rule div-right-strict-mono-on, simp)

thm less-mod-eq-imp-add-divisor-le

apply (blast intro: less-mod-eq-imp-add-divisor-le)

done

corollary div-right-ingj-on:
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[0 < (kunat);Vzel. Vyel. 2 <y —z+k<y] =

inj-on (A\z. z div k) I
by (rule strict-mono-on-imp-inj-on|OF div-right-strict-mono-on])
corollary mod-eg-imp-div-right-inj-on:

[0 < (k:nat); Vzel. Vyel. x mod k = y mod k | =

inj-on (A\z. z div k) I
by (rule strict-mono-on-imp-inj-on[OF mod-eq-div-right-strict-mono-on))

6.2 Min and Maz elements of a set

A special minimum operator is required for dealing with infinite wellordered
sets because the standard operator Min is usable only with finite sets.

thm Least-def

definition
iMin :: 'az:wellorder set = 'a
where

iMin I = LEAST xz. x € I

thm
Least-def
Nat.Least-Suc
Set. Least-mono
Orderings.not-less-Least
Orderings. LeastI2-ex
Orderings. LeastI2
Orderings. LeastI-ex
Orderings. Least-le
Orderings. Least]
Orderings.wellorder-Least-lemma
Orderings. LeastI2-order
Orderings. Least-equality

6.2.1 Basic results, as for Least

thm Least]

lemma iMinl: k € | = iMin I € 1
unfolding iMin-def

thm Least]

by (rule-tac k=k in LeastI)

thm Leastl-ex

lemma iMinl-ex: 3z. 2 € | = iMin [ € I
by (blast intro: iMinl)

corollary iMinl-ex2: I # {} = iMinI € I
by (blast intro: iMinl-ex)
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thm LeastI?

lemma iMinI2: [k € I; N\e. 2 € ] = Pz ]| = P (iMin I)

thm Minl

by (blast intro: iMinI)

thm LeastI2-ex

lemma iMinl2-ex: [ 3z. x € I; A\e.x € I = Pz ]| = P (iMin I)
by (blast intro: iMinl-ex)

lemma iMinl2-ex2: [ I #{} ; \e. 2 € ] = Pz ]| = P (iMin I)
by (blast intro: iMinl-ex2)

thm Least-le
lemma iMin-le[dest]: k € I = iMin I < k
by (simp only: iMin-def Least-le)

lemma iMin-neq-imp-greater[dest]: [ k € I} k # iMin I | = iMin I < k
by (rule order-neg-le-trans|OF not-sym iMin-le])

thm Least-mono
lemma iMin-mono:
[ mono f; 3. x € I ]| = iMin (f ‘' I) = f (iMin I)
apply (unfold iMin-def)
thm Least-mono
thm Least-mono|of f I]
apply (rule Least-mono|of f I, simp)
apply (rule-tac x=iMin I in bexl)
thm iMin-le
apply (simp add: iMin-le)
thm Minl-ex
apply (simp add: iMinl-ex)
done
corollary iMin-monoZ2:
[ mono f; I #{} ] = iMin (f ‘1) = f (iMin I)
by (blast intro: iMin-mono)

thm not-less-Least

lemma not-less-iMin: k < iMin I = k ¢ I
unfolding iMin-def

thm not-less-Least

by (rule not-less-Least)

lemma Collect-not-less-iMin: k < iMin {z. P2} = - Pk
by (drule not-less-iMin, blast)
lemma Collect-iMin-le: P k = iMin {z. Pz} < k

63
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by (rule iMin-le, blast)

lemma Collect-minl: [ k € I; P (k::(‘a::wellorder)) | = Jz€l. Pz N (Vy€el. y
<z — - Py)

apply (rule-tac z=iMin {y € 1. P y} in bexl)

prefer 2

thm Minl

thm subsetD

thm Collect-is-subset

thm subsetD[OF - iMinI, OF Collect-is-subset]

apply (rule subsetD[OF - iMinl, OF Collect-is-subset], blast)

apply (rule congI)

apply (blast intro: iMinI2)

apply (blast dest: not-less-iMin)

done

corollary Collect-minl-ex: 3ke€l. P (k::('a::wellorder)) = Jz€l. Px N (Vyel.
y<z-— =Py

by (erule bexE, rule Collect-minl)

corollary Collect-minl-ex2: {k€l. P (k:('a:wellorder))} # {} = Jz€l. Pz A
(Vyel. y <z — = Py)

by (drule ex-in-conv[THEN 4ffD2], blast intro: Collect-minl)

thm
Orderings.wellorder-Least-lemma
Orderings. Least-equality
Orderings.LeastI2-order
Least-def

thm Least-def

lemma iMin-the: iMin I = (THEz. x € I AN Vy.y € [ — z < y))
by (simp add: iMin-def Least-def)

lemma iMin-the2: iMin I = (THE z. x € I N Vyel. xz < y))

apply (simp add: iMin-the)

apply (subgoal-tac Nz. Yy € .2 <y)=NVy.y el — z <y))
prefer 2 apply blast

apply simp

done

thm Least-equality
lemma iMin-equality:
[kej Av.oe]l =k<z]= iMinl =k
unfolding iMin-def
thm Least-equality
by (blast intro: Least-equality)
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lemma iMin-mono-on:
[ mono-on fI; 3xz. x € I | = iMin (f ‘1) = f (iMin I)
apply (unfold mono-on-def)
apply (rule iMin-equality)
thm iMinl-ex
apply (blast intro: iMinl-ex)+
done
lemma iMin-mono-on2:
[ mono-on fI; I # {} ]| = iMin (f ‘I) = f (iMin I)
by (rule iMin-mono-on, blast+)

thm Leastl2-order
lemma iMinI2-order:
[ke L Ayyel=Fk<y;
Ne. [z e Vyel. 2 <y] = Pz ] =
P (iMin I)
thm LeastI2-order
thm LeastI2-order|of Az. z € i k P)
by (simp add: iMin-def LeastI2-order)

thm
iMinI2-order
thm
iMinl2
iMinI2-ex
iMinI2-ex2

thm wellorder-Least-lemma
lemma wellorder-iMin-lemma:
kel = iMinlelANiMinl <k
thm
iMinl
iMin-le
by (blast intro: iMinl iMin-le)

thm

iMin-the iMin-the2
thm

iMin-mono iMin-mono2
thm

iMin-le

not-less-iMin
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thm

iMinl

iMinl-ex iMinl-ex2
thm

iMinl2

iMinI2-ex iMinl2-ex2
thm

wellorder-iMin-lemma
thm

iMin-equality
thm

iMinI2-order

thm iMinl

lemma iMin-Min-conv:
[ finite I I #{} | = iMin I = Min I
apply (rule order-antisym)

thm Min-ge-iff [ THEN iffD2]

apply (rule Min-ge-iff [ THEN iffD2], assumption+)
apply blast

thm Min-le-iff | THEN iffD2]

apply (rule Min-le-iff [ THEN iffD2], assumption+)
apply (blast intro: iMinl-ex2)

done

lemma Min-neg-imp-greater|[dest): [ finite I; k € I; k # MinI | = Min I < k
by (rule order-neg-le-trans|OF not-sym Min-le])

lemma Maz-neg-imp-less|dest]: [ finite I; k € I} k # Max I | = k < Max I
by (rule order-neg-le-trans|OF - Maax-ge])

lemma nat-Least-mono:
[ A # {}; mono (f:(nat=nat)) | =
(LEASTz. x € f*A) =f (LEAST z. z € A)
unfolding iMin-def [symmetric]
by (blast intro: iMin-mono2)

lemma Least-disy:
[3z. Pz;3z. Qz ] =
(LEAST (x::'a::wellorder). (P x V @ z)) = min (LEAST z. P z) (LEAST z. Q
x
)
apply (elim exE, rename-tac z1 z2)
apply (subgoal-tac Azl 22 P Q. [P z1; Q x2; Least P < Least Q] = (LEAST
z. Pz VvV Q) = Least P)
prefer 2
apply (rule Least-equality)
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apply (blast intro: Leastl Least-le)
apply (erule disjE)
apply (rule Least-le, assumption)
apply (rule order-trans, assumption)
apply (rule Least-le, assumption)
apply (unfold min-def, split split-if , safe)
apply blast
apply (subst disj-commute)
apply (fastsimp simp: linorder-not-le)
done

lemma Least-imp-le:

[3z. Pz; A\z. Pz — Qz ] =

(LEAST (z:'a:wellorder). Q z) < (LEAST z. P x)
thm Least-le LeastI2-ex
by (blast intro: Least-le LeastI2-ex)

lemma Least-imp-disj-eq:
[3z. Pz; A\z. Pz = Qz ] =
(LEAST (z::'a:wellorder). Px VvV Q z) = (LEAST z. Q x)
apply (subst Least-disj, assumption, blast)
apply (subst min-maz.inf-commute)
apply (rule min-max.le-iff-inf[THEN iffD1])
apply (rule Least-imp-le, assumption, blast)
done

lemma Least-le-imp-le:
[3z. Pz;32. Qu; Ney. [Pz Qu] = 2 <y] =
(LEAST (z::'azwellorder). P x) < (LEAST (z::'a:wellorder). Q x)
by (blast intro: LeastI)
lemma Least-le-imp-le-disj:
[F3z. Pa; Azy. [Pz; Qy] =z <y] =
(LEAST (z::'a:wellorder). Px vV Q z) = (LEAST (z::'a::wellorder). P x)
thm Least-imp-disj-eq
apply (case-tac 3z. Q )
apply (simp only: Least-disj min-maz.le-iff-inf[ THEN iff D1, OF Least-le-imp-le])
apply simp
done

thm Maz-le-iff
thm Maz-less-iff

thm iMin-equality
lemma Maz-equality: [ (k::'a::linorder) € A; finite A; Aoz e A=z < k] =

Maz A =k
by (rule Maz-eql)
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thm
iMin-le
Maz-ge

thm not-less-iMin

lemma not-greater-Maz: [ finite A; Max A < k] —= k¢ A
apply (rule ccontr, simp)

thm Maz-ge[of I k]

apply (frule Maz-gelof A k], blast)

thm order-le-less-trans|of k Max A k]

apply (frule order-le-less-trans|of - - k], blast)

apply blast

done

lemma Collect-not-greater-Max: | finite {z. P «}; Mazx {z. Pz} <k] = - Pk
by (drule not-greater-Mazx, assumption, drule Collect-not-in-imp-not)

lemma Collect-Maz-ge: [ finite {z. P z}; Pk ]| = k < Maz {z. P z}

by (rule Maz-ge, assumption, rule Collectl)

thm
iMinl-ex2
Maz-in

thm Minl
lemma Mazl: [ k € A; finite A] = Maz A € A
by (case-tac A = {}, simp-all)

thm Minl-ex

lemma Mazl-ex: [ 3z. z € A; finite A] = Mazx A€ A
by (blast intro: MazI)

thm iMinl-ex?2

lemma Mazl-ex2: | A # {}; finite A] = Maz A € A
by (blast intro: Mazl)

thm iMinI2

lemma MazI2: [ k € A; Nz. © € A = P z; finite A] = P (Maz A)

thm Maz-in

by (drule Maz-in, blast+)

thm Minl2-ex

lemma Mazl2-ex:[ 3z. z € A; A\x. v € A = P z; finite A] = P (Max A)
by (blast intro: Mazl2)

thm iMinl2-ex2

lemma Mazl2-ex2:[ A # {}; Nz. © € A = P u; finite A] = P (Max A)
by (blast intro: Mazl2)
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thm iMin-mono

lemma Maz-mono: | mono f; Jzx. © € A; finite A | = Maz (f ‘ A) = f (Maz A)
apply (unfold mono-def)

apply clarify

apply (frule Maz-in, blast)

thm Maz-equality

apply (rule Max-equality, clarsimp+)

done

thm iMin-mono?2
lemma Maz-mono2:[ mono f; A # {}; finite A ]| = Maz (f * A) = [ (Maz A)
by (blast intro: Maz-mono)

thm iMin-mono-on
lemma Maz-mono-on: [ mono-on f A; Jz. © € A; finite A = Max (f ‘A) = f
(Mazx A)
apply (unfold mono-on-def)
apply (rule Max-equality)
apply (blast intro: Max-in)
apply (rule finite-imagel, assumption)
apply (blast intro: Maz-in Maz-ge)
done

lemma Maz-mono-on2:
[ mono-on f A; A # {}; finite A] = Maz (f * A) = f (Maz A)
by (rule Maz-mono-on, blast+)

thm iMin-the
lemma Maz-the:
[ A#{}; finite A] =
Max A= (THEz. 2 € ANNVy.y € A — y < x))
thm iff D1[OF eq-commute]
apply (rule iff DI1[OF eq-commute])
thm the-equality
apply (rule the-equality, simp)
thm Maz-equality
apply (rule sym)
apply (rule Max-equality)
apply blast+
done
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thm iMin-the2
lemma Maz-the2: [ A # {}; finite A] =
Max A = (THEz. x € AN (VyeA. y < z))
apply (simp add: Maz-the)
apply (subgoal-tac Nz. (VyeA. y <z)=NVy.ye A — y<zx))
prefer 2
apply blast
apply simp
done

thm wellorder-iMin-lemma
lemma wellorder-Maz-lemma: [ k € A; finite A] = Mazx A € ANk < Maz A
by (case-tac A = {}, simp-all)

thm MinI2-order

lemma Mazl2-order: [ k € A; finite A; Ny. y € A = y < k;
Ne. [z e A;Vyed. y<z] = Pz
= P (Maz A)

thm Mazx-equality

by (simp add: Maz-equality)

thm
iMin-equality
Maz-equality
thm
iMin-the iMin-the2
Mazx-the Max-the2
thm
iMin-mono iMin-mono2
Max-mono Mazx-mono2
thm
iMin-le
Mazx-ge
thm
not-less-iMin
not-greater-Max
thm
iMinl
Maxl
thm
iMinl-ex iMinl-ex2
Maxl-ex Mazl-ex2
thm
iMinI2
MaxI2
thm
iMinI2-ex iMinl2-ex2
MaxI2-ex MaxI2-ex2
thm
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wellorder-iMin-lemma

wellorder-Mazx-lemma
thm

iMinlI2-order

MazxI2-order

lemma Min-le-Maz: [ finite A; A # {} | = Min A < Maz A

by (rule Maz-ge[OF - Min-in])

lemma iMin-le-Maz: | finite A; A # {} | = iMin A < Maz A
thm subst|OF iMin-Min-conv]

by (rule ssubst|OF iMin-Min-conv], assumption+, rule Min-le-Maz)

6.2.2 Mazx for sets over inat

definition
iMax :: nat set = inat
where

iMax i = if (finite i) then (Fin (Maz 1)) else oo

lemma iMaz-finite-conv: finite I = (iMax I # o)

by (simp add: iMaz-def)

lemma iMaz-infinite-conv: infinite I = (iMazx I = 00)
by (simp add: iMaz-def)

thm lattice.inf-sup-aci

thm lattice-class.inf-sup-aci
thm semilattice-inf-class.inf-aci
thm semilattice-sup-class.sup-aci

thm lattice-class-def
thm lattice-class.axioms

thm distrib-lattice-class-def

print-locale distrib-lattice
print-locale lattice

print-locale distrib-lattice
print-locale! distrib-lattice

thm distrib-lattice-class.axioms
interpretation min-max2:

distrib-lattice op < :: 'a::linorder = 'a = bool op < min max

print-theorems
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term distrib-lattice-class
lemma class.distrib-lattice (op <) (op <) (min::(‘a::linorder = 'a = 'a)) maz
print-locale distrib-lattice
thm distrib-lattice-class.intro
apply (subgoal-tac class.order (op <) (op <))
prefer 2
apply (rule class.order.intro)
apply (rule class.preorder.intro)
apply (rule less-le-not-le)
apply (rule order-refl)
apply (rule order-trans, assumption—+)
apply (rule class.order-axioms.intro)
apply (rule order-antisym, assumption+)
apply (subgoal-tac class.linorder (op <) (op <))
prefer 2
apply (rule class.linorder.intro, assumption)
apply (rule class.linorder-azioms.intro)
apply (rule linorder-class.linear)
apply (rule class.distrib-lattice.intro)
apply (rule class.lattice.intro)
thm class.semilattice-inf .intro
apply (rule class.semilattice-inf .intro, assumption)
apply (rule class.semilattice-inf-azxioms.intro)
apply (rule le-minl1)
apply (rule le-mini2)
apply (rule conj-le-imp-min, assumption+)
apply (rule class.semilattice-sup.intro, assumption)
apply (rule class.semilattice-sup-axioms.intro)
apply (rule le-maxl1)
apply (rule le-maxI2)
apply (rule conj-le-imp-maz, assumption+)
apply (rule class.distrib-lattice-axioms.intro)
apply (rule min-max.sup-inf-distrib1)
done

lemma class.distrib-lattice (op >) (op >) (maz::("a:linorder = 'a = 'a)) min
thm linorder-class.min-max. dual-distrib-lattice
by (rule linorder-class.min-max.dual-distrib-lattice)

print-locale Lattices.distrib-lattice

thm Big-Operators.distrib-lattice. sup-Inf1-distrib
lemma maz-Min-eq-Min-maz[rule-format]:

finite A =

A#F{t —

maz z (Min A) = Min {maz z a |a. a € A}
thm finite.induct[of A
apply (rule finite.induct[of A], simp-all del: insert-iff)
apply (rename-tac A1 a)
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apply (case-tac A1 = {}, simp)

apply (rule-tac
t={maz z b |b. b € insert « A1} and
s=insert (mazx x o) {mazx xz b |b. b € A1}
in subst)

apply blast

apply (subst Min-insert, simp-all)

apply (case-tac a < Min A1)

apply (frule maz-le-monoR[where z=x])
apply (simp only: min-eql)

apply (simp only: linorder-not-le)

thm maz-le-monoR[OF less-imp-le]

apply (frule maz-le-monoR[where z=z, OF less-imp-le])

apply (simp only: min-eqR)

done

thm mazx-Min-eq-Min-mazx

lemma maz-iMin-eq-iMin-mazx:

[ finite A; A # {} ] =

maz x (iMin A) = iMin {maz x a |a. a € A}
thm (Min-Min-conv
apply (simp add: iMin-Min-conv)
thm iMin-Min-conv[of {maz z a |a. a € A}]
apply (insert iMin-Min-conv|[of {maz z a |a. a € A}], simp)
apply (subgoal-tac finite {maz z a |a. a € A})
prefer 2

apply simp
thm mazx-Min-eq-Min-mazx
apply (simp add: maz-Min-eq-Min-maz)
done

lemma [ finite A; A #{} | = Vz€A. © < Maz A
by simp

6.2.3 Min and Mazx for set operations

lemma iMin-subset: [ A # {}; AC B] = iMin B < iMin A
thm iMin-le[of iMin A j]

thm iMinl-ex2[of A]

by (blast intro: iMin-le iMinl-ex2)

lemma Maz-subset: [ A # {}; A C B; finite B | = Maz A < Maz B
by (rule linorder-class. Maz-mono)

lemma Min-subset: [ A # {}; A C B; finite B] = Min B < Min A
by (rule linorder-class. Min-antimono)

lemma iMin-Int-gel: (AN B) # {} = iMin A < iMin (AN B)
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thm iMin-subset[OF - Int-lowerl]

by (rule iMin-subset|OF - Int-lowerl])

lemma iMin-Int-ge2: (AN B) # {} = iMin B < iMin (AN B)

by (rule iMin-subset|OF - Int-lower2])

lemma iMin-Int-ge: (A N B) # {} = maz (iMin A) (iMin B) < iMin (AN B)
apply (rule conj-le-imp-max)

apply (rule iMin-Int-gel, assumption)

apply (rule iMin-Int-ge2, assumption)

done

lemma Maz-Int-lel: [ (AN B) # {}; finite A | = Maz (AN B) < Maz A
thm Max-subset[OF - Int-lowerl]
by (rule Max-subset[OF - Int-lowerl])
lemma Maz-Int-le2: [ (A N B) # {}; finite B = Maxz (AN B) < Maz B
by (rule Max-subset[OF - Int-lower2])
lemma Maz-Int-le: [ (A N B) # {}; finite A4; finite B | =
Maz (AN B) < min (Max A) (Max B)
apply (rule conj-le-imp-min)
apply (rule Max-Int-lel, assumption+)
apply (rule Maz-Int-le2, assumption+)
done

lemma iMin-Un[rule-format]:
[A#{hB#{}] =
iMin (A U B) = min (iMin A) (iMin B)
apply (rule order-antisym)
apply simp
apply (blast intro: iMin-subset)
thm min-le-iff-disj
apply (simp add: min-le-iff-disj)
thm iMinl-ex2[of AUB
apply (insert iMinl-ex2[of AUB])
apply (blast intro: iMin-le)
done
thm Min-Un
thm Maz-Un

thm linorder-class. Min-singleton linorder-class. Mazx-singleton
thm singleton! [THEN iMinl, THEN singletonD)]

lemma iMin-singleton[simp]: iMin {a} = a

by (rule singleton] [THEN iMinI, THEN singletonD))
lemma iMaz-singleton[simp]: iMax {a} = Fin a

by (simp add: iMaz-def)

lemma Mazx-le-Min-imp-singleton:
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[ finite A; A # {}; Max A < Min A] = A = {Min A}
thm Maz-ge
thm Maaz-le-iff[THEN iffD1]
apply (frule Maz-le-iff[THEN iffD1, of - Min A], assumption+)
apply (frule Min-ge-iff[THEN iffD1, of - Min A], assumption, simp)
apply (rule set-eql)
apply (unfold Ball-def)
apply (erule-tac =z in allE, erule-tac z=z in allF)
apply (blast intro: order-antisym Min-in)
done
lemma Maz-le-Min-conv-singleton:
[ finite A; A #{} ] = (Maz A < Min A) = 3z. A = {z})
apply (rule iffI)
apply (rule-tac z=Min A in exI)
apply (rule Maz-le-Min-imp-singleton, assumption+)
apply fastsimp
done

lemma Maz-le-iMin-imp-le:
[ finite A; Max A < iMin B;a € A;b € Bl = a <
by (blast dest: Max-ge intro: order-trans)

lemma le-imp-Maz-le-iMin:
[ finite A; A #{}; B#{};VacA.VbeB. a < b] = Maz A < iMin B
by (blast intro: Maz-in iMinl-ex2)

lemma Maz-le-iMin-conv-le:
[ finite A; A #{}; B#{}] = (Mazx A < iMin B) = (Va€A. VbeB. a < b)
by (blast intro: Maz-le-iMin-imp-le le-imp-Max-le-iMin)

lemma Maz-less-iMin-imp-less:

[ finite A; Max A < iMin B;a € A; b€ Bl = a<b
thm Maa-less-iff [ THEN iffD1, of - iMin B]
by (blast dest: Max-less-iff intro: order-less-le-trans iMin-le)

lemma less-imp-Maz-less-iMin:
[ finite A; A # {}; B# {}; VacA. VbeB. a < b] = Maz A < iMin B
by (blast intro: Maz-in iMinl-ex2)

lemma Max-less-iMin-conv-less:
[ finite A; A #{}; B#{}] = (Max A < iMin B) = (Va€A. VbEB. a < b)
by (blast intro: Maz-less-iMin-imp-less less-imp-Max-less-iMin)

lemma Maz-less-iMin-imp-disjoint:

[ finite A; Max A < iMin B] = AN B = {}
apply (case-tac A = {}, simp)
apply (case-tac B = {}, simp)
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apply (rule disjoint-iff-not-equal| THEN 14ffD2])
apply (intro balll)

apply (rule less-imp-neq)

by (rule Maz-less-iMin-imp-less)

thm Min.in-idem
lemma iMin-in-idem: n € I = min n (iMin I) = iMin I
by (simp add: iMin-le min-eqR)

thm Min-insert

lemma iMin-insert: I # {} = iMin (insert n I) = min n (iMin I)
apply (subst insert-is-Un)

apply (subst iMin-Un)

apply simp-all

done

thm Min.insert-remove
lemma iMin-insert-remove:

iMin (insert n I) =

(if I — {n} = {} then n else min n (iMin (I — {n})))
by (metis iMin-insert iMin-singleton insert-Diff-single)

thm Min.remove
lemma iMin-remove: n € I = iMin I = (if I — {n} = {} then n else min n
(iMin (I — {n})))

by (metis iMin-insert-remove insert-absord)

thm Min.subset-idem

lemma iMin-subset-idem: | B # {}; B C A ] = min (iMin B) (iMin A) = iMin
A

by (metis iMin-subset min-maz.inf-absorb2)

thm Min.union-inter

lemma iMin-union-inter: A N B # {} = min (iMin (A U B)) (iMin (A N B))
= min (iMin A) (iMin B)

by (metis Int-empty-left Int-lower2 Un-absorb2 Un-assoc Un-empty iMin-Un)

thm Min-ge-iff
lemma iMin-ge-iff: I # {} = (n < iMinI) = Vacl. n < a)
by (metis Collect-iMin-le Collect-mem-eq iMinl-ex2 order-trans)

thm Min-gr-iff
lemma iMin-gr-iff: I # {} = (n < iMin I) = (Va€l. n < a)
by (metis iMinl-ex2 iMin-neq-imp-greater order-less-trans)

thm Min-le-iff
lemma iMin-le-iff: I # {} = (iMin I < n) = (Ja€l. a < n)
by (metis Collect-iMin-le Collect-mem-eq iMinI-ex2 order-trans)
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thm Min-less-iff
lemma iMin-less-iff: I # {} = (iMin I < n) = (Fa€l. a < n)
by (metis iMinl-ex2 iMin-neq-imp-greater order-less-trans)

thm hom-Min-commute

lemma hom-iMin-commute: [ Az y. h (min zy) = min (hz) (hy); [ #{} ] =
iMin (h “*T) = h (iMin I)

apply (rule iMin-equality)

apply (blast intro: iMinl-ex2)

apply (rename-tac y)

apply (drule-tac z=iMin I in meta-spec)

apply (clarsimp simp: image-iff, rename-tac x)

apply (drule-tac z=z in meta-spec)

apply (rule-tac t=h (iMin I) and s=min (h (iMin I)) (h z) in subst)
thm min-eqL|OF iMin-le]

apply (simp add: min-eqL|OF iMin-le])

apply simp

done

Synonyms for similarity with theorem names for Min”

thm Min-eql iMin-equality
lemmas iMin-eql = iMin-equality
thm Min-in iMinl-ex2

lemmas iMin-in = iMinl-ex2

6.3 Some auxiliary results for set operations
6.3.1 Some additional abbreviations for relations

Abbreviations for refl, sym, equiv, refl similar to transP from HOL/Predicate.

abbreviation refiP :: (‘a = 'a = bool) = bool where
reflP r = refl {(z, y). rz y}

abbreviation symP :: (‘a => 'a => bool) => bool where
symP r == sym {(z, y). r z y}

abbreviation equivP :: ('a = 'a = bool) = bool where
equivP r = reflP r N symP r A transP r

abbreviation irrefiP :: ('a = 'a = bool) = bool where
irreflP r = irrefl {(z, y). r z y}
Example for refilP

lemma reflP ((op <):('a:preorder = 'a = bool))
by (simp add: refl-on-def)

Example for symP

lemma symP (op =)
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by (simp add: sym-def)

Example for equivP

lemma equivP (op =)
by (simp add: trans-def refl-on-def sym-def)

Example for irrefilP

lemma irreflP ((op <):('a::preorder = 'a = bool))
by (simp add: irrefl-def)

6.3.2 Auxiliary results for singletons

lemma singleton-not-empty: {a} # {} by blast
lemma singleton-finite: finite {a} by blast

lemma singleton-ball: (Vze{a}. P z) = P a by blast
lemma singleton-bex: (3z€{a}. P z) = P a by blast

thm Set.subset-singletonD
lemma subset-singleton-conv: (A
lemma singleton-subset-conv: ({a
thm Set.singleton-inject

lemma singleton-eq-conv: ({a} = {b}) = (a = b) by blast

lemma singleton-subset-singleton-conv: ({a} C {b}) = (a = b) by blast

{a}) = (A ={} vV A = {a}) by blast
C A) = (a € A) by blast

lemma singleton-Int1-if: {a} N A = (if a € A then {a} else {})
by (split split-if , blast)
lemma singleton-Int2-if: A N {a} = (if a € A then {a} else {})
by (split split-if , blast)

lemma singleton-image: f * {a} = {f a} by blast
lemma inj-on-singleton: inj-on f {a} by blast
lemma strict-mono-on-singleton: strict-mono-on f {a}
unfolding strict-mono-on-def by blast

Auxiliary results for empty sets

thm empty-imp-not-in
thm ez-imp-not-empty
thm in-imp-not-empty

6.3.3 Auxiliary results for finite and infinite sets

thm infinite-imp-nonempty
lemma infinite-imp-not-singleton: infinite A = — (Ja. A = {a}) by blast

lemma infinite-insert: infinite (insert a A) = infinite A

by simp

lemma infinite-Diff-insert: infinite (A — insert a B) = infinite (A — B)
by simp
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lemma subset-finite-imp-finite: [ finite A; B C A ]| = finite B

by (rule finite-subset)

lemma infinite-not-subset-finite: [ infinite A; finite B] —= - A C B
by (blast intro: subset-finite-imp-finite)

thm Un-infinite
lemma Un-infinite-right: infinite T = infinite (S U T) by blast
lemma Un-infinite-iff : infinite (S U T) = (infinite S V infinite T) by blast

thm transfer-nat-int-set-relations

Give own name to the lemma about finiteness of the integer image of a nat
set

corollary finite-A-int-A-conv: finite A = finite (int © A)
by (rule transfer-nat-int-set-relations)

Corresponding fact fo infinite sets

corollary infinite-A-int-A-conv: infinite A = infinite (int ¢ A)
by (simp only: finite-A-int-A-conv)

lemma cartesian-product-infiniteL-imp-infinite: [ infinite A; B # {} | = infinite
(A x B)

by (blast dest: finite-cartesian-productD1)

lemma cartesian-product-infiniteR-imp-infinite: [ infinite B; A # {} | = infinite
(A x B)

by (blast dest: finite-cartesian-productD2)

thm finite-nat-iff-bounded
lemma finite-nat-iff-bounded?2:
finite S = (3 (k:nat).¥neS. n < k)
by (simp only: finite-nat-iff-bounded, blast)
thm finite-nat-iff-bounded-le
lemma finite-nat-iff-bounded-le2:
finite S = (3 (k:nat).¥neS. n < k)
by (simp only: finite-nat-iff-bounded-le, blast)

lemma nat-asc-chain-imp-unbounded:
[S#A{}; (YvmeS. IneS. m < (nunat)) ] = Vm. IneS. m < n
apply (rule alll)
apply (induct-tac m)
apply blast
apply (erule bezE)
apply (rename-tac nl)
apply (erule-tac x=n1 in ballE)
prefer 2
apply simp
apply (clarify, rename-tac x, rule-tac z=x in bexl)
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apply simp-all
done

thm infinite-nat-iff-unbounded-le
lemma infinite-nat-iff-asc-chain:
S # {} = infinite S = (VmeS. IneS. m < (n:nat))
by (metis Maz-in infinite-nat-iff-unbounded not-greater-Maz)
lemma infinite-imp-asc-chain: infinite S = VmeS. IneS. m < (n:nat)
thm infinite-nat-iff-asc-chain| THEN iffD1, OF infinite-imp-nonempty]
by (rule infinite-nat-iff-asc-chain| THEN iffD1, OF infinite-imp-nonempty])

lemma infinite-image-imp-infinite: infinite (f ¢ A) = infinite A
by fastsimp

lemma inj-on-imp-infinite-image: [ infinite A; inj-on f A | = infinite (f © A)
apply (frule card-image)

apply (fastsimp simp: card-eq-0-iff)

done

lemma inj-on-infinite-image-iff : inj-on f A = infinite (f * A) = infinite A
apply (rule iffI)

apply (rule ccontr, simp)

apply (rule inj-on-imp-infinite-image, assumption+)

done

lemma inj-on-finite-image-iff : inj-on f A = finite (f * A) = finite A
by (drule inj-on-infinite-image-iff , simp)

lemma nat-ex-greater-finite-Max-conv:
A #{} = (Fz€A. (nunat) < z) = (finite A — n < Max A)
apply (rule iffI)
apply (blast intro: order-less-le-trans Max-ge)
apply (case-tac finite A)
apply (blast intro: Max-in)
thm infinite-nat-iff-unbounded THEN iffD1, rule-format]
apply (drule infinite-nat-iff-unbounded| THEN iffD1, rule-format, of - n])
apply blast
done
corollary nat-ex-greater-infinite-finite-Maz-conv”:
(FzeA. (nunat) < z) = (finite AN A #{} An < Mazx AV infinite A)
apply (case-tac A = {}, blast)
apply (drule nat-ez-greater-finite-Max-conv|of - n])
apply blast
done
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6.3.4 Some auxiliary results for disjoint sets

thm Set.disjoint-iff-not-equal
lemma disjoint-iff-in-not-inl: (A N B ={}) = (Vz€A. z ¢ B) by blast
lemma disjoint-iff-in-not-in2: (AN B = {}) = (Vz€B. x ¢ A) by blast

lemma disjoint-in-Un:

[AnB={};z€¢ AUB]=z¢ AVz¢DB
thm disjoint-iff-in-not-inl [THEN iffD1, rule-format]
by (blast intro: disjoint-iff-in-not-in1 [ THEN 4fD1])+

lemma partition-Union: A C|JC = (JceC. AN ¢) = A by blast

lemma disjoint-partition-Int:
VeleC.Ve2elC.ocl #c¢2 — clNe2={} =
Vale{ANc|lec ce C}.Va2e{ANc|c ce C}.
al # a2 — al N a2 ={}
by blast
thm
image-Union
1mage-eq-UN
image-def
image-Collect
lemma {fz |z. z € A} = (Jz€A. {fz})
by fastsimp

thm Finite-Set.card-partition

This lemma version drops the superfluous precondition finite (|J C') (and
turns the resulting equation to the sensible order card .. = k * card ..).

lemma card-partition:
[ finite C; Ne. ¢ € C = card ¢ = k; Ncl c2. [el € C; ¢2 € C; ¢l # 2] =
clne2={}]=

card ((JC) =k * card C
by (metis card-infinite card-partition finite-Union mult-eq-if )

6.3.5 Some auxiliary results for subset relation

thm bex-subset-imp-bex
thm bez-imp-ex
thm
ball-subset-imp-ball
ball-subset-imp-ball|rule-format]
thm
all-imp-ball
all-imp-ball[rule-format]

thm image-mono
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lemma subset-image-Int: ACB= f‘(ANB)=f‘ANf*‘B
by (simp only: Int-absorb2 image-mono)

lemma image-diff-disjoint-image-Int:
[f*(A-B) NS B={}]—
ffAnB)=f‘ANnf‘B

apply (rule set-eql)

apply (simp add: image-iff )

apply blast

done

lemma subset-imp-Int-subsetl: AC C — AN B C C

thm subset-trans[of - C N B

thm subset-trans[of - C N B, OF Int-mono)

thm subset-trans[of - C N B, OF Int-mono, OF - subset-refl Int-lowerl]

by (rule subset-trans[of - C N B, OF Int-mono, OF - subset-refl Int-lowerl])
lemma subset-imp-Int-subset2: B C C = AN B C C

by (simp only: Int-commute|of A], rule subset-imp-Int-subsetl)

6.3.6 Auxiliary results for intervals from Setinterval

lemmas set-interval-defs =
lessThan-def atMost-def
greaterThan-def atLeast-def
greaterThanLessThan-def atLeastLess Than-def
greaterThanAtMost-def atLeastAtMost-def
thm set-interval-defs

thm image-add-atLeastAtMost
lemma image-add-atLeast:
(An:nat. n+k) ‘< {i..} = {i+k..} (is A = ?B)
proof
show ?A C ?B by fastsimp
next
show ?B C 24
proof
fix n assume a: n : ?B
hence n — k € {i..} by simp
moreover have n = (n — k) + k using a by fastsimp
ultimately show n € ?A4 by blast
qed
qed

lemma image-add-atMost:
(An:nat. n+k) < {.i} = {k..i+k} (is ?A = ?B)
proof —
have s1: {..i} = {0..i}
by (simp add: set-interval-defs)
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show ?4 = ?B
by (simp add: s1 image-add-atLeastAtMost)
qed

thm image-add-atLeastAtMost
thm image-add-atLeast
thm image-add-atMost

thm image-Suc-atLeastAtMost

thm image-add-atLeast
corollary image-Suc-atLeast: Suc ¢ {i..} = {Suc i..}
by (insert image-add-atLeast|of Suc 0], simp)

thm image-add-atMost

corollary image-Suc-atMost: Suc ‘ {..i} = {Suc 0..Suc i}
thm image-add-atMost[of Suc 0]

by (insert image-add-atMost[of Suc 0], simp)

lemmas image-add-lemmas =
image-add-atLeastAtMost
image-add-atLeast
image-add-atMost

lemmas image-Suc-lemmas =
1mage-Suc-atLeastAtMost
image-Suc-atLeast
image-Suc-atMost

lemma atMost-atLeastAtMost-0-conv: {..iznat} = {0..i}
by (simp add: set-interval-defs)

lemma atLeastAtMost-subset-atMost: (k::'a::order) < k' = {l..k} C {.k"}
by (clarsimp, blast intro: order-trans)

thm image-add-lemmas
thm image-Suc-lemmas
thm atMost-atLeastAtMost-0-conv

lemma lessThan-insert: insert (n::'a::order) {..<n} = {..n}
apply (rule set-eql)

apply (clarsimp simp add: order-le-less)

apply blast

done

lemma greaterThan-insert: insert (n::'a::order) {n<.} = {n..}
apply (rule set-eql)

apply (clarsimp simp add: order-le-less)

apply blast

done



THEORY “Setlnterval2” 84

lemma atMost-remove: {.n} — {(n::’a::order)} = {..<n}
apply (simp only: lessThan-insert[symmetric))

apply (rule Diff-insert-absord)

apply simp

done

lemma atLeast-remove: {n..} — {(n::’a::order)} = {n<..}
apply (simp only: greaterThan-insert[symmetric])

apply (rule Diff-insert-absord)

apply simp

done

thm atMost-def lessThan-def
lemma atMost-lessThan-conv: {..n} = {..<Suc n}
by (simp only: atMost-def lessThan-def less-Suc-eq-le)

thm atLeastAtMost-def atLeastLessThan-def
lemma atLeastAtMost-atLeastLessThan-conv: {l..u} = {l..<Suc u}
by (simp only: atLeastAtMost-def atLeastLessThan-def atMost-less Than-conv)

lemma atLeast-greaterThan-conv: {Suc n..} = {n<..}
by (simp only: atLeast-def greaterThan-def Suc-le-eq)

lemma atLeastAtMost-greater ThanAtMost-conv: {Suc l..u} = {I<..u}
by (simp only: greater ThanAtMost-def atLeastAtMost-def atLeast-greaterThan-conv)

lemma finite-subset-atLeastAtMost: finite A = A C {Min A..Maz A}
by (simp add: subset-eq)

lemma Maz-le-imp-subset-atMost:

[ finite A; Maz A <n] = AC{.n}
thm subset-trans|OF finite-subset-atLeastAtMost atLeastAtMost-subset-atMost]
by (rule subset-trans|OF finite-subset-atLeast AtMost atLeast AtMost-subset-atMost))

lemma subset-atMost-imp-Maz-le:
[ finite A; A#{}; AC{.n}] = Maz A <n
by (simp add: subset-iff )
lemma subset-atMost-Maz-le-conv:
[ finite A; A#{}] = (AC{.n}) = (Max A < n)
apply (rule iffI)
apply (blast intro: subset-atMost-imp-Maz-le)
apply (rule Max-le-imp-subset-atMost, assumption+)
done
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lemma iMin-atLeast: iMin {n..} = n

by (rule iMin-equality, simp-all)

lemma iMin-greaterThan: iMin {n<..} = Suc n

by (simp only: atLeast-Suc-greater Than|[symmetric] iMin-atLeast)
lemma iMin-atMost: iMin {..(n:nat)} = 0

by (rule iMin-equality, simp-all)

lemma iMin-lessThan: 0 < n => iMin {..<(n:nat)} = 0

by (rule iMin-equality, simp-all)

lemma Maz-atMost: Max {..(n::nat)} = n

by (rule Max-equality[OF - finite-atMost], simp-all)

lemma Maz-lessThan: 0 < n = Maxz {..<n} = n — Suc 0

by (rule Maz-equality[OF - finite-lessThan|, simp-all)

lemma iMin-atLeastLessThan: m < n = iMin {m..<n} = m

by (rule iMin-equality, simp-all)

lemma Maz-atLeastLessThan: m < n = Maz {m..<n} = n — Suc 0

by (rule Maz-equality| OF - finite-atLeastLess Than], simp-all add: less-imp-le-pred)

lemma iMin-greaterThanLessThan: Suc m < n = iMin {m<..<n} = Suc m

by (simp only: atLeastSucLess Than-greater ThanLess Than[symmetric] iMin-atLeastLess Than)
lemma Maz-greaterThanLessThan: Suc m < n = Maz {m<..<n} =n — Suc 0

by (simp only: atLeastSucLessThan-greater ThanLess Than[symmetric] Maz-atLeastLess Than)
lemma iMin-greater ThanAtMost: m < n = iMin {m<..n} = Suc m

by (simp only: atLeastSucAtMost-greater ThanAtMost[symmetric| atLeastLess ThanSuc-atLeastAtMost[symmet
iMin-atLeastLess Than)

lemma Maz-greaterThanAtMost: m < n = Maz {m<..(n:nat)} = n

by (simp add: atLeastSucAtMost-greater ThanAtMost[symmetric] atLeastLess ThanSuc-atLeastAtMost|symmet
Max-atLeastLess Than)

lemma iMin-atLeastAtMost: m < n => iMin {m..n} = m

by (rule iMin-equality, simp-all)

lemma Maz-atLeastAtMost: m < n = Maxz {m..(n::nat)} = n

by (rule Max-equality|OF - finite-atLeastAtMost], simp-all)

lemma infinite-atLeast: infinite {(n::nat)..}

by (rule unbounded-k-infinite|of n], fastsimp)

lemma infinite-greaterThan: infinite {(n::nat)<..}

by (simp add: atLeast-Suc-greaterThan|symmetric] infinite-atLeast)

lemma infinite-atLeast-int: infinite {(n::int)..}

apply (rule-tac f=Az. nat (x — n) in inj-on-infinite-image-iff [ THEN iffD1, rule-format])
apply (fastsimp simp: inj-on-def)

apply (rule-tac t=((Az. nat (z — n)) ‘ {n..}) and s={0..} in subst)

apply (simp add: set-eq-iff image-iff Bex-def)

apply (clarify, rename-tac nl)

apply (rule-tac z=n + int nl in exl)

apply simp-all

done

lemma infinite-greater Than-int: infinite {(n::int)<..}
thm atLeast-remove
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apply (simp only: atLeast-remove[symmetric])
apply (rule Diff-infinite-finite[OF singleton-finite])
apply (rule infinite-atLeast-int)

done

lemma infinite-atMost-int: infinite {..(n::int)}
apply (rule-tac f=Az. n — z in inj-on-infinite-image-iff [THEN iff D1, rule-format))
apply (simp add: inj-on-def)
apply (rule-tac t=(op — n ‘ {..n}) and s={0..} in subst)
apply (simp add: set-eq-iff image-iff Bex-def)
apply (rule alll, rename-tac n1)
apply (rule iffI)
apply (rule-tac z=n — nl in exl, simp)
apply fastsimp
apply (rule infinite-atLeast-int)
done

lemma infinite-less Than-int: infinite {..<(n::int)}
thm atMost-remove

apply (simp only: atMost-remove[symmetric))
apply (rule Diff-infinite-finite[OF singleton-finite])
apply (rule infinite-atMost-int)

done

6.3.7 Auxiliary results for card

lemma setsum-singleton: (> x€{a}. fz) = fa
by simp

lemma card-singleton: card {a} = Suc 0
by simp

thm card-cartesian-product-singleton
lemma card-cartesian-product-singleton-right: card (A x {z}) = card A
by (simp add: card-cartesian-product)

lemma card-1-imp-singleton: card A = Suc 0 = (Fa. A = {a})
by (metis card-eq-SucD)

lemma card-1-singleton-conv: (card A = Suc 0) = (Fa. A = {a})
apply (rule iffI)

apply (simp add: card-1-imp-singleton)

apply fastsimp

done

lemma card-gr0-imp-finite: 0 < card A = finite A

by (rule ccontr, simp)

lemma card-gro-imp-not-empty: (0 < card A) = A # {}
by (rule ccontr, simp)
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lemma not-empty-card-gro-conv: finite A = (A # {}) = (0 < card A)
by fastsimp

lemma nat-card-le-Maz: card (A:nat set) < Suc (Maz A)
apply (case-tac finite A)

prefer 2

apply simp

thm card-mono[OF finite-atMost, of A Maz A

apply (cut-tac card-mono[OF finite-atMost, of A Maz A))
apply simp

apply fastsimp

done

lemma Int-cardl: finite A = card (AN B) < card A

by (rule card-mono, simp-all)

lemma Int-card2: finite B = card (A N B) < card B

by (simp only: Int-commute|of A], rule Int-cardl)

lemma Un-cardl: [ finite A; finite B | = card A < card (A U B)
by (rule card-mono, simp-all)

lemma Un-card2: [ finite A; finite B | = card B < card (A U B)
by (simp only: Un-commute[of A, rule Un-cardl)

thm Finite-Set.card-Un-Int
lemma card-Un-conv:

[ finite A; finite B | =

card (AU B) = card A + card B — card (AN B)
by (simp only: card-Un-Int diff-add-inverse2)
lemma card-Int-conv:

[ finite A; finite B | =

card (AN B) = card A + card B — card (A U B)
by (simp only: card-Un-Int diff-add-inverse)

Pigeonhole principle, dirichlet’s box principle

lemma pigeonhole-principle[rule-format]:
card (f “A) < card A — (Fz€A. JyecA. z £y AN fz = fy)
apply (case-tac finite A)
prefer 2
apply simp
thm finite.induct[of A
apply (rule finite.induct[of A])
apply simp-all

apply (clarsimp, rename-tac A1 a)

apply (case-tac a € A1, force simp: insert-absord)
apply (case-tac fa € f “ A1, fastsimp+)

done

thm pigeonhole-principle
corollary pigeonhole-principle-linorder|rule-format]:

87
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card (f ©A) < card (A:'az:linorder set) = (Jz€A. JyeA. z <y AN fz = fy)
apply (drule pigeonhole-principle, clarify)
apply (drule neg-iff [THEN iffD1])
apply fastsimp
done

corollary pigeonhole-mod:
[0<m;m<card A] = Jz€A. FyeA. 2 < y A z mod m = y mod m
apply (rule pigeonhole-principle-linorder)
apply (rule le-less-trans|of - card {..<m}])
apply (rule card-mono)
apply fastsimp+
done
corollary pigeonhole-mod2:
[ (0:nat) < m; m < ¢;inj-on f {.c} ] = Fz<c. Jy<ec. x <y A fx mod m
= fy mod m
thm pigeonhole-mod[of m f ¢ {..c}]
apply (insert pigeonhole-mod[of m f * {..c}])
apply (clarsimp simp add: card-image, rename-tac x y)
apply (subgoal-tac = # y)
prefer 2
apply blast
apply (drule neg-iff [ THEN 1iffD1], safe)
apply blast
apply (blast intro: eq-commute[ THEN iffD1])
done

end

7 SetIntervalCut: Cutting linearly ordered and
natural sets

theory SetIntervalCut
imports Setlnterval?
begin

7.1 Set restriction

A set to set function f is a set restriction, if there exists a predicate P, so

that for every set s the function result f s contains all its elements fulfilling
P

definition

set-restriction :: (‘a set = 'a set) = bool
where

set-restriction f = 3P.VA. fA={z € A. Pz}

lemma set-restrictionD: set-restriction f = IP.VA. fA ={z € A. Pz}
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unfolding set-restriction-def by blast

lemma set-restrictionD-spec: set-restriction f = IP. fA = {z € A. Pz}
unfolding set-restriction-def by blast

lemma set-restrictionl: f = (M. {z € A. P z}) = set-restriction f
unfolding set-restriction-def by blast

lemma set-restriction-comp:
[ set-restriction f; set-restriction g | = set-restriction (f o g)
apply (unfold set-restriction-def)
apply (elim exE, rename-tac P1 P2)
apply (rule-tac z=\z. P1 z A P2 z in exl)
apply fastsimp
done
lemma set-restriction-commute:
[ set-restriction f; set-restriction g | = f (¢ I) = g (fI)
unfolding set-restriction-def by fastsimp

Constructs a set restriction function with the given restriction predicate

definition

set-restriction-fun :: (‘a = bool) = ('a set = 'a set)
where

set-restriction-fun P = MA. {z € A. P z}

lemma set-restriction-fun-is-set-restriction:
set-restriction (set-restriction-fun P)
unfolding set-restriction-def set-restriction-fun-def by blast

lemma set-restriction-Int-conv:

set-restriction f = (3B.VA. fA= AN B)
apply (unfold set-restriction-def)
apply (rule iffI)
apply (erule exE, rule-tac z=Collect P in exl, blast)
apply (erule exE, rule-tac x=Az. x € B in exl, blast)
done

lemma set-restriction-Un:

set-restriction f = f (AU B)=fAUfB
unfolding set-restriction-def by fastsimp
lemma set-restriction-Int:

set-restriction f = f (AN B)=fANfB
unfolding set-restriction-def by fastsimp
lemma set-restriction-Diff:

set-restriction f = f (A — B)=fA — B
unfolding set-restriction-def by fastsimp
lemma set-restriction-mono:

[ set-restriction f; AC B]= fACfB
unfolding set-restriction-def by fastsimp
lemma set-restriction-absorb:

set-restriction f = f (fA) =fA
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unfolding set-restriction-def by fastsimp
lemma set-restriction-empty:

set-restriction f = f {} = {}
unfolding set-restriction-def by blast
lemma set-restriction-non-empty-imp:

[ set-restriction f; fA#{}] = A # {}
unfolding set-restriction-def by blast
lemma set-restriction-subset:

set-restriction f = fA C A
unfolding set-restriction-def by blast
lemma set-restriction-finite:

[ set-restriction f; finite A | = finite (f A)
unfolding set-restriction-def by fastsimp
lemma set-restriction-card:

[ set-restriction f; finite A | =

card (f A) = card A — card {a € A. f {a} = {}}
apply (unfold set-restriction-def)
thm card-Diff-subset[symmetric]
apply (subgoal-tac {a € A. f {a} = {}} C A)
prefer 2
apply blast
apply (frule finite-subset, simp)
thm card-Diff-subset[symmetric]
apply (simp only: card-Diff-subset[symmetric])
apply (rule arg-cong[where f=card])
apply fastsimp
done
lemma set-restriction-card-le:

[ set-restriction f; finite A | = card (f A) < card A
by (simp add: set-restriction-card)

lemma set-restriction-not-in-imp:

[ set-restriction f;x ¢ A] =z ¢ fA
unfolding set-restriction-def by blast
lemma set-restriction-in-imp:

[ set-restriction f; z € fA] = z € A
unfolding set-restriction-def by blast

lemma set-restriction-fun-singleton:
set-restriction-fun P {a} = (if P a then {a} else {})

unfolding set-restriction-fun-def by force

lemma set-restriction-fun-all-conv:
((set-restriction-fun P) A = A) = (Vz€A. P 1)

unfolding set-restriction-fun-def by blast

lemma set-restriction-fun-empty-conv:
((set-restriction-fun P) A = {}) = (Vz€A. -~ P x)

unfolding set-restriction-fun-def by blast
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7.2 Cut operators for sets/intervals

7.2.1 Definitions and basic lemmata for cut operators

definition

cut-le :: 'az:linorder set = 'a = 'a set (infix]l |< 100 )
where

I'l<t={zel.z <t}
definition

cut-less :: 'az:linorder set = 'a = 'a set (infix]l |< 100)
where

Il<t={zel.z <t}

definition

cut-ge :: 'az:linorder set = 'a = 'a set (infixl |> 100 )
where

I'l>t={zel.t <z}
definition

cut-greater :: 'a::linorder set = 'a = 'a set (infixl |> 100 )
where

I'l>t={zel.t<z}

lemmas i-cut-defs =
cut-le-def cut-less-def
cut-ge-def cut-greater-def
thm i-cut-defs

lemma cut-leemem-iff: z € I [<t=(z el Nz <t

by (unfold cut-le-def, blast)

lemma cut-less-mem-iff: z € I |[<t=(zx €l Nz <t)
by (unfold cut-less-def, blast)

lemma cut-ge-mem-iff: x € I |>t=(zx €I Nt <zx)

by (unfold cut-ge-def, blast)

lemma cut-greater-mem-iff: x € I |>t=(x €I Nt < x)
by (unfold cut-greater-def, blast)

lemmas i-cut-mem-iff =
cut-le-mem-iff cut-less-mem-iff
cut-ge-mem-iff cut-greater-mem-iff
thm i-cut-mem-iff

lemma
cut-lel [introl]: ze€l =2<t=2zecl |<tand
cut-lessI [introll: z €l =z <t=z €l |<tand
cut-gel [introl]: re€l =z >t=—=2x€l |>1tand

cut-greater] [introll: € | =z >t = ax €1 [>t
by (simp-all add: i-cut-mem-iff)

lemma
cut-leE [elim]]: zel|<t= (rel=z<t= P)= P and
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cut-lessE [elim!]: z €l |<t= (z €] =z <t= P) = P and
cut-geE [elim]]: zel|>t=(re€l=2>t= P) = P and
cut-greaterE [eliml]: z € [ |[>t = (z €] = 2 >t = P) = P

by (simp-all add: i-cut-mem-iff)

lemma
cut-less-bound: n €1 |[<t = n <t and
cut-le-bound: nel |<t=n<tand
cut-greater-bound: n € i |[> t = ¢t < n and
cut-ge-bound: neil>t=1t<n

unfolding i-cut-defs by simp-all

lemmas i-cut-bound =
cut-less-bound cut-le-bound
cut-greater-bound cut-ge-bound

lemma
cut-le-Int-conv: I |< t =1 nN{..t} and
cut-less-Int-conv: I |< t =1 N {..<t} and
cut-ge-Int-conv: I |> ¢t =1 N {¢..} and
cut-greater-Int-conv: I |> t =1 N {t<..}
unfolding i-cut-defs by blast+

lemmas i-cut-Int-conv =
cut-le-Int-conv cut-less-Int-conv
cut-ge-Int-conv cut-greater-Int-conv
thm i-cut-Int-conv

lemma
cut-le-Diff-conv: I | < t =1 — {t<..} and
cut-less-Diff-conv: I |< t =1 — {t..} and
cut-ge-Diff-conv: T |> ¢t = I — {..<t} and
cut-greater-Diff-conv: I |> t =1 — {..t}

by (fastsimp simp: i-cut-defs)+

lemmas i-cut-Diff-conv =
cut-le-Diff-conv cut-less-Diff-conv
cut-ge-Diff-conv cut-greater-Diff-conv

thm i-cut-Diff-conv

7.2.2 Basic results for cut operators

lemma

cut-less-eq-set-restriction-fun’. (M. I |< t) = set-restriction-fun (Az. z < t)
and

cut-le-eq-set-restriction-fun”: (M. I |< t) = set-restriction-fun (Az. z < t)
and

cut-greater-eq-set-restriction-fun” (M. I |> t) = set-restriction-fun (Az. x > t)
and
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cut-ge-eg-set-restriction-fun: (M. I |> t) = set-restriction-fun (Az. z > t)
unfolding set-restriction-fun-def i-cut-defs by blast+
lemmas i-cut-eg-set-restriction-fun’ =
cut-less-eq-set-restriction-fun’ cut-le-eq-set-restriction-fun’
cut-greater-eq-set-restriction-fun’ cut-ge-eq-set-restriction-fun’

lemma
cut-less-eg-set-restriction-fun: I | < t = set-restriction-fun (Az. z < t) I and
cut-le-eq-set-restriction-fun: I | < t = set-restriction-fun (Az. z < t) I and
cut-greater-eq-set-restriction-fun: 1 | > t = set-restriction-fun (Az. z > t) I and
cut-ge-eq-set-restriction-fun: I |> t = set-restriction-fun (Az. x > t) I

by (simp-all only: i-cut-eq-set-restriction-fun’[symmetric])

lemmas i-cut-eq-set-restriction-fun =
cut-less-eq-set-restriction-fun cut-le-eq-set-restriction-fun
cut-greater-eq-set-restriction-fun cut-ge-eq-set-restriction-fun

lemma i-cut-set-restriction-disj:
[ cut-op = op |< V cut-op = op |< V

cut-op = op |> V cut-op = op |>;

f = (Al cut-op I t) | = set-restriction f
apply safe
apply (simp-all only: i-cut-eg-set-restriction-fun set-restriction-fun-is-set-restriction)
done
thm set-restriction-def

corollary
i-cut-less-set-restriction:  set-restriction (AI. I |< t) and
i-cut-le-set-restriction: set-restriction (M. I |< t) and
i-cut-greater-set-restriction: set-restriction (M. I |> t) and
i-cut-ge-set-restriction: set-restriction (M. I |> t)

by (simp-all only: i-cut-eq-set-restriction-fun set-restriction-fun-is-set-restriction)
lemmas i-cut-set-restriction =
i-cut-le-set-restriction i-cut-less-set-restriction
1-cut-ge-set-restriction i-cut-greater-set-restriction
lemma i-cut-commute-disj: |
cut-opl = op | < V cut-opl = op [<V
cut-opl = op |> V cut-opl = op |>;
cut-op2 = op |< V cut-op2 = op [<V
cut-op2 = op |> V cut-op2 = op |> ] =
cut-op2 (cut-opl It1) t2 = cut-opl (cut-op2 It2) t1
thm
set-restriction-commute[of A. cut-opl I t]
i-cut-set-restriction-disj
apply (rule set-restriction-commute)
apply (simp-all only: i-cut-set-restriction-disj)
done
thm i-cut-commute-disj
thm i-cut-commute-disj[of op |< op |<, simplified]
thm i-cut-commute-disj[of op [ < op |>, simplified]
thm i-cut-commute-disj[of op |< op |>, simplified]
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thm i-cut-commute-disj[of op |> op |>, simplified]

lemma
cut-less-empty:  {} [< t = {} and
cut-le-empty: {} It ={} and
cut-greater-empty: {} |> t = {} and
cut-ge-empty:  {} 1>t = {}

by blast+

lemmas i-cut-empty =
cut-less-empty cut-le-empty
cut-greater-empty cut-ge-empty

thm i-cut-empty

lemma
cut-less-not-empty-imp: I |< t #{} = I # {} and
cut-le-not-empty-imp: I<t#{} = TI%#{} and
cut-greater-not-empty-imp: I |> t # {} = I # {} and
cut-ge-not-empty-imp: I I>t#{}=1#{}

by blast+

lemma

cut-less-singleton:  {a} |< t = (if a < ¢ then {a} else {}) and

cut-le-singleton: {a} |< t = (if a < t then {a} else {}) and

cut-greater-singleton: {a} |> t = (if a > ¢ then {a} else {}) and

cut-ge-singleton: {a} |>t = (if a > t then {a} else {})
by (rule i-cut-eq-set-restriction-fun| THEN ssubst], simp only: set-restriction-fun-singleton)+
lemmas i-cut-singleton =

cut-le-singleton cut-less-singleton

cut-ge-singleton cut-greater-singleton

lemma
cut-less-subset: I |< t C I and
cut-le-subset: I |<tC 1T and
cut-greater-subset: I |> ¢t C I and
cut-ge-subset: I |>tC1T

thm i-cut-set-restriction| THEN set-restriction-subset]
by (simp-all only: i-cut-set-restriction| THEN set-restriction-subset])
lemmas i-cut-subset =
cut-less-subset cut-le-subset
cut-greater-subset cut-ge-subset
thm i-cut-subset

thm set-restriction-Un
lemma i-cut-Un-disj:
[ cut-op = op | < V cut-op = op |< V
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cut-op = op |> V cut-op = op [> ]
= cut-op (AU B) t = cut-op At U cut-op Bt
thm i-cut-set-restriction-disj|of cut-op M. cut-op It t]
apply (drule i-cut-set-restriction-disj[where f=\I. cut-op I t], simp)
thm set-restriction-Un
by (rule set-restriction-Un)

corollary
cut-less-Un:  (AUB) |[<t=A]<tUB |<tand
cut-le-Un: (AUB) |[<t=A|<tUB|<tand
cut-greater-Un: (AU B) |[>t=A|>tUB |>tand

cut-ge-Un: (AU B) |> t =A|>tUB|>t
by (rule i-cut-Un-disj, blast)+
lemmas i-cut-Un =

cut-less-Un cut-le-Un

cut-greater-Un cut-ge-Un

lemma i-cut-Int-disj:
[ cut-op = op |< V cut-op = op |<V
cut-op = op |> V cut-op = op [> ]
= cut-op (AN B) ¢t = cut-op A t N cut-op Bt
apply (drule i-cut-set-restriction-disj[where f=\I. cut-op I t], simp)
by (rule set-restriction-Int)

lemma
cut-less-Int: (AN B) |[<t=A]<tN B |<tand
cut-le-Int: (AnB)|<t=A]<tnNB |[<tand
cut-greater-Int: (AN B) |>t=A|>tN B |>tand
cut-ge-Int: (ANB)|>t=A|>tNB|>t

by blast+

lemmas i-cut-Int =
cut-less-Int cut-le-Int
cut-greater-Int cut-ge-Int

lemma
cut-less-Int-left: (AN B) [<t=A]<tN B and
cut-le-Int-left: (ANnB)|<t=A]<tnN B and

cut-greater-Int-left: (A N B) l> = A |>tN B and
cut-ge-Int-left: (ANB)|>t=A|>tNB
by blast+
lemmas i-cut-Int-left =
cut-less-Int-left cut-le-Int-left
cut-greater-Int-left cut-ge-Int-left

lemma
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cut-less-Int-right: (AN B) |[<t=ANB |<tand
cut-le-Int-right: (ANB) |<t=ANB |<tand
cut-greater-Int-right: (AN B) [>t=AN B |>t and
cut-ge-Int-right: (ANB)|>t=ANDB >t

by blast+

lemmas i-cut-Int-right =
cut-less-Int-right cut-le-Int-right
cut-greater-Int-right cut-ge-Int-right

lemma i-cut-Diff-disj:
[ cut-op = op | < V cut-op = op |< V
cut-op = op [> V cut-op = op [>]
= cut-op (A — B) t = cut-op A t — cut-op Bt
apply (drule i-cut-set-restriction-disj[where f=\I. cut-op I t], simp)
by (rule set-restriction-Diff )

corollary
cut-less-Diff: (A - B) |[<t=A|<t—- B |<tand
cut-le-Diff : (A-B)|<t=A|<t—- B |<tand

cut-greater-Diff : (A B) l> t=A]>t— B |>tand
cut-ge-Diff : (A-B)|>t=A|>t—B|>t
by (rule i-cut-Diff-disj, blast)+
lemmas i-cut-Diff =
cut-less-Diff cut-le-Diff
cut-greater-Diff cut-ge-Diff

thm set-restriction-mono
lemma i-cut-subset-mono-disj:

[ cut-op = op |< V cut-op = op <V

cut-op = op |> V cut-op = op |>; A C B

— cut-op A t C cut-op Bt
apply (drule i-cut-set-restriction-disj[where f=\I. cut-op I t], simp)
thm set-restriction-mono[where f=M\I. cut-op I t]
by (rule set-restriction-mono[where f=AI. cut-op I t])
corollary

cut-less-subset-mono: A C B — A |<tC B |<tand

cut-le-subset-mono: ACB=— A|<tCB|<tand
cut-greater-subset-mono: A C B = A |>t C B |> t and
cut-ge-subset-mono: ACB=— A|>tCB|>t

by (rule i-cut-subset-mono-disj[of - A], simp+)+

lemmas i-cut-subset-mono =
cut-less-subset-mono cut-le-subset-mono
cut-greater-subset-mono cut-ge-subset-mono

lemma

96
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cut-less-mono:  t<t'= I |<tC I |<t and
cut-greater-mono: t' < t = I |> ¢t C I |> t’ and
cut-le-mono: t<t'=1|<tCI|<t'and
cut-ge-mono: t'<t=T1|>tC1I[>t

by (unfold i-cut-defs, safe, simp-all)

lemmas i-cut-mono =
cut-le-mono cut-less-mono
cut-ge-mono cut-greater-mono

lemma
cut-cut-le: 1 [< a |[< b =1 |< minaband
cut-cut-less: 1 |[< a |[< b =1 |< min a b and
cut-cut-ge: 1 |> a |> b =14 |> max a b and
cut-cut-greater: © |> a |> b =1 |> mazrab
unfolding i-cut-defs by simp-all
lemmas i-cut-cut =
cut-cut-le cut-cut-less
cut-cut-ge cut-cut-greater

lemma i-cut-absorb-disj:

[ cut-op = op |< V cut-op = op |< V

cut-op = op |> V cut-op = op [> ]

= cut-op (cut-op It) t = cut-op I¢
thm i-cut-set-restriction-disj[where f=AI. cut-op I t]
apply (drule i-cut-set-restriction-disj[where f=MAI. cut-op I t], blast)
thm set-restriction-absorb
apply (blast dest: set-restriction-absord)

done

corollary
cut-le-absorb: I |<t]<t=1|<tand
cut-less-absorb: I |[< t |<t=1|<tand
cut-ge-absorb: I|>t]>t=1|>1tand

cut-greater-absorb: I | >t |>t=1|>1t
thm i-cut-absorb-disj
by (rule i-cut-absorb-disj, blast)+
lemmas i-cut-absorb =

cut-le-absorb cut-less-absorb

cut-ge-absorb cut-greater-absorb

lemma
cut-less-0-empty: I |< (0::nat) = {} and
cut-ge-0-all: I |> (0=nat) =1
unfolding i-cut-defs by blast+

lemma
cut-le-all-iff : (Il<t=1)= Vzel.z <t)and
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cut-less-all-iff: (I |[< t=1)= (Vzel. z < t) and
cut-ge-all-iff : (I|>t=1)= (Vzel.z > t) and
cut-greater-all-iff: (I |> ¢t =1) = (Vzel. z > t)

by blast+

lemmas i-cut-all-iff =
cut-le-all-iff cut-less-all-iff
cut-ge-all-iff cut-greater-all-iff

lemma
cut-le-empty-iff : (I|<t={}) = Vzel. t <z)and
cut-less-empty-iff: (I |[< t ={}) = (Vzel. t < z) and
cut-ge-empty-iff : (Il>t={}) =zel. z <t)and
cut-greater-empty-iff: (I |>t ={}) = (Vzel. z < t)
unfolding i-cut-defs by fastsimp+
lemmas i-cut-empty-iff =
cut-le-empty-iff cut-less-empty-iff
cut-ge-empty-iff cut-greater-empty-iff

lemma
cut-le-not-empty-iff : (I|<t#{}) =FHzel. z <t)and
cut-less-not-empty-iff: (I |[< t #{}) = 3zel. z < t) and
cut-ge-not-empty-iff : (I]l>t#{}) =3zel. t <z)and
cut-greater-not-empty-iff: (I |> t # {}) = (Fz€l. t < 1)
unfolding i-cut-defs by blast+

lemmas i-cut-not-empty-iff =
cut-le-not-empty-iff cut-less-not-empty-iff
cut-ge-not-empty-iff cut-greater-not-empty-iff
thm i-cut-not-empty-iff

lemma nat-cut-ge-infinite-not-empty: infinite I = I |> (t:nat) # {}

by (drule infinite-nat-iff-unbounded-le] THEN iffD1], blast)

lemma nat-cut-greater-infinite-not-empty: infinite I = I |> (t::nat) # {}
by (drule infinite-nat-iff-unbounded| THEN iffD1], blast)

thm set-restriction-not-in-imp

corollary
cut-le-not-in-imp: ¢l = x¢1I|<tand
cut-less-not-in-imp: = ¢ I = x ¢ I |< t and
cut-ge-not-in-imp: x¢l = 2x¢1|>tand

cut-greater-not-in-imp: ¢t ¢ I = = ¢ I | >t
thm i-cut-set-restriction| THEN set-restriction-not-in-imp]
by (rule i-cut-set-restriction| THEN set-restriction-not-in-imp), assumption)+
lemmas i-cut-not-in-imp =

cut-le-not-in-imp cut-less-not-in-imp

cut-ge-not-in-imp cut-greater-not-in-imp
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thm set-restriction-in-imp

corollary
cut-le-in-imp: re€l |<t=ze€land
cut-less-in-imp: 1w € I |[<t = x € I and
cut-ge-in-imp: zel |>t=— z €l and

cut-greater-in-imp: v € I |[>t = x €[]
thm i-cut-set-restriction| THEN set-restriction-in-imp|
by (rule i-cut-set-restriction| THEN set-restriction-in-imp|, assumption)+
lemmas i-cut-in-imp =

cut-le-in-imp cut-less-in-imp

cut-ge-in-imp cut-greater-in-imp

lemma Collect-minl-cut: [ k € I; P (k::(‘az:wellorder)) | = Jz€l. Px A (Vye(l
|< ).~ Py)

by (drule Collect-minl, assumption, blast)

corollary Collect-minl-ex-cut: 3k€l. P (k:('a::wellorder)) = Jax€l. P x A
(Vye(l |<z). ~ Py)

by (drule Collect-minl-ex, blast)

corollary Collect-minl-ex2-cut: {k€l. P (k:('a::wellorder))} # {} = Jz€l. P
z AN Vye(l |< z). 7 Py)

by (drule Collect-minl-ex2, blast)

lemma cut-le-cut-greater-ident: t2 < t1 — I |<t1 Ul |[>t2 =1
by fastsimp

lemma cut-less-cut-ge-ident: t2 < t1 — I |< t1 UI |[>t2 =1
by fastsimp

lemma cut-le-cut-ge-ident: t2 < t1 —= I |[<t1 Ul |>t2=1

by fastsimp

lemma cut-less-cut-greater-ident:
[t2<ti;In{a.2}={}]=1|<t1Ul|>t2=1
by fastsimp
corollary cut-less-cut-greater-ident .
t¢l = 1|<tUl|>t=1
by (simp add: cut-less-cut-greater-ident)

lemma insert-eq-cut-less-cut-greater: insert n I =1 |[<nU{n}UIT |[>n
by fastsimp



THEORY “SetlntervalCut” 100

7.2.3 Relations between cut operators

lemma insert-Int-conv-if : A N (insert x B) = (
if © € A then insert © (A N B) else AN B)
by simp

lemma cut-le-less-conv-if: I |< t = (
if t € Ithen insert t (I |< t) else (I |< t))
by (simp add: i-cut-Int-conv less Than-insert[symmetric] insert-Int-conv-if )

lemma cut-le-less-conv: I |[< t = ({t} NI)U (I ]|<t)
by fastsimp

lemma cut-less-le-conv: I |< t = (I |<t) — {t}
by fastsimp
lemma cut-less-le-conv-if: I |< t = (
if t € Ithen (I [<t) — {t} else (I [< 1))
by (simp only: cut-less-le-conv, force)

lemma cut-ge-greater-conv-if: I |> t = (
if t € Ithen insertt (I |> t) else (I [> t))
by (simp add: i-cut-Int-conv greater Than-insert[symmetric] insert-Int-conv-if)
lemma cut-ge-greater-conv: I |> ¢t = ({¢t} N 1)U (I |>1)
apply (simp only: cut-ge-greater-conv-if )
apply (case-tac t € I)
apply simp-all
done
lemma cut-greater-ge-conv: I |> ¢t = (I |>t) — {t}
by fastsimp
lemma cut-greater-ge-conv-if: I |> t = (
ift € Ithen (I [>t) — {t} else (I [> 1))
by (simp only: cut-greater-ge-conv, force)

lemma nat-cut-le-less-conv: I |[< t =1 |< Suct

by fastsimp

lemma nat-cut-less-le-conv: 0 < t =1 |< t =1 [< (t — Suc 0)
by fastsimp

lemma nat-cut-ge-greater-conv: I |> Suct =1 |>t

by fastsimp

lemma nat-cut-greater-ge-conv: 0 < t = I |> (t — Suc 0) =1 |>t
by fastsimp
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7.2.4 Function images with cut operators

lemma cut-less-image:
[ strict-mono-on fA; I C A;n€ A] =
(fDl<fn=f(l<n)

apply (rule set-eql)

apply (simp add: image-iff Bex-def cut-less-mem-iff)

apply (unfold strict-mono-on-def)

apply (rule iffT)

apply (metis not-less-iff-gr-or-eq set-rev-mp)

apply blast

done

lemma cut-le-image:
[ strict-mono-on fA; I C A;ne€ A] =
(f<D)I<fn=f (Il<n)
apply (frule strict-mono-on-imp-inj-on)
thm cut-le-less-conv-if
apply (clarsimp simp: cut-le-less-conv-if cut-less-image inj-on-def)
apply blast
done

lemma cut-greater-image:
[ strict-mono-on fA; I C A;ne A] =
fDI>fn=f(I]>n)

apply (rule set-eql)

apply (simp add: image-iff Bex-def cut-greater-mem-iff)

apply (unfold strict-mono-on-def)

apply (rule iffI)

apply (metis not-less-iff-gr-or-eq set-rev-mp)

apply blast

done

lemma cut-ge-image:
[ strict-mono-on fA; I C A;ne A] =
(D)1= fn=F(I1>n)
apply (frule strict-mono-on-imp-inj-on)
thm cut-ge-greater-conv-if
apply (clarsimp simp: cut-ge-greater-conv-if cut-greater-image inj-on-def)
apply blast
done

lemmas i-cut-image =
cut-le-image cut-less-image
cut-ge-image cut-greater-image

thm i-cut-image

thm i-cut-image[OF - subset-refl]
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7.2.5 Finiteness and cardinality with cut operators

thm set-restriction-finite
lemma
cut-le-finite: finite I = finite (I |[< t) a
cut-less-finite:  finite I = finite (I |< t)
cut-ge-finite: finite I = finite (I |> t)
cul-greater-finite: finite I = finite (I |> )
thm finite-subset
by (rule finite-subset|[of - I, rule i-cut-subset, assumption+)+

lemma nat-cut-le-finite: finite (I |< (t::nat))

by (fastsimp simp: finite-nat-iff-bounded-le2 cut-le-def)

lemma nat-cut-less-finite: finite (I |< (t::nat))

by (fastsimp simp: finite-nat-iff-bounded?2 cut-less-def)

lemma nat-cut-ge-finite-iff : finite (I |> (t::nat)) = finite I
apply (rule iffI)

thm cut-less-cut-ge-ident| OF order-refi]

apply (subst cut-less-cut-ge-ident|[of t, OF order-refl, symmetric])
apply (simp add: nat-cut-less-finite)

apply (simp add: cut-ge-finite)

done

lemma nat-cut-greater-finite-iff : finite (I |> (t::nat)) = finite I
thm cut-ge-greater-conv

by (simp only: nat-cut-ge-greater-conv|[symmetric] nat-cut-ge-finite-iff)

lemma
cut-le-card: finite I = card (I |< t) < card I and
cut-less-card:  finite I = card (I |< t) < card I and
cut-ge-card: finite I = card (I |> t) < card I and

cut-greater-card: finite I = card (I |> t) < card I
by (rule card-mono, assumption, rule i-cut-subset)+

lemma nat-cut-greater-card: card (I |> (t::nat)) < card I
apply (case-tac finite I)

apply (simp add: cut-greater-card)

thm nat-cut-greater-finite-iff

apply (simp add: nat-cut-greater-finite-iff)

done

lemma nat-cut-ge-card: card (I |> (t:nat)) < card I
apply (case-tac finite I)

apply (simp add: cut-ge-card)

thm nat-cut-ge-finite-iff

apply (simp add: nat-cut-ge-finite-iff )

done

7.2.6 Cutting a set at Min or Maz element
lemma cut-greater-Min-eq-Diff: I |> (iMin I) = I — {iMin I}
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by blast
lemma cut-less-Maz-eq-Diff : finite I = I |< (Max I) = I — {Mazx I}
by blast

lemma cut-le-Min-empty: t < iMin I = I |[<t = {}
by (fastsimp simp: i-cut-defs)

lemma cut-less-Min-empty: t < iMin I = I |< t = {}
by (fastsimp simp: i-cut-defs)

lemma cut-le-Min-not-empty: [ I # {}; iMin I < t] =1 [<t# {}
apply (simp add: i-cut-defs)

apply (rule-tac z=iMin I in exl)

thm iMinl-ex?2

apply (simp add: iMinl-ex2)

done

lemma cut-less-Min-not-empty: [ I # {}; iMinI <t] =1 |<t # {}
apply (simp add: i-cut-defs)

apply (rule-tac z=iMin I in exl)

apply (simp add: iMinl-ex2)

done

lemma cut-ge-Min-all: t < iMinl —= 1 |>t=1
apply (simp add: i-cut-defs)

apply safe

thm iMin-le

apply (drule iMin-le, simp)

done

lemma cut-greater-Min-all: t < iMin I = I |[>t =1
apply (simp add: i-cut-defs)

apply safe

thm iMin-le

apply (drule iMin-le, simp)

done

lemmas i-cut-min-empty =
cut-le-Min-empty
cut-less-Min-empty
cut-le-Min-not-empty
cut-less-Min-not-empty

lemmas i-cut-min-all =
cut-ge-Min-all
cut-greater-Min-all

thm
i-cut-min-empty
i-cut-min-all
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lemma cut-ge-Maz-empty: finite [ = Mazx I <t = 1 |>t = {}
by (fastsimp simp: i-cut-defs)

lemma cut-greater-Maz-empty: finite I = Max I <t =1 |> t = {}
by (fastsimp simp: i-cut-defs)

lemma cut-ge-Maz-not-empty: [ I # {}; finite [; t < Max I | = I |> t # {}
apply (simp add: i-cut-defs)

apply (rule-tac x=Maz I in exl)

thm Mazl-ex2

apply (simp add: MaxI-ex2)

done

lemma cut-greater-Maz-not-empty: [ I # {}; finite I;t < Maz I | =1 |> t #
{}

apply (simp add: i-cut-defs)

apply (rule-tac z=Mazx I in exl)

apply (simp add: MaxI-ex2)

done

lemma cut-le-Maz-all: finite | = Max I <t =1 |[<t=1
by (fastsimp simp: i-cut-defs)

lemma cut-less-Max-all: finite | = Maz [ <t = I |[<t =1
by (fastsimp simp: i-cut-defs)

lemmas i-cut-maz-empty =
cut-ge-Max-empty
cut-greater-Maz-empty
cut-ge-Max-not-empty
cut-greater-Mazx-not-empty

lemmas i-cut-maz-all =
cut-le-Max-all
cut-less-Maz-all

thm
i-cut-maz-empty
i-cut-maz-all

lemma cut-less-Maz-less:

[ finite (I |<t); I |<t#{}]= Maz (I |<t)<t
by (rule cut-less-bound|OF Maz-in))
lemma cut-le-Maz-le:

[ finite (I |<¢); I |<t#{}] = Maz (I |[<t) <t
by (rule cut-le-bound|OF Maz-in])
lemma nat-cut-less-Maz-less:

I|l<t#{} = Mazx (I |<t) < (t:nat)
by (rule cut-less-bound|OF Maz-in[OF nat-cut-less-finite]))
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lemma nat-cut-le-Max-le:
I<t#{} = Maz (I |<1t) < (t:nat)

by (rule cut-le-bound[OF Maz-in[OF nat-cut-le-finite]])

lemma cut-greater-Min-greater:
I'l>t#{} = iMin (I |>1t)>t¢

by (rule cut-greater-bound[OF iMinI-ex2])

lemma cut-ge-Min-greater:
[1>t#{} = iMin (I |>¢t) >t

by (rule cut-ge-bound|OF iMinI-ex2])

lemma cut-less-Min-eq: I |< t # {} = iMin (I |[< t) = iMin I
apply (drule cut-less-not-empty-iff [ THEN iffD1])

apply (rule iMin-equality)

apply (fastsimp intro: iMinl)

apply blast

done

lemma cut-le-Min-eq: I |< t # {} = iMin (I |[<t)=iMinI
apply (drule cut-le-not-empty-iff [ THEN iffD1])

apply (rule iMin-equality)

apply (fastsimp intro: iMinl)

apply blast

done

lemma cut-ge-Maz-eq: [ finite I; I |> t # {} | = Maz (I |> t) = Maz I
apply (drule cut-ge-not-empty-iff THEN iffD1])
apply (rule Max-equality)
apply (fastsimp intro: Maxl)
apply (simp add: cut-ge-finite)
apply fastsimp
done

lemma cut-greater-Maz-eq: | finite I; I |> t #{} ] = Maz (I |> t) = Max I
apply (drule cut-greater-not-empty-iff[THEN iffD1])
apply (rule Max-equality)
apply (fastsimp intro: Mazxl)
apply (simp add: cut-greater-finite)
apply fastsimp
done

7.2.7 Cut operators with intervals from SetInterval

lemma
UNIV-cut-le: UNIV | <t ={.t} and
UNIV-cut-less:  UNIV |< t = {..<t} and
UNIV-cut-ge: UNIV |> t = {t..} and
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UNIV-cut-greater: UNIV |> t = {t<..}
by blast+

lemma
less Than-cut-le: {.<n} |<t = (if n < tthen {..<n} else {..t}) and
lessThan-cut-less:  {.<n} |< t = (if n < t then {..<n} else {..<t}) and
lessThan-cut-ge: {.<n} |>t = {t.<n} and
lessThan-cut-greater: {..<n} |> t = {t<..<n} and
atMost-cut-le: {.n} |< ¢t =(if n < ¢t then {..n} else {..t}) and
atMost-cut-less:  {.n} |< t = (if n < t then {..n} else {..<t}) and
atMost-cut-ge: {.n} |>t={t.n} and
atMost-cut-greager: {..n} |> t = {t<..n} and
greater Than-cut-le: {n<..} |<t={n<.t} and
greaterThan-cut-less:  {n<.} |< t = {n<..<t} and
greater Than-cut-ge: {n<.} |>t = (if t < nthen {n<.} else {t..}) and
greater Than-cut-greater: {n<..} |> t = (if t < n then {n<..} else {t<..}) and
atLeast-cut-le: {n.} |<t={n.t} and
atLeast-cut-less:  {n..} |< ¢t = {n..<t} and
atLeast-cut-ge: {n.} |>t=(if t < n then {n..} else {t..}) and
atLeast-cut-greater: {n..} |> t = (if t < n then {n..} else {t..})
apply (simp-all add: set-eg-iff i-cut-mem-iff linorder-not-le linorder-not-less)
apply fastsimp+
done

lemma

greater ThanLess Than-cut-le: {m<.<n} |< t = (if n <t then {m<.<n}
else {m<..t}) and

greaterThanLessThan-cut-less:  {m<..<n} |< t = (if n < ¢ then {m<..<n}
else {m<..<t}) and

greaterThanLess Than-cut-ge: {m<.<n} [>t = (if t < m then {m<.<n}
else {t..<n}) and

greaterThanLess Than-cut-greater: {m<..<n} |> t = (if t < m then {m<..<n}
else {t<..<n}) and

atLeastLessThan-cut-le:  {m..<n} |< t = (if n < t then {m..<n} else {m..t})
and

atLeastLess Than-cut-less: {m.<n} |< t = (if n < t then {m..<n} else
{m..<t}) and

atLeastLess Than-cut-ge: {m..<n} |>t = (if t < m then {m..<n} else
{t..<n}) and

atLeastLessThan-cut-greater: {m..<n} |> t = (if t < m then {m..<n} else
{t<..<n}) and

greaterThanAtMost-cut-le: {m<.n} <t = (if n <t then {m<.n} else
{m<..t}) and

greaterThanAtMost-cut-less:  {m<.n} |< ¢t = (if n < t then {m<..n} else
{m<..<t}) and

greater ThanAtMost-cut-ge: {m<.n} |>t = (ift
{t..n}) and

greater ThanAtMost-cut-greater: {m<..n} |> t = (if t

IN

m then {m<..n} else

IN

m then {m<..n} else
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{t<..n}) and
atLeastAtMost-cut-le: {m..n} [<t=(if n <tthen {m..n} else {m..t}) and
atLeastAtMost-cut-less:  {m..n} |< t = (if n < t then {m..n} else {m..<t})
and
atLeastAtMost-cut-ge: {m..n} [>t=(if t < mthen {m..n} else {t..n}) and
atLeastAtMost-cut-greater: {m..n} |> t = (if t < m then {m..n} else {t<..n})
apply (simp-all add: set-eq-iff i-cut-mem-iff split-if linorder-not-le linorder-not-less)
apply fastsimp+
done

7.2.8 Mirroring finite natural sets between their Min and Mazx
element

Mirroring a number at the middle of the interval min I r.max I r

Mirroring a single element n between the interval boundaries 1 and r

definition

nat-mirror :: nat = nat = nat = nat
where

nat-mirrornlr=14+r —n

lemma nat-mirror-commute: nat-mirror n l r = nat-mirror n rl
unfolding nat-mirror-def by simp

lemma nat-mirror-inj-on: inj-on (Az. nat-mirror 1 r) {..l + r}
unfolding inj-on-def nat-mirror-def by fastsimp

lemma nat-mirror-nat-mirror-ident:
n <1+ r = nat-mirror (nat-mirror nlr) lr =n
unfolding nat-mirror-def by simp

lemma nat-mirror-add:
nat-mirror (n + k) lr = (nat-mirror n lr) — k
unfolding nat-mirror-def by simp
lemma nat-mirror-diff :
[k<mn<Il+4+r]=
nat-mirror (n — k) lr = (nat-mirror n lr) + k
unfolding nat-mirror-def by simp

lemma nat-mirror-le: a < b = nat-mirror b [ r < nat-mirror a l r
unfolding nat-mirror-def by simp
lemma nat-mirror-le-conv:

a <1+ r = (nat-mirror b 1 r < nat-mirror a l ) = (a < b)
unfolding nat-mirror-def by fastsimp

lemma nat-mirror-less:
[a<bja<li+r]=
nat-mirror b |l r < nat-mirror a l r
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unfolding nat-mirror-def by simp
lemma nat-mirror-less-imp-less:
nat-mirror b I r < nat-mirror a lr = a < b
unfolding nat-mirror-def by simp
lemma nat-mirror-less-conv:
a <1+ r= (nat-mirror b l v < nat-mirror a lr) = (a < b)
unfolding nat-mirror-def by fastsimp

lemma nat-mirror-eq-conv:
[a<li+rmb<Il+r]=
(nat-mirror a l v = nat-mirror bl r) = (a = b)
unfolding nat-mirror-def by fastsimp

Mirroring a single element n between the interval boundaries of I

definition
mirror-elem :: nat = nat set = nat
where
mirror-elem n I = nat-mirror n (iMin I) (Maz I)

lemma mirror-elem-inj-on: finite I = inj-on (Az. mirror-elem z I) I
unfolding mirror-elem-def
by (metis Maz-le-imp-subset-atMost nat-mirror-inj-on not-add-less2 not-leE subset-inj-on)

lemma mirror-elem-add:

finite I = mirror-elem (n + k) I = mirror-elem n I — k
unfolding mirror-elem-def by (rule nat-mirror-add)
lemma mirror-elem-diff :

[ finite I} k < n; n € I | = mirror-elem (n — k) I = mirror-elem n I + k
apply (unfold mirror-elem-def)
apply (rule nat-mirror-diff , assumption)
apply (simp add: trans-le-add2)
done
lemma mirror-elem-Min:

[ finite I} I # {} | = mirror-elem (iMin I) I = Maz I
unfolding mirror-elem-def nat-mirror-def by simp
lemma mirror-elem-Maz:

[ finite I; I # {} | = mirror-elem (Maz I) I = iMin I
unfolding mirror-elem-def nat-mirror-def by simp

lemma mirror-elem-mirror-elem-ident:
[ finite Iy n < iMin I + Max I | = mirror-elem (mirror-elem n I) I = n
unfolding mirror-elem-def nat-mirror-def by simp

thm nat-mirror-le-conv
lemma mirror-elem-le-conuv:
[ finiteI; a€el; bel] =
(mirror-elem b I < miarror-elem a I) = (a < b)
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apply (unfold mirror-elem-def)
apply (rule nat-mirror-le-conv)
apply (simp add: trans-le-add2)
done
lemma mirror-elem-less-conv:
[ finite I, a € I; b€l ] =
(mirror-elem b I < mirror-elem a I) = (a < b)
unfolding mirror-elem-def nat-mirror-def
by (metis diff-less-mono2 nat-diff-left-cancel-less nat-ex-greater-infinite-finite- Maz-conv’
trans-less-add2)

thm nat-mirror-eq-conv
lemma mirror-elem-eq-conv:
[a<iMinI+ Max I; b < iMin I + Maz I | =
(mirror-elem a I = mirror-elem b I) = (a = b)
by (simp add: mirror-elem-def nat-mirror-eg-conv)
lemma mirror-elem-eq-conv’:
[ finite I; a € I; b € I | = (mirror-elem a I = mirror-elem b I) = (a = b)
apply (rule mirror-elem-eq-conv)
apply (simp-all add: trans-le-add2)
done

definition

imirror-bounds :: nat set = nat = nat = nat set
where

imirror-bounds Il r = (Az. nat-mirror z 1 r) ‘1

Mirroring all elements between the interval boundaries of 1

definition
imarror :: nat set = nat set
where
imirror I = (Az. iMin I + Maz I — z) ‘1

lemma imirror-eqg-nat-mirror-image:
imirror I = (Az. nat-mirror x (iMin I) (Maz I)) ‘1
unfolding imirror-def nat-mirror-def by simp
lemma imirror-eq-mirror-elem-image:
imirror I = (Az. mirror-elem x I) ‘1
by (simp add: mirror-elem-def imirror-eq-nat-mirror-image)

lemma imirror-eq-imirror-bounds:

imarror I = imirror-bounds I (iMin I) (Maz I)
unfolding imirror-def imirror-bounds-def nat-mirror-def by simp

lemma imirror-empty: imirror {} = {}
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unfolding imirror-def by simp
lemma imirror-is-empty: (imirror I = {}) = (I = {})
unfolding imirror-def by simp
lemma imirror-not-empty: I # {} = imirror I # {}
unfolding imirror-def by simp

lemma imirror-singleton: imirror {a} = {a}
unfolding imirror-def by simp

lemma imirror-finite: finite I = finite (imirror I)
unfolding imirror-def by simp

lemma imirror-bounds-iMin:
[ finite I; I # {}; iMin I <l +r] =
iMin (imirror-bounds I'lr) =1 + r — Maz I
apply (unfold imirror-bounds-def nat-mirror-def’)
thm iMin-equality
apply (rule iMin-equality)
apply (blast intro: Max-in)
apply (blast intro: Maz-ge diff-le-mono2)
done

lemma imirror-bounds-Mazx:

[ finite I; T # {}; Max I <1+ r ] =

Maz (imirror-bounds I'lr) =1+ r — iMin I
apply (unfold imirror-bounds-def nat-mirror-def)
apply (rule Max-equality)

apply (blast intro: iMinI)

apply simp
apply (blast intro: iMin-le diff-le-mono2)
done

lemma imirror-iMin: finite I = iMin (imirror I) = iMin I

apply (case-tac I = {}, simp add: imirror-empty)

apply (simp add: imirror-eq-imirror-bounds imirror-bounds-iMin le-addl)
done

lemma imirror-Maz: finite I = Max (imirror I) = Maz I

apply (case-tac I = {}, simp add: imirror-empty)

apply (simp add: imirror-eg-imirror-bounds imirror-bounds-Mazx trans-le-add2)
done

corollary imirror-iMin-Maz: | finite I; n € imirror I | = iMin I < n A n <
Max I

apply (frule Max-ge| OF imirror-finite, of - nl], assumption)

thm imerror-iMin imirror-Max

apply (fastsimp simp: imirror-iMin imirror-Mazx)

done
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thm image-iff
lemma imirror-bounds-iff :
(n € imirror-bounds Il r) = (z€l. n =14+ r — )
by (simp add: imirror-bounds-def nat-mirror-def image-iff )
lemma imirror-iff: (n € imirror I) = (3z€l. n = iMin I + Max I — z)
by (simp add: imirror-def image-iff)

lemma imirror-bounds-imirror-bounds-ident:

[ finite I Max I <1+ r ]| =

imirror-bounds (imirror-bounds I'lr) lr =1
apply (rule set-eql)
apply (simp add: imirror-bounds-def image-image image-iff)
thm nat-mirror-nat-mirror-ident
apply (rule iffI)

apply (fastsimp simp: nat-mirror-nat-mirror-ident)
apply (rule-tac z=z in bexl)
apply (fastsimp simp: nat-mirror-nat-mirror-ident)+
done

lemma imirror-imirror-ident: finite I = imirror (imirror I) = 1

apply (case-tac I = {}, simp add: imirror-empty)

thm imirror-eg-imirror-bounds

thm imirror-bounds-imirror-bounds-ident

apply (simp add: imirror-eq-imirror-bounds imirror-bounds-iMin imirror-bounds-Mazx
le-add1 trans-le-add2 imirror-bounds-imirror-bounds-ident)

done

lemma mirror-elem-imirror:
finite I = mirror-elem t (imirror I) = mirror-elem t I

by (simp add: mirror-elem-def imirror-iMin imirror-Maz)

lemma imirror-card: finite I = card (imirror I) = card I
apply (simp only: imirror-eq-mirror-elem-image)

apply (rule inj-on-iff-eq-card[ THEN iffD1], assumption)
apply (rule mirror-elem-inj-on, assumption)

done

lemma imirror-bounds-elem-conv:
[ finite ; n <l+4+r,MazxI <l+r] =
((nat-mirror n 1 r) € imirror-bounds I'l r) = (n € I)
apply (unfold imirror-bounds-def)
thm inj-on-image-mem-iff [where A={..l + r}]
apply (rule inj-on-image-mem-iff)
apply (rule nat-mirror-inj-on)
apply fastsimp
apply simp
done

lemma imirror-mem-conv:
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[ finite I; n < iMin I + Max I | = ((mirror-elem n I) € imirror I) = (n € I)
thm imirror-bounds-elem-conv
by (simp add: mirror-elem-def imirror-eg-imirror-bounds imirror-bounds-elem-conv)

corollary in-imp-mirror-elem-in:
[ finite Iy n € I | = (mirror-elem n I) € imirror I
thm imirror-mem-conv[OF - trans-le-add2|OF Mazx-ge], THEN ffD2]
by (rule imirror-mem-conv|[OF - trans-le-add2[OF Max-ge], THEN 4ffD2])

lemma imirror-cut-less:
finite I =
imirror I | < (mirror-elem t I) =
imirror-bounds (I |> t) (iMin I) (Max I)
apply (simp only: imirror-eg-imirror-bounds)
apply (unfold imirror-def imirror-bounds-def mirror-elem-def)
apply (rule set-eql)
apply (simp add: Bex-def i-cut-mem-iff image-iff)
apply (rule iffI)
thm nat-mirror-less-imp-less
apply (bestsimp intro: nat-mirror-less-imp-less)
thm nat-mirror-less
apply (bestsimp simp add: nat-mirror-less)
done

lemma imirror-cut-le:
[ finite I} t < iMin I + Maz I | =
imirror I | < (mirror-elem t I) =
imarror-bounds (I |> t) (iMin I) (Max I)
thm nat-cut-le-less-conv nat-cut-greater-ge-conv
apply (simp only: nat-cut-le-less-conv)
apply (case-tac t = 0)
apply (simp add: cut-ge-0-all i-cut-empty)
apply (simp only: imirror-eq-imirror-bounds[symmetric])
apply (rule cut-less-Maz-all)
apply (rule imirror-finite, assumption)
apply (simp add: mirror-elem-def nat-mirror-def imirror-Maz)
apply (simp add: nat-cut-greater-ge-conv|[symmetric])
thm imirror-cut-less
apply (rule subst[of mirror-elem (¢ — Suc 0) I Suc (mirror-elem t I)])
apply (simp add: mirror-elem-def nat-mirror-diff)
apply (rule imirror-cut-less, assumption)
done

lemma imirror-cut-ge:
finite I =
imarror I |> (mirror-elem t I) =
imirror-bounds (I |< t) (iMin I) (Max I)
(is P = ?lhs I = ?rhs I t)

apply (case-tac iMin I + Maz I < t)
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apply (simp add: mirror-elem-def nat-mirror-def cut-ge-0-all cut-le-Maz-all imirror-eq-imirror-bounds)
apply (case-tac t < iMin I)

apply (simp add: cut-le-Min-empty imirror-bounds-def mirror-elem-def nat-mirror-def
cut-ge-Max-empty imirror-Maz imirror-finite)

apply (simp add: linorder-not-le linorder-not-less)

apply (rule subst[of imirror (imirror I) | < mirror-elem (mirror-elem t I) (imirror

11< 1)

thm mairror-elem-mairror-elem-ident

apply (simp add: imirror-imirror-ident mirror-elem-imirror mirror-elem-mirror-elem-ident)
thm imirror-cut-le[of imirror I mirror-elem t I, OF imirror-finite]

apply (subgoal-tac mirror-elem t I < Max (imirror I))

prefer 2

apply (simp add: imirror-Maz mirror-elem-def nat-mirror-def)

apply (simp add: imirror-cut-le imirror-finite)

by (metis cut-ge-Max-eq cut-ge-Max-not-empty imirror-Mazx imirror-bounds-imirror-bounds-ident
imirror-finite imirror-iMin le-add2 nat-cut-ge-finite-iff )

lemma imirror-cut-greater: [ finite I; t < iMin I + Maz I | =
imirror I |> (mirror-elem t I) =
imirror-bounds (I |< t) (iMin I) (Maz I)
apply (case-tac t = 0)
apply (simp add: cut-less-0-empty imirror-bounds-def)
apply (rule cut-greater-Maz-empty)
apply (rule imirror-finite, assumption)
apply (simp add: imirror-Max mirror-elem-def nat-mirror-def)
thm nat-cut-ge-greater-conv
apply (simp add: nat-cut-ge-greater-conv|symmetric])
thm subst|[of mirror-elem (t — Suc 0) I Suc (mirror-elem ¢ I)]
apply (rule subst[of mirror-elem (¢ — Suc 0) I Suc (mirror-elem t I)])
thm nat-mirror-diff
apply (simp add: mirror-elem-def nat-mirror-diff)
thm imirror-cut-ge nat-cut-less-le-conv
apply (simp add: imirror-cut-ge nat-cut-less-le-conv)
done

lemmas imirror-cut =
imirror-cut-less imirror-cut-ge
imirror-cut-le tmirror-cut-greater
thm imirror-cut

corollary imirror-cut-le”:
[ finite I; t € I ] =
imarror I | < mirror-elem t I =
imarror-bounds (I |> t) (iMin I) (Maz I)
thm imirror-cut-le[OF - trans-le-add2[OF Maz-ge]]
by (rule imirror-cut-le[OF - trans-le-add2|OF Maax-ge]])
corollary imirror-cut-greater’:
[ finite I; t € I ]| =
imirror I |> mirror-elem t I =
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imirror-bounds (I |< t) (iMin I) (Max I)
by (rule imirror-cut-greater| OF - trans-le-add2[{OF Mazx-ge]])
lemmas imirror-cut’ =

imirror-cut-le’ imirror-cut-greater’
thm

1marror-cut

imirror-cut’

lemma imirror-bounds-Un:

imirror-bounds (AU B) I r =

imirror-bounds A 1 r U imirror-bounds B [ r
by (simp add: imirror-bounds-def image-Un)
lemma imirror-bounds-Int:

[AC{.i+rh; BC{il+r}]=

imirror-bounds (AN B) I r =

imirror-bounds A 1 r N imirror-bounds B [ r
apply (unfold imirror-bounds-def)
thm inj-on-image-Int[OF - Un-upper! Un-upper2]
apply (rule inj-on-image-Int[OF - Un-upper! Un-upper2))
thm nat-mirror-inj-on
thm subset-inj-on|OF nat-mirror-inj-on)
apply (rule subset-inj-on[OF nat-mirror-inj-on))
apply (rule Un-least[of A - B], assumption+)
done

end

8 SetIntervalStep: Stepping through sets of natu-
ral numbers
theory SetIntervalStep

imports SetIntervalCut
begin

8.1 Function inext and iprev for stepping through natural sets

definition
mext :: nat = nat set = nat
where

inext n I = (

if (nelIn]>n#{})
then iMin (I |> n)
else n)

definition
iprev @ nat = nat set = nat
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where
iprevn I = (
if (ne A (IL<n#{})
then Max (I |< n)
else n)

inext and iprev can be viewed as generalisations of Suc and prev

lemma inext-UNIV: inext n UNIV = Suc n
apply (simp add: inext-def cut-greater-def, safe)
apply (rule iMin-equality)

apply fastsimp+

done

lemma iprev-UNIV: iprev n UNIV = n — Suc 0
apply (simp add: iprev-def cut-less-def, safe)
apply (rule Max-equality)

apply fastsimp+

done

lemma inext-empty: inext n {} = n
unfolding inext-def by simp
lemma iprev-empty: iprev n {} = n
unfolding iprev-def by simp

thm
finite-nat-iff-bounded-le
finite-nat-iff-bounded-le2

lemma not-in-inext-fiz: n ¢ I = inextn I = n
unfolding inext-def by simp
lemma not-in-iprev-fiz: n ¢ I = iprevn I = n
unfolding iprev-def by simp

lemma inext-all-le-fix: Vzel. © < n = inext n I = n
unfolding inext-def by force
lemma iprev-all-ge-fix: Veel. n <z = iprevn I = n
unfolding iprev-def by force

lemma inext-Maz: finite | = inext (Maxz I) I = Max 1
unfolding inext-def cut-greater-def by (fastsimp dest: Maz-ge)
lemma iprev-iMin: iprev (iMin I) I = iMin I

unfolding iprev-def cut-less-def by fastsimp

lemma inext-ge-Max: | finite I; Max I < n ] = inextn I =n
unfolding inext-def cut-greater-def by (fastsimp dest: Maz-ge)
thm iprev-iMin

lemma iprev-le-iMin: n < iMin I = iprevn I = n
unfolding iprev-def cut-less-def by fastsimp
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lemma inext-singleton: inext n {a} = n
unfolding inext-def by fastsimp

lemma iprev-singleton: iprev n {a} = n
unfolding iprev-def by fastsimp

lemma inext-closed: n € I = inextn I € I
apply (clarsimp simp: inext-def)

thm subsetD[of I |> n I

apply (rule subsetD[OF cut-greater-subset])
apply (rule iMinI-ex2, assumption)

done

lemma iprev-closed: n € [ = iprevn I € I
apply (clarsimp simp: iprev-def)

thm subsetD]of I |< n I]

apply (rule subsetD[of I |< n], fastsimp)
thm Maz-in[OF nat-cut-less-finite]

by (rule Max-in|OF nat-cut-less-finite])

thm inext-closed
lemma inezt-in-imp-in: inextnl € I = n eI
by (case-tac n € I, simp-all add: not-in-inext-fix)

lemma inext-in-iff: (inextn I € I) = (n € I)
apply (rule iffI)

apply (rule inext-in-imp-in, assumption)
apply (rule inext-closed, assumption)

done

lemma subset-inext-closed: [ n € B; AC B] = inext n A € B
apply (case-tac n € A)

apply (fastsimp simp: inext-closed)

apply (simp add: not-in-inext-fix)

done

lemma subset-inext-in-imp-in: [ inext n A € B ACB] = né€ B
apply (case-tac n € A)

apply fastsimp

apply (simp add: not-in-inext-fix)

done

lemma subset-inext-in-iff: A C B = (inext n A € B) = (n € B)
apply (rule iffI)

apply (rule subset-inext-in-imp-in, assumption+)

apply (rule subset-inext-closed, assumption+)

done
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thm iprev-closed

lemma iprev-in-imp-in: iprevn I € [ = n € 1
apply (case-tac n € I)

apply (simp-all add: not-in-iprev-fiz)

done

lemma iprev-in-iff: (iprevn I € I) = (n € I)
apply (rule iffT)

apply (rule iprev-in-imp-in, assumption)

apply (rule iprev-closed, assumption)

done

lemma subset-iprev-closed: [n € B; AC B]| = iprevn A € B
apply (case-tac n € A)

apply (fastsimp simp: iprev-closed)

apply (simp add: not-in-iprev-fix)

done

lemma subset-iprev-in-imp-in: [ iprevn A € B; AC B] = n € B
apply (case-tac n € A)

apply fastsimp

apply (simp add: not-in-iprev-fix)

done

lemma subset-iprev-in-iff: A C B = (iprevn A € B) = (n € B)
apply (rule iffT)

apply (rule subset-iprev-in-imp-in, assumption+)

apply (rule subset-iprev-closed, assumption+)

done

lemma inext-mono: n < inext n I

by (simp add: inext-def i-cut-defs iMin-ge-iff )

corollary inext-neg-imp-less: n # inext n I = n < inext n I
by (insert inext-monolof n I, simp)

lemma inext-mono2: [n € I; Jz€l. n < x| = n < inext n I
by (fastsimp simp add: inext-def i-cut-defs iMin-gr-iff )

lemma inext-mono2-infin: [ n € I; infinite I | = n < inext n I
apply (simp add: inext-def i-cut-defs iMin-gr-iff )

apply (fastsimp simp: infinite-nat-iff-unbounded)

done

lemma inext-mono2-fin: [ n € I; finite I; n # Mazx I | = n < inext n [
apply (simp add: inext-def i-cut-defs iMin-gr-iff)

apply (blast intro: Maz-ge Maz-in)

done
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thm inext-mono?2
lemma inext-mono2-infin-fin:

[nel;n+# MaxlIVinfinitel | = n < inextn I
by (blast intro: inext-mono2-infin inext-mono2-fin)

thm Nat.zero-less-Suc

lemma inext-neq-iMin: Iz€l. n < x = inext n I # iMin |
apply (case-tac n € I)

prefer 2

apply (simp add: not-in-inext-fix)

apply (blast dest: iMinl)

apply (rule not-sym, rule less-imp-neq)

thm le-less-trans[OF iMin-le[of n], OF - inext-mono2]

by (rule le-less-trans|OF iMin-le[of n], OF - inext-mono2])

lemma inezt-neg-iMin-infin: infinite I = inext n I # iMin I
apply (rule inext-neg-iMin)

thm infinite-nat-iff-unbounded| THEN iffD1|

apply (blast dest: infinite-nat-iff-unbounded| THEN iffD1])
done

thm Maz-le-Min-imp-singleton

lemma Maz-le-iMin-imp-singleton: [ finite I; I # {}; Maz I < iMin 1] = I =
{iMin I}

by (simp add: iMin-Min-conv Maz-le-Min-imp-singleton)

lemma inext-neg-iMin-not-singleton:
[I#{};-(3a.I=A{a})] = inextnlI # iMin I
apply (case-tac finite I)
prefer 2
apply (simp add: inext-neq-iMin-infin)
apply (case-tac n € I)
prefer 2
apply (simp add: not-in-inext-fix)
apply (blast intro: iMinl-ex2)
by (metis Maz-le-iMin-imp-singleton iMin-le-Maz inext-Max inext-mono2-infin-fin
not-less-iMin)
corollary inext-neg-iMin-not-card-1:
[I#{}; card I # Suc 0] = inext n I # iMin I
by (simp add: inext-neg-iMin-not-singleton card-1-singleton-conv)

lemma inext-neg-imp-Max: n # inext n [ = n < Max I V infinite I
by (rule ccontr, clarsimp simp: inext-ge-Max)

lemma inext-less-conv: (n € I A (n < Max I V infinite I)) = (n < inext n I)
apply (rule iffI)

apply (blast intro: inext-mono2-infin-fin)

apply (rule congl)

apply (rule ccontr)
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apply (simp add: not-in-inext-fix)
apply (blast dest: inext-neg-imp-Maz less-imp-neq)
done

lemma inext-min-step: [ n < k; k < inextnI | = k ¢ I
apply (case-tac n € I)

prefer 2

apply (simp add: inext-def)

thm contrapos-pnlof k < inext n I'k € I]

apply (rule contrapos-pnlof k < inext n I k € I, simp)
apply (simp add: inext-def i-cut-defs)

apply (case-tac Jz. x € I A n < x)

apply simp

thm not-less-iMin

thm not-less-iMin[of k {z € I. n < x}]

apply (blast dest: not-less-iMin)

apply blast

done

corollary inext-min-step2: =(3kel. n < k A k < inext n I)
by (clarsimp simp add: inext-min-step)

lemma min-step-inext|[rule-format]:
[z<yzelye L Ak [z<kk<y]l=Fk¢l] =
mert [ =y

apply (rule ccontr)

thm nat-neq-iff

apply (simp add: nat-neg-iff, safe)

thm inext-closed|of x I

thm inext-mono2|of = I|

apply (blast dest: inext-closed inext-mono2)

thm inext-min-steplof z y I]

apply (simp add: inext-min-step)

done

corollary min-step-inext2[rule-format|:
[z<y;zelyel;,-Fkel.a<krnk<y]=
mextx [ =y

by (blast intro: min-step-inext)

lemma between-empty-imp-inext-eq:

119

[n€ A;n <inextn A;n € B;inextn A € B; B [>n |< (inextn A) = {} ]

—
inext n B = inext n A
by (blast intro: min-step-inext2)
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lemma inext-le-mono: [ a < b;a € I; b € I | = inext a I < inext b [
apply (drule order-le-less[THEN iffD1], erule disjE)

prefer 2

apply simp

apply (rule order-trans|of - b])

apply (rule ccontr, simp add: linorder-not-le)

thm inext-min-step

apply (blast dest: inext-min-step)

by (rule inext-mono)

thm inext-mono2

lemma inext-less-mono:
[a<bacl;bel;3zel. b<z] = inextal < inextbl

apply (rule le-less-trans|of - b))

apply (rule ccontr, simp add: linorder-not-le)

thm inext-min-step

apply (blast dest: inext-min-step)

by (rule inext-mono2)

thm inext-mono2-fin
lemma inext-less-mono-fin:
[a<b;ael;bel; finitel; b # Max I ]| = inext a I < inext b1
thm inext-less-mono Maz-in
by (blast intro: inext-less-mono Maz-in)

thm inext-mono2-infin

lemma inext-less-mono-infin:
[a<b;a€el;bel;infinitel] | = inext al < inext b I

apply (rule inext-less-mono, assumption+)

apply (blast dest: infinite-imp-asc-chain)

done

thm inext-mono2-infin-fin

lemma inext-less-mono-infin-fin:
[a<b;aecl;bel;b# Max IV infinite I | = inext a I < inext b I

by (blast intro: inext-less-mono-infin inext-less-mono-fin)

lemma inext-le-mono-rev:
[ inext a I < inextbl;a € I;bel;3zel. inextal <z] = a<b
apply (rule ccontr, simp add: linorder-not-le)
thm inext-less-mono
apply (frule inext-less-mono, assumption+)
apply (blast intro: le-less-trans inext-mono)
apply simp
done
lemma inext-le-mono-fin-rev:
[ inext a I < inext b I; a € I; b € I; finite I; inext a I # Maz I] = a < b
by (metis inext-in-iff inext-le-mono-rev inext-mono2-infin-fin)
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lemma inext-le-mono-infin-rev:
[ inext a I < inextbl;a € I;be l;infinitel | = a<b
by (metis inext-in-iff inext-le-mono-rev inext-mono2-infin-fin)
lemma inezt-le-mono-infin-fin-rev:
[ inext a I < inextbI; a € I;b € I; inext a I # Max IV infinite| | = a <b
by (blast intro: inext-le-mono-infin-rev inext-le-mono-fin-rev)

lemma inezt-less-mono-rev:
[inext a I < inextbl;a€el;bel] = a<b
by (metis inext-le-mono not-le)

lemma less-imp-inext-le: [ a < b;a € ;b e ]| = inextal <b
by (metis inext-min-step not-le)

lemma iprev-mono: iprevn I < n

unfolding iprev-def i-cut-defs by simp

corollary iprev-neg-imp-greater: n # iprevn I = iprevn I < n
by (insert iprev-mono|of n I], simp)

lemma iprev-mono2: [ n € I; Jz€l. x < n] = iprevn I < n
apply (unfold iprev-def i-cut-defs, clarsimp)

thm finite-nat-iff-bounded

apply (blast intro: finite-nat-iff-bounded )+

done

thm inext-mono2-fin

lemma iprev-mono2-if-neq-iMin: [ n € I; iMin I # n] = iprevn I < n
thm «Minl

thm iprev-mono2

by (blast intro: iMinl iprev-mono2)

thm inext-neq-iMin

lemma iprev-neq-Max: [ finite I; 3z€l. © < n]| = iprevn I # Mazx I
apply (case-tac n € I)

prefer 2

apply (simp add: not-in-iprev-fix)

apply (blast dest: Maz-in)

apply (rule less-imp-neq)

thm less-le-trans[OF iprev-mono2 Maz-ge]

by (rule less-le-trans[OF iprev-mono2 Maz-ge))

thm inext-neq-iMin-not-singleton
lemma iprev-neq-Mazx-not-singleton:

[ finite I, I # {}; ~(3a. I = {a}) ] = iprev n I # Maz I
apply (case-tac n € I)
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prefer 2

thm not-in-iprev-fiz

apply (simp add: not-in-iprev-fix)

apply (blast intro: Max-in)

apply (case-tac n = iMin I)

apply (metis Maz-le-Min-conv-singleton iMin-Min-conv iMin-le-Maz iprev-iMin)
apply (metis iprev-mono2-if-neq-iMin not-greater-Maz)

done

corollary iprev-neq-Max-not-card-1:

[ finite I} I # {}; card I # Suc 0] = iprevn I # Max I
apply (rule iprev-neg-Maz-not-singleton, assumption—+)
apply (simp add: card-1-singleton-conv)
done

lemma iprev-neg-imp-iMin: iprevn I #n = iMin I < n
by (rule ccontr, clarsimp simp: iprev-le-iMin)

lemma iprev-greater-conv: (n € I A iMin I < n) = (iprevn I < n)
apply (rule iffI)

apply (blast intro: iprev-mono2-if-neg-iMin)

apply (rule conjI)

apply (rule ccontr)

apply (simp add: not-in-iprev-fix)

apply (blast dest: iprev-neg-imp-iMin less-imp-neq)

done

lemma inext-fiz-iff: (n ¢ I V (finite I AN Max I = n)) = (inext n I = n)
apply (case-tac n ¢ I, simp add: not-in-inext-fix)

by (metis inext-Max inext-min-step2 inext-mono2-infin-fin)

lemma iprev-fiz-iff: (n ¢ I V iMin I = n) = (iprevn I = n)

apply (case-tac n ¢ I, simp add: not-in-iprev-fix)

by (metis iprev-iMin iprev-mono2-if-neg-iMin less-not-refl3)

lemma iprev-min-step: [ iprevn I < k;k<n] =k ¢ 1
apply (case-tac n € I)

prefer 2

apply (simp add: iprev-def)

thm contrapos-pnfof iprev n I < k k € I|

apply (rule contrapos-pn[of iprev n I < k k € I], simp)
apply (unfold iprev-def i-cut-defs, simp)

apply (split split-if-asm)

thm Maz-ge[of {z € I. x < n} k]

apply (cut-tac Maz-ge[of {x € I. z < n} k])

apply fastsimp+

done
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corollary iprev-min-step2: —=(Jx€l. iprevn I <z Az < n)
by (clarsimp simp add: iprev-min-step)

lemma min-step-iprev:
[z<y,zelye Ak Je<kk<y]l]=k¢l] =
iprevy I = x

thm ccontr

apply (rule ccontr)

thm nat-neq-iff

apply (simp add: nat-neg-iff, elim disjE)

thm iprev-min-step

apply (simp add: iprev-min-step)

thm iprev-closed

thm iprev-mono2

apply (blast dest: iprev-closed iprev-mono2 iprev-min-step)

done

corollary min-step-iprev2[rule-format|:
[z<yzelyel,-Fkel.z<kANk<y]=
iprevy I = x

by (blast intro: min-step-iprev)

lemma between-empty-imp-iprev-eq:
[ne A iprevnA<n;n€B;iprevn A€ B; B> (iprevn A) [<n={}]

—
iprevn B = iprevn A

by (blast intro: min-step-iprev?)

lemma iprev-le-mono: [ a < b;ja € ;b el] = ipreval < iprevd I

apply (drule order-le-less[THEN iffD1], erule disjE)

prefer 2

apply simp

apply (rule order-trans|OF iprev-mono))

apply (rule ccontr, simp add: linorder-not-le)

thm iprev-min-step

by (blast dest: iprev-min-step)

lemma iprev-less-mono:
[a<b;acl;bel;3zel. z <a] = ipreval < iprevbl

apply (rule less-le-trans|of - a])

apply (blast intro: iprev-mono2)

apply (rule ccontr, simp add: linorder-not-le)

thm iprev-min-step

by (blast dest: iprev-min-step)

lemma iprev-less-mono-if-neq-iMin:
[a<bacl;bel;iMinl # a] = ipreval < iprevd ]
by (metis iprev-in-iff iprev-less-mono iprev-mono2-if-neq-iMin)
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thm inext-le-mono-rev
lemma iprev-le-mono-rev:
[ipreval <idprevbI;a€l;bel;iMinl #iprevbl] = a<b
apply (rule ccontr, simp add: linorder-not-le)
by (metis iprev-fiz-iff iprev-less-mono-if-neg-iMin less-le-not-le)

thm inext-less-mono-rev
lemma iprev-less-mono-rev:

[ipreval <iprevbIl;ael;bel] = a<b
apply (rule ccontr, simp add: linorder-not-less)
by (metis iprev-le-mono less-le-not-le)

lemma set-restriction-inext-eq:
[ set-restriction interval-fun; n € interval-fun I; inext n I € interval-fun I | =

inext n (interval-fun I) = inext n I
apply (subgoal-tac n € 1)
prefer 2
apply (blast intro: set-restriction-in-imp)
apply (case-tac inext n I = n)
apply simp
thm inext-fiz-iff
thm inext-fiz-iff[THEN iffD1]
apply (frule inext-fiz-iff [ THEN 4ffD2], clarsimp)
apply (frule set-restriction-finite, assumption)
apply (subgoal-tac Maz (interval-fun I) = Maz I)
prefer 2
apply (blast intro: Max-equality Maz-ge set-restriction-in-imp)
thm inext-fiz-iff
apply (blast intro: inext-fiz-iff [ THEN iffD1])
thm inext-mono
thm le-neq-implies-less|OF inext-mono, OF not-sym)|
apply (drule le-neg-implies-less| OF inext-mono, OF not-sym))
apply (rule between-empty-imp-inext-eq, assumption+)
thm not-ez-in-conv
apply (simp add: not-ex-in-conv[symmetric| i-cut-mem-iff)
by (metis inext-min-step2 set-restriction-in-imp)

thm set-restriction-inext-eq
lemma set-restriction-inext-singleton-eq:
[ set-restriction interval-fun; n € interval-fun I; inext n I € interval-fun I | =

{inext n (interval-fun I)} = interval-fun {inext n I}
apply (case-tac n ¢ I)

apply (blast dest: set-restriction-not-in-imp)
apply (frule set-restrictionD, erule exE, rename-tac P)
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apply (simp add: singleton-iff set-eq-iff)
by (metis set-restriction-inext-eq)

lemma inext-iprev: iMin I # n = inext (iprevn I) I = n

apply (case-tac n ¢ I)

apply (simp add: inext-def iprev-def)

apply simp

apply (frule iMin-neq-imp-greater[OF - not-sym|, assumption)

thm iMinl iprev-min-step

thm min-step-inext iprev-mono2 iprev-closed

apply (blast dest: iMinl iprev-min-step intro: min-step-inext iprev-mono?2 iprev-closed)
done

lemma iprev-inext-infin: infinite I = iprev (inext n I) I = n

apply (case-tac n ¢ I)

apply (simp add: inext-def iprev-def)

apply simp

by (metis inext-in-iff inext-min-step2 inext-mono2-infin-fin min-step-iprev?)

lemma iprev-inext-fin:
[ finite Iy n # Maz I | = iprev (inextn I) I = n
apply (case-tac n ¢ I)
apply (simp add: inext-def iprev-def)
apply simp
by (metis inext-in-iff inext-min-step2 inext-mono2-infin-fin min-step-iprev?)

lemma iprev-inext:
n # Max I V infinite I = iprev (inext n I) I = n
by (blast intro: iprev-inext-infin iprev-inext-fin)

lemma inezt-eq-infin:
[ inext a I = inext b I; infinite ] | = a = b
thm arg-cong[where f=M\z. iprev z I
apply (drule arg-cong[where f=Az. iprev z I])
apply (simp add: iprev-inext-infin)
done
lemma inext-eq-fin:
[ inext a I = inext b I; finite I; a # Max I; b # Maxr I ] = a = b
apply (drule arg-cong[where f=Az. iprev z I])
apply (simp add: iprev-inext-fin)
done
thm inext-mono2-infin-fin
lemma inext-eq-infin-fin:
[ inext a I = inext b I; a # Mazx I N'b # Mazx IV infinite | ] = a =1
thm inext-eq-fin inext-eq-infin
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by (blast intro: inext-eq-fin inext-eq-infin)+
lemma inext-eq:

[ inext a I = inext b I; Jzcl. a < z;Jzel. b<z] = a=1b
by (metis iprev-inext not-le wellorder-Maz-lemma)

lemma iprev-eq-if-neq-iMin:

[ ipreval =iprev b I; iMin I # a; iMin I #b] = a =15
apply (drule arg-cong[where f=\z. inext x I])
apply (simp add: inext-iprev)
done
lemma iprev-eq:

[ipreval =idprevb I; Jzel. ¢ < g;Jz€l. 2 <b] = a=>
by (metis iprev-eq-if-neq-iMin not-less-iMin)

lemma greater-imp-iprev-ge: [ b < a;a € I; be I ] = b < ipreval
apply (rule ccontr, simp add: linorder-not-le)

apply (blast dest: iprev-min-step)

done

lemma inext-cut-less-conv: inext n I < t = inext n (I |< t) = inext n I
thm le-less-trans[OF inext-mono]
apply (frule le-less-trans|OF inext-mono))
apply (case-tac n € I)
apply (simp add: inext-def)
thm i-cut-commute-disj[of op | < op |>, simplified]
apply (simp add: i-cut-commute-disj[of op |< op |>] cut-less-mem-iff)
apply (case-tac I |> n # {})
apply simp
apply (metis cut-less-Min-eq cut-less-Min-not-empty)
apply (simp add: i-cut-empty)
apply (simp add: not-in-inext-fix cut-less-not-in-imp)
done
lemma inext-cut-le-conv: inext n I < t = inext n (I |< t) = inextn I
thm nat-cut-le-less-conv inext-cut-less-conv
by (simp add: nat-cut-le-less-conv inext-cut-less-conv)

lemma inext-cut-greater-conv: t < n = inext n (I |> t) = inext n I

apply (case-tac n € I)

thm cut-greater-mem-iff[THEN iffD2, OF conjl|

apply (frule cut-greater-mem-iff [THEN iffD2, OF conjl], simp)

thm i-cut-commute-disj[of op |> op |>, simplified]

thm cut-cut-greater

apply (simp add: inext-def i-cut-commute-disj[of op |> op |>] cut-cut-greater
maz-def )
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apply (simp add: not-in-inext-fix cut-greater-not-in-imp)

done

lemma inext-cut-ge-conv: t < n = inext n (I |> t) = inext n I

apply (case-tac t = 0)

apply (simp add: cut-ge-0-all)

thm nat-cut-greater-ge-conv[symmetric]

apply (simp add: nat-cut-greater-ge-conv[symmetric] inext-cut-greater-conv)
done

lemmas inext-cut-conv =
inext-cut-less-conv inext-cut-le-conv
inext-cut-greater-conv inext-cut-ge-conv

lemma iprev-cut-greater-conv: t < iprev n I = iprevn (I |> t) = iprevn I
thm less-le-trans[OF - iprev-mono]
apply (frule less-le-trans[OF - iprev-mono))
apply (case-tac n € I)
apply (simp add: iprev-def)
thm i-cut-commute-disj[of op |> op |<, simplified]
apply (simp add: i-cut-commute-disjlof op |> op |<]| cut-greater-mem-iff)
apply (case-tac I |< n # {})
apply simp
apply (metis cut-greater-Maz-eq cut-greater-Maz-not-empty nat-cut-less-finite)
apply (simp add: i-cut-empty)
apply (simp add: not-in-iprev-fix cut-greater-not-in-imp)
done
lemma iprev-cut-ge-conv: t < iprev n I = iprevn (I [> t) = iprevn I
apply (case-tac t = 0)
apply (simp add: cut-ge-0-all)
thm nat-cut-greater-ge-conv
apply (simp add: nat-cut-greater-ge-conv[symmetric] iprev-cut-greater-conv)
done
lemma iprev-cut-less-conv: n < t = iprevn (I |< t) = iprevn I
apply (case-tac n € I)
thm cut-less-mem-iff [ THEN iffD2, OF conjI]
apply (frule cut-less-mem-iff[THEN iffD2, OF conjl|, simp)
thm i-cut-commaute-disj[of op |< op |<, simplified]
apply (simp add: iprev-def i-cut-commute-disj[of op | < op | <] cut-cut-less min-def)
apply (simp add: not-in-iprev-fix cut-less-not-in-imp)
done
lemma iprev-cut-le-conv: n < t = iprevn (I |< t) = iprevn [
thm nat-cut-le-less-conv iprev-cut-less-conv
by (simp add: nat-cut-le-less-conv iprev-cut-less-conv)

lemmas iprev-cut-conv =
iprev-cut-less-conv iprev-cut-le-conv
1prev-cut-greater-conv iprev-cut-ge-conv
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thm
inext-cut-conv
iprev-cut-conv

thm inext-cut-less-conv

lemma inext-cut-less-fiz: t < inext n I = inextn (I |<t) =n

apply (case-tac n € I)

prefer 2

thm contra-subsetD[OF cut-less-subset]

apply (frule contra-subsetD[OF cut-less-subset[of - t]])
apply (simp add: not-in-inext-fix)

apply (case-tac t < n)

apply (metis cut-less-mem-iff not-in-inext-fix not-le)

apply (rule-tac t=n and s=Maz (I |< t) in subst)
apply (rule Maz-equality] OF - nat-cut-less-finite])
apply (simp add: cut-less-mem-iff)

apply (rule ccontr)

apply (clarsimp simp: cut-less-mem-iff linorder-not-le)
thm inext-min-step

apply (simp add: inext-min-step)

thm inext-Max nat-cut-less-finite

apply (blast intro: inext-Maz nat-cut-less-finite)

done

lemma inext-cut-le-fix: t < inext n I = inext n (I |[<t) =n

thm nat-cut-le-less-conv

by (simp add: nat-cut-le-less-conv inext-cut-less-fix)

lemma iprev-cut-greater-fix: iprevn I < t = iprevn (I |>t) =n
apply (case-tac n € I)
prefer 2
thm contra-subsetD[OF cut-greater-subset]
apply (frule contra-subsetD|OF cut-greater-subset|of - t]])
apply (simp add: not-in-iprev-fix)
apply (case-tac n < t)
apply (metis cut-greater-mem-iff not-in-iprev-fix not-le)
apply (rule-tac t=n and s=iMin (I |> t) in subst)
apply (rule iMin-equality)
apply (simp add: cut-greater-mem-iff')
apply (metis cut-greater-mem-iff iprev-min-step2 not-leE order-le-less-trans)
thm iprev-iMin
apply (rule iprev-iMin)
done
lemma iprev-cut-ge-fix: iprevn I < t = iprevn (I |[>t) =n
apply (case-tac t = 0)
apply (simp add: cut-ge-0-all)
thm nat-cut-greater-ge-conv|[symmetric] iprev-cut-greater-fix
apply (simp add: nat-cut-greater-ge-conv[symmetric] iprev-cut-greater-fix)
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done

definition

Commute WithIntervalCutf :: (('a::linorder) set = 'a set) = bool
where

Commute WithIntervalCut4 fun =

Vtfun2 I.

(fun2 = (M. T < t)V fun2 = (M. I |<t)V fun2 = (M. I |> 1)V fun2 =
LT |>t)) —

fun (fun2 I) = fun2 (fun I)
definition Commute WithIntervalCut2 :: (('a::linorder) set = 'a set) = bool
where

Commute WithIntervalCut2 fun =

Vi fun2 I.

(fun2 = (M. T [<t)V fun2 = (N. I [> 1) —

fun (fun2 I) = fun2 (fun I)

lemma Commute WithIntervalCut4-imp-2: Commute WithIntervalCuts fun —> Com-
mute WithIntervalCut2 fun
unfolding Commute WithIntervalCut2-def Commute WithIntervalCut4-def by blast

lemma nat-Commute WithInterval Cut2-4-eq:
Commute WithIntervalCut4 (fun::nat set = nat set) = Commute WithInterval-
Cut2 fun
apply (unfold Commute WithIntervalCut2-def Commute WithIntervalCut-def)
apply (rule iffT)
apply blast
apply clarify
apply (case-tac fun2 = (M. I |< t), simp)
apply (case-tac fun2 = (M. I |> t), simp)
apply simp
apply (erule disjE)
apply (simp add: nat-cut-le-less-conv)
apply (case-tac t = 0)
apply (simp add: cut-ge-0-all)
apply (simp add: nat-cut-greater-ge-conv|[symmetric])
done

lemma

cut-less-Commute WithIntervalCut4: — Commute WithIntervalCut4d (M. I |< t)
and

cut-le-Commute WithIntervalCutj : Commute WithIntervalCut4 (M. I |< t)
and

cut-greater-Commute WithIntervalCut4: Commute WithIntervalCut4d (M. I |> t)
and

cut-ge-Commute WithIntervalCut4 : Commute WithIntervalCut4 (M. I |> t)
thm i-cut-commute-disj
unfolding Commute WithIntervalCutj-def by (simp-all add: i-cut-commute-disj)
lemmas i-cut-Commute WithIntervalCut4 =
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cut-less-Commute WithIntervalCut4 cut-le-Commute WithInterval Cut4
cut-greater-Commute WithIntervalCutj cut-ge-Commute WithInterval Cut/

thm cut-greater-image
lemma inezt-image:
[ n € I; strict-mono-on f I | = inext (fn) (f ‘1) = f (inext n I)
apply (case-tac Jz€l. n < x)
thm inext-mono?2
apply (frule inext-mono2, assumption)
thm cut-greater-not-empty-iff [ THEN 4ffD2]
apply (frule cut-greater-not-empty-iff [ THEN iffD2])
apply (simp add: inext-def image-iff )
apply (subgoal-tac Fz€l. fn = f 1)
prefer 2
apply blast
thm cut-greater-image
apply (simp add: cut-greater-image)
thm iMin-mono-on2[OF strict-mono-on-imp-mono-on|
thm strict-mono-on-subset
apply (blast intro: strict-mono-on-subset iMin-mono-on2 strict-mono-on-imp-mono-on)
apply (drule strict-mono-on-imp-mono-on)
thm inext-all-le-fix
apply (simp add: inext-all-le-fix linorder-not-less mono-on-def)
done

lemma iprev-image:
[ n € I; strict-mono-on f I | = dprev (fn) (f ‘1) = f (iprev n I)
apply (case-tac Jz€l. © < n)
thm iprev-mono2
apply (frule iprev-mono2, assumption)
thm cut-less-not-empty-iff [ THEN iffD2)]
apply (frule cut-less-not-empty-iff [ THEN iffD2])
apply (simp add: iprev-def image-iff)
apply (subgoal-tac Iz€l. fn = f 1)
prefer 2
apply blast
thm cut-less-image
apply (simp add: cut-less-image)
thm Maz-mono-on2[OF strict-mono-on-imp-mono-on)
thm strict-mono-on-subset
thm nat-cut-less-finite
apply (blast intro: strict-mono-on-subset Maz-mono-on2 strict-mono-on-imp-mono-on
nat-cut-less-finite)
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apply (drule strict-mono-on-imp-mono-on)

thm inext-all-le-fiz

apply (simp add: iprev-all-ge-fix linorder-not-less mono-on-def)
done

lemma inext-image2:
strict-mono f = inext (fn) (f ‘I) = f (inext n I)
apply (case-tac n € I)
apply (blast intro: strict-mono-imp-strict-mono-on inezt-image)
thm inj-image-mem-iff strict-mono-imp-inj
apply (simp add: not-in-inext-fix inj-image-mem-iff strict-mono-imp-inj)
done
lemma iprev-image2:
strict-mono f = iprev (fn) (f ‘1) = f (iprev n I)
apply (case-tac n € I)
apply (blast intro: strict-mono-imp-strict-mono-on iprev-image)
apply (simp add: not-in-iprev-fix inj-image-mem-iff strict-mono-imp-inj)
done

lemma inext-imirror-iprev-conv:
[ finite I; n < iMin I + Maz I | =
inext (mirror-elem n I) (imirror I) = mirror-elem (iprev n I) I
apply (case-tac n € I)
prefer 2
thm imirror-mem-conv
apply (simp add: not-in-iprev-fix not-in-inext-fix imirror-mem-conv)
apply (frule in-imp-not-empty|of - I])
apply (frule in-imp-mirror-elem-in|of - n|, assumption)
apply (simp add: inext-def iprev-def)
apply (case-tac n = iMin I)
thm cut-less-Min-empty
thm mairror-elem-Min
apply (simp add: cut-less-Min-empty mirror-elem-Min)
thm imirror-Max
apply (subst imirror-Maz[symmetric], assumption)
thm cut-greater-Max-empty|OF - order-refl]
apply (simp add: cut-greater-Maz-empty imirror-finite)
apply (frule iMin-le[of n I])
apply (intro congl impI)
thm imirror-cut-greater’
apply (simp add: imirror-cut-greater’)
thm imirror-bounds-iMin nat-cut-less-finite
apply (simp add: imirror-bounds-iMin nat-cut-less-finite cut-less-Min-eq)
apply (simp add: mirror-elem-def nat-mirror-def)
apply (simp add: imirror-cut-greater’)
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apply (simp add: imirror-bounds-def)
thm cut-less-Min-not-empty
apply (simp add: cut-less-Min-not-empty)
done
corollary inext-imirror-iprev-conuv”:
[ finite Iy ne€l] =
inext (mirror-elem n I) (imirror I) = mirror-elem (iprev n I) I
thm inext-imirror-iprev-conv|[OF - trans-le-add2|OF Maz-ge)]
by (simp add: inext-imirror-iprev-conv trans-le-add2)

lemma iprev-imirror-inext-conuv:
[ finite Iy n < iMin I + Max I | =
iprev (mirror-elem n I) (imirror I) = mirror-elem (inext n I) I
apply (case-tac n € I)
prefer 2
thm imirror-mem-conv
apply (simp add: not-in-iprev-fix not-in-inext-fix imirror-mem-conv)
apply (frule in-imp-not-empty|of - I))
apply (frule in-imp-mirror-elem-in|of - n|, assumption)
apply (simp add: inext-def iprev-def)
apply (case-tac n = Mazx I)
thm cut-greater-Max-empty
thm mirror-elem-Max
apply (simp add: cut-greater-Maz-empty mirror-elem-Max)
thm imerror-iMin
apply (subst imirror-iMin[symmetric], assumption)
thm cut-less-Min-empty[OF order-refl]
apply (simp add: cut-less-Min-empty imirror-finite)
thm Maz-ge|of I n]
apply (frule Maz-ge[of I n], assumption)
apply (drule le-neg-trans, assumption)
apply (intro congl impI)
thm imirror-cut-less
apply (simp add: imirror-cut-less)
thm imirror-bounds-Mazx cut-greater-finite cut-greater-Maz-eq
thm imirror-bounds-Max|OF cut-greater-finite]
thm Maz-le-iff
apply (simp add: imirror-bounds-Maz cut-greater-finite cut-greater-Maz-eq del:
Max-le-iff)
apply (simp add: mirror-elem-def nat-mirror-def)
apply (simp add: imirror-cut-less)
apply (simp add: imirror-bounds-def )
thm cut-greater-Max-not-empty|of I n]
apply (simp add: cut-greater-Maz-not-empty)
done
corollary iprev-imirror-inext-conuv”:
[ finite I; nel] =
iprev (mirror-elem n I) (imirror I) = mirror-elem (inext n I) T
by (simp add: iprev-imirror-inext-conv trans-le-add2)
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thm
next-1mirror-iprev-conv
inext-imirror-iprev-conv’
1PTev-1mirror-inext-conv
iprev-1mirror-inext-conv’

lemma inext-insert-ge-Mazx:
[ finite I, I # {}; Maz I < a | = inext (Maz I) (insert a I) = a
apply (case-tac a = Max I)
apply (simp add: insert-absorb inext-Max)
thm le-neq-trans
apply (drule le-neg-trans, simp)
apply (rule min-step-inext2)
apply (simp, simp, simp)
apply (simp-all, blast?)
done

lemma iprev-insert-le-iMin:
[ finite I; I # {}; a < iMin I | = iprev (iMin I) (insert a I) = a
apply (case-tac a = iMin I)
apply (simp add: iMinl-ex2 insert-absorb iprev-iMin)
thm le-neg-trans
apply (drule le-neg-trans, simp)
apply (rule min-step-iprev2)
apply (simp-all add: iMin-Min-conv, blast?)
done

thm cut-le-less-conv

lemma cut-less-le-iprev-conv:
[tel;t#£iMinl ]| =1 |<t=1]<(iprevtl)

apply (unfold iprev-def)

apply (rule set-eql, safe)

apply (simp add: i-cut-defs)

apply simp

apply (split split-if-asm)

thm Maz-ge-iff nat-cut-less-finite

apply (simp add: Maz-ge-iff nat-cut-less-finite)
apply (blast intro: le-less-trans)

apply (frule iMin-neg-imp-greater, assumption)

apply (blast intro: iMin-in)

done

lemma neq-Maz-imp-inext-neqg-iMin:

[tel;t# Max IV infinite I | = inext t I # iMin I
apply (case-tac finite I)

apply (metis inext-mono2-infin-fin not-less-iMin)
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apply (blast dest: inext-neg-iMin-infin)
done
corollary neq-Max-imp-inext-gr-iMin:
[tel;t# Max IV infinite I]| = iMin I < inext t I
apply (frule neqg-Maz-imp-inext-neq-iMin| THEN not-sym], assumption)
apply (drule neg-le-trans)
thm inext-closed
apply (blast dest: inext-closed)
apply simp
done

lemma cut-le-less-inext-conv:
[tel;t# Max IV infiniteI| = I |[<t=1]|< (inexttl)

thm cut-less-le-iprev-conv|of inext t I 1|

apply (cut-tac cut-less-le-iprev-conv|of inext t I I])

thm iprev-inext|of ¢ I]

apply (cut-tac iprev-inext[of t I|, simp)

apply assumption

apply (rule inext-closed, assumption)

apply (rule neq-Maz-imp-inext-neg-iMin, assumption)

done

lemma cut-ge-greater-iprev-conv:
[tel;t#iMinl | =1|>t=11]> (iprevt])

apply (frule iMin-neg-imp-greater, simp+)

apply (unfold iprev-def)

apply (rule set-eql, safe)

apply (simp add: i-cut-defs linorder-not-less)

apply (drule iMinl, fastsimp)

apply (split split-if-asm)

apply (rule ccontr)

apply (simp add: nat-cut-less-finite linorder-not-le)
apply blast

apply simp

done

lemma cut-greater-ge-inext-conv:
[tel;t# MaxIV infinitel | = I |[>t=1|> (inextt )

thm cut-ge-greater-iprev-conv|of inext t I I]

apply (cut-tac cut-ge-greater-iprev-conv|of inext t I I])

thm iprev-inext|of t I]

apply (cut-tac iprev-inext|of t I], simp)

apply blast

apply (rule inext-closed, assumption)

apply (rule neq-Maz-imp-inext-neg-iMin, assumption+)

done

thm
cut-less-le-iprev-conv
cut-le-less-inext-conv
cut-ge-greater-iprev-conv
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cut-greater-ge-inext-conv

lemma inext-append:
[ finite A; A # {}; B # {}; Maz A < iMin B | =
inext n (A U B) = (if n € B then inext n B else (if n = Maz A then iMin B else
inext n A))
apply (case-tac n € A U B)
prefer 2
apply (simp add: not-in-inext-fix)
apply (blast dest: Max-in)
apply (frule Maz-less-iMin-imp-disjoint, assumption)
apply (drule Un-iff[THEN iffD1], elim disjE)
apply (drule disjoint-iff-in-not-in1 [ THEN iffD1])
apply simp
apply (intro congl impI)
apply (simp add: inext-def cut-greater-Un cut-greater-Maz-empty cut-greater-Min-all)
apply (frule Max-neg-imp-less|of A], simp+)
apply (simp add: inext-def cut-greater-Un cut-greater-Min-all)
apply (subgoal-tac A |> n # {})
prefer 2
apply (simp add: cut-greater-not-empty-iff )
apply (blast intro: Maz-in)
apply (simp add: iMin-Un)
apply (drule iMin-in|[THEN cut-greater-in-imp))
apply (rule min-eqL)
apply (rule less-imp-le)
apply blast
apply (drule disjoint-iff-in-not-in2| THEN iffD1])
apply simp
apply (subgoal-tac A |> n = {})
prefer 2
apply (simp add: cut-greater-empty-iff)
apply fastsimp
apply (simp add: inext-def cut-greater-Un)
done
corollary inezt-append-eql :
[ finite A; A # {}; B#{}; Max A < iMin B;n € A;n # Mazx A ] =
inext n (AU B) = inext n A
apply (frule Maz-less-iMin-imp-disjoint, assumption)
apply (drule disjoint-iff-in-not-in1 [ THEN iffD1])
apply (simp add: inext-append Max-less-iMin-imp-disjoint)
done
corollary inezt-append-eq2:
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[ finite A; A # {}; B # {}; Max A < iMin B;n € B]| =
inext n (A U B) = inext n B
by (simp add: inext-append)
corollary inext-append-eq3:
[ finite A; A # {}; B # {}; Maz A < iMin B | =
inext (Mazx A) (AU B) = iMin B
by (simp add: inext-append not-less-iMin)

lemma iprev-append: [ finite A; A # {}; B # {}; Maxz A < iMin B | =
iprevn (AU B) = (if n € A then iprevn A else (if n = iMin B then Mazx A else
iprev n B))
apply (case-tac n € A U B)
prefer 2
apply (simp add: not-in-iprev-fix)
apply (blast intro: iMin-in)
apply (frule Maz-less-iMin-imp-disjoint, assumption)
apply (drule Un-iff [ THEN iffD1], elim disjE)
apply (drule disjoint-iff-in-not-in1 [THEN iffD1])
apply simp
apply (subgoal-tac B |< n = {})
prefer 2
apply (simp add: cut-less-empty-iff )
apply fastsimp
apply (simp add: iprev-def cut-less-Un)
apply (drule disjoint-iff-in-not-in2[ THEN iffD1])
apply simp
apply (intro congl impI)
apply (simp add: iprev-def cut-less-Un cut-less-Min-empty cut-less-Maz-all)
apply (frule iMin-neq-imp-greater|of - B], simp+)
apply (simp add: iprev-def cut-less-Un)
apply (subgoal-tac A |< n = A)
prefer 2
apply (simp add: cut-less-all-iff)
apply fastsimp
apply (subgoal-tac B |< n # {})
prefer 2
apply (simp add: cut-less-not-empty-iff )
apply (blast intro: iMin-in)
apply (simp add: Max-Un nat-cut-less-finite)
apply (rule maz-eqR)
apply (rule less-imp-le)
thm Maax-in[OF nat-cut-less-finite, THEN cut-less-in-imp]
apply (drule Maz-in[OF nat-cut-less-finite, THEN cut-less-in-imp])
apply (blast intro: iMin-le Max-in order-less-le-trans)
done

corollary iprev-append-eq1:
[ finite A; A #{}; B#{}; Max A< iMinB;n € A] =
iprevn (AU B) = iprevn A
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by (simp add: iprev-append)

corollary iprev-append-eq2:
[ finite A; A # {}; B # {}; Max A < iMin B; n € B; n # iMin B | =
iprevn (AU B) = iprevn B

apply (frule Maz-less-iMin-imp-disjoint, assumption)

apply (drule disjoint-iff-in-not-in2| THEN iffD1])

apply (simp add: iprev-append)

done

corollary iprev-append-eq3:
[ finite A; A # {}; B # {}; Maz A < iMin B | =
iprev (iMin B) (AU B) = Maz A

by (simp add: iprev-append not-greater-Maz|[of - iMin B])

lemma inext-predicate-change-ezists-auz: \a.
[c=card (I |>al<b);a<b;acl;bel;-Pa;Pb] =
dne(l |>al<b). o PnAP (inestnl)

apply (subgoal-tac 0 < ¢)

prefer 2
apply clarify
apply (rule-tac z=a in not-empty-card-gr0-conv|OF nat-cut-less-finite, THEN

iff D1, OF in-imp-not-empty, rule-format])

apply (simp add: i-cut-mem-iff)

apply (induct c)
apply simp

apply (subgoal-tac a < inext a I)
prefer 2
apply (blast intro: inext-mono2)

apply (drule-tac x=inext a I in meta-spec)

thm less-imp-inext-le[of - b I

apply (frule less-imp-inext-le[of - b I], assumption+)

apply (case-tac inext a I < b)
prefer 2
apply simp
apply (subgoal-tac I |> a |< b = {a})
prefer 2
apply (simp add: set-eq-iff i-cut-mem-iff , clarify)
apply (rule iffI)
prefer 2
apply simp
apply clarify
apply (case-tac a < x)
apply (simp add: inext-min-step)
apply simp+

apply (subgoal-tac I |> inext a I =1 |> a)
prefer 2
apply (rule cut-greater-ge-inext-conv|[symmetric], assumption)
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apply (case-tac finite I)
apply (simp, rule less-imp-neq)
thm Maz-gr-iff [OF - in-imp-not-empty|
apply (simp add: Maz-gr-iff in-imp-not-empty)
apply (blast intro: inext-closed)
apply simp
apply (simp add: inext-closed)
apply (subgoal-tac a ¢ (I |> a | < b))
prefer 2
apply blast
apply (subgoal-tac (I |> a [< b) = insert a (I |> a [< b))
prefer 2
apply (simp add:
i-cut-commute-disj[of op | > op <] i-cut-commute-disj[of op |> op |<])
apply (simp add: cut-ge-greater-conv-if i-cut-mem-iff)
apply (simp add: card-insert-disjoint]| OF nat-cut-less-finite])
apply (case-tac P (inext a I))
apply blast
apply (case-tac card (I |> a [< b) = 0)
apply (drule card-0-eq|OF nat-cut-less-finite, THEN iffD1])
apply (simp add: cut-less-empty-iff)
apply (drule-tac x=inext a I in bspec)
apply (blast intro: inext-closed)
apply simp
apply simp
done

lemma inext-predicate-change-exists:
[a<b;acl;bel;-PaPb] =
dnel.a <nAn<bAN-PnAP (inextnl)

apply (drule order-le-less[ THEN iffD1], erule disjE)

prefer 2

apply blast

thm inext-predicate-change-exists-auz| OF refl]

apply (drule inext-predicate-change-exists-auz|OF refl], assumption+)

apply blast

done

lemma iprev-predicate-change-exists:
[a<b;acl;bel;-Pb;Pa] =
dnel.a<nAn<bA-PnAP (iprevnl)

apply (frule inext-predicate-change-exists[of a b I Az. - P x|, simp+)

apply clarify

apply (rule-tac z=inext n I in bexl)

prefer 2

apply (blast intro: inext-closed)

apply (subgoal-tac n < inext n I)

prefer 2

apply (blast intro: inext-mono2)
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apply (frule-tac t=a and z=inext n I in le-less-trans, assumption)
apply (frule less-imp-inext-le, assumption+)
apply (cut-tac n=n and I=I in iprev-inext)
apply (case-tac finite I)
apply simp
apply (rule less-imp-neq)
apply (blast intro: inext-closed Max-ge order-less-le-trans)
apply simp+
done

corollary nat-Suc-predicate-change-exists:
[a<b;-Pa;Pb]= 3In>a.n<bA—-PnAP (Sucn)
apply (drule inext-predicate-change-exists|OF - UNIV-I UNIV-I|, assumption+)
apply (simp add: inext-UNIV)
done

corollary nat-pred-predicate-change-ezists:
[a<b;-Pb;Pa]= 3In<b.a<nA-PnAP(n— Suc0)
apply (drule iprev-predicate-change-exists|OF - UNIV-I UNIV-I|, assumption—+)
apply (fastsimp simp add: iprev-UNIV)
done

lemma inext-predicate-change-exists2-all:
[ (a:nat) < bj;acl;bel; -~ Pa;Vkel|>b Pk] =
dnel.a<nAn<bA-PnANkel|>n Pk)
apply (drule order-le-less|[THEN iffD1], erule disjE)
prefer 2
apply blast
thm inezt-predicate-change-ezists[of a b I An. if (n = a) then P n else (VkEI|>n.
Pb)
apply (frule inext-predicate-change-exists| OF less-imp-le,
of abI An.if (n= a) then P n else (Vkel|>n. Pk)])
apply simp+
apply clarify
apply (rule-tac x=n in bexl)
prefer 2
apply assumption
apply (case-tac a < n)
prefer 2
apply simp
apply (split split-if-asm)
apply (subgoal-tac I |> n = {}, simp+)
apply (drule not-sym)
thm cut-greater-ge-inext-conv
apply (rule ssubst[OF cut-greater-ge-inext-conv))
apply assumption
apply (case-tac finite I)
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prefer 2

apply simp

apply simp

apply (rule less-imp-neq)

thm inext-neg-imp-less

apply (drule inext-neg-imp-less)

apply (rule less-le-trans|OF - Maax-ge])

apply assumption+
apply (subgoal-tac a < inext n I)
prefer 2
apply (blast intro: inext-mono order-less-le-trans)
apply (subgoal-tac I |> inextn I =1 |> n)
prefer 2
apply (rule cut-greater-ge-inext-conv[symmetric], assumption)
apply (case-tac finite I)

apply simp

apply (rule less-imp-neq)

apply (blast intro: inext-closed Max-ge order-less-le-trans)
apply simp
apply simp
thm cut-greater-ge-conv-if
apply (simp add: cut-greater-ge-conv-if)
apply blast
done

corollary inezt-predicate-change-exists2:
[ (a::nat) < bja€l;bel; - Pa; Pb] =
Inel.a<nAn<bA=-PnANMkel. n<kANk<b— PEk)

thm inext-predicate-change-exists2-all[of a b I |< b]

apply (frule inext-predicate-change-exists2-all[of a b I | < b])

apply (simp add: i-cut-mem-iff )+

apply fastsimp

apply blast

done

corollary nat-Suc-predicate-change-exists2-all:
[ (a:nat) < b; = Pa;Vk>b. Pk ] =
In>a.n < bA-PnANk>n Pk)
apply (drule inext-predicate-change-exists2-all[rule-format, OF - UNIV-I UNIV-I))
apply (simp add: i-cut-mem-iff Ball-def)+
done
corollary nat-Suc-predicate-change-exists2:
[ (a::nat) < b; = Pa; Pb] =
In>a.n<bA-PnANMk<b.n<k— Pk)
thm inext-predicate-change-exists2[of a b UNIV|
apply (drule inext-predicate-change-exists2[of a b UNIV))
apply stmp+
apply blast
done
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thm inext-predicate-change-exists2-all

lemma iprev-predicate-change-exists2-all:
[ (a:nat) < b;a€l;bel; - PbyVkel|<a. Pk] =
dnel.a<nAn<bA-PnANkell<n. Pk)

apply (drule order-le-less|[THEN iffD1], erule disjE)
prefer 2

apply blast

thm iprev-predicate-change-exists[of a b I An. if (n = b) then P n else (VkeIl|<n.

P k)

apply (frule iprev-predicate-change-ezists| OF less-imp-le,
of abI An.if (n=>) then P n else (Vkel|<n. P k)])
apply simp+

apply clarify

apply (rule-tac x=n in bexl)

prefer 2

apply assumption

apply (case-tac a < n)

prefer 2

apply simp

apply simp

apply (subgoal-tac iMin I < n)

prefer 2

apply (blast intro: order-le-less-trans)

apply (split split-if-asm)

apply clarsimp

apply (split split-if-asm)
apply simp

thm cut-less-le-iprev-conv[symmetric)

apply (simp add: cut-less-le-iprev-conv|[symmetric])
apply blast

apply (split split-if-asm)

apply simp

apply (simp add: cut-less-le-iprev-conv[symmetric])

apply (clarsimp, rename-tac x)

apply (case-tac z < n)

apply blast

apply simp

done

thm inext-predicate-change-ezists2
corollary iprev-predicate-change-exists2:
[ (anat) <bjae€l;bel; -~ Pb;Pa] =
dnel.a<nAn<bA-PnANkel.a<kANk<n— Pk)
thm iprev-predicate-change-exists2-alllof a b I |> a]
apply (frule iprev-predicate-change-ezists2-all[of a b I |> a)
apply (simp add: i-cut-mem-iff )+
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apply fastsimp
apply blast
done

thm nat-Suc-predicate-change-exists2-all
corollary nat-pred-predicate-change-exists2-all:
[ (a::nat) < b; = Pb;Vk<a. Pk ] =
In>a.n<bA-PnANMk<n. Pk)
apply (drule iprev-predicate-change-exists2-all[rule-format, OF - UNIV-I UNIV-I|)
apply (simp add: i-cut-mem-iff Ball-def )+
done

thm nat-Suc-predicate-change-exists2

corollary nat-pred-predicate-change-exists2:
[ (a:nat) < b;—~Pb; Pa] =
dn>a.n<bA-PnANk>a. k<n— Pk)

thm iprev-predicate-change-exists2[of a b UNIV]

apply (drule iprev-predicate-change-exists2[of a b UNIV])

apply simp+

apply blast

done

8.2 inext-nth and iprev-nth — nth element of a natural set

term inext
primrec
inext-nth :: nat set = nat = nat
where
inext-nth I 0 = iMin I
| inext-nth I (Suc n) = inext (inext-nth I n) I
notation (zsymbols)
inext-nth ((- — -) [100, 100] 60)
notation (HTML output)
inext-nth ((- — -) [100, 100] 60)

term (I — a) + b
term (I — n) el
term (A — n) + (B — n)

lemma inext-nth-closed: I # {} = I - n €l
apply (induct n)

apply (simp add: iMinl-ex2)

apply (simp add: inext-closed)

done

thm inext-image
lemma inext-nth-image:
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[ I#{}; strict-mono-on fI] = (f‘I) - n=f (I —n)
apply (induct n)

apply (simp add: iMin-mono-on2 strict-mono-on-imp-mono-on)
apply (simp add: inext-image inext-nth-closed)
done

thm inext-mono2
lemma inext-nth-Suc-mono: I — n < I — Sucn
by (simp add: inext-mono)

lemma inext-nth-mono: a < b =1 —a <1 — b
apply (induct b)

apply simp

apply (drule le-Suc-eq THEN iffD1], erule disjE)
apply (rule-tac y=I — b in order-trans)

apply simp

apply (rule inext-nth-Suc-mono)

apply simp

done

thm inext-mono?2

lemma inext-nth-Suc-mono2: dz€l. I - n <z =1 —->n<I — Sucn
apply simp

apply (rule inext-mono2)

apply (blast intro: inext-nth-closed inext-mono2)+

done

lemma inext-nth-mono2: 3z€l. I - a <z = (I - a<I —b)=(a<b)
apply (subgoal-tac I # {})

prefer 2

apply blast

apply (rule iffI)

apply (rule ccontr)

apply (simp add: linorder-not-less)

apply (drule inext-nth-mono|of - - 1))

apply simp

apply clarify

apply (induct b)

apply blast

apply (drule less-Suc-eq THEN iffD1], erule disjE)

apply (blast intro: order-less-le-trans inext-nth-Suc-mono)
apply (blast intro: inext-nth-Suc-mono2)

done

lemma inext-nth-mono2-infin:
infinite ] = (I — a<I—b)=(a<b)
apply (drule infinite-nat-iff-unbounded| THEN iffD1])
apply (rule inext-nth-mono2)
apply blast
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done

lemma inext-nth-Maz-fix:
[finite I; I {1 —>a=Maxl;a<b]=1-—b= Maxl
apply (induct b)
apply simp
apply (drule le-Suc-eq[ THEN iffD1], erule disjE)
apply (simp add: inext-Max)
apply blast
done

thm inext-cut-less-conv
lemma inext-nth-cut-less-conv:
N.T-on<t={I|<t)>n=1->n
apply (case-tac I = {})
apply (simp add: cut-less-empty)
apply (induct n)
apply (simp add: cut-less-Min-eq cut-less-Min-not-empty)
apply simp
thm order-le-less-trans|OF inext-mono]
apply (frule order-le-less-trans[OF inext-mono])
thm inext-cut-less-conv
apply (simp add: inext-cut-less-conv)
done
thm
inext-cut-less-conv
inext-nth-cut-less-conv

lemma remove-Min-inext-nth-Suc-conv: \I.
Suc 0 < card I V infinite | =
(I —{iMinI}) > n=1— Sucn

apply (subgoal-tac I # {})
prefer 2

thm card-gr0-imp-not-empty| OF gr-implies-gr0]
apply (blast dest: card-grO-imp-not-empty[OF gr-implies-gr0])
apply (subgoal-tac I — {iMin I} # {})
prefer 2
apply (rule ccontr, simp)
apply (erule disjE)
apply (drule card-mono[OF singleton-finite])
apply simp
apply (simp add: subset-singleton-conv)

apply (blast dest: infinite-imp-nonempty infinite-imp-not-singleton)

apply (induct n)
thm cut-greater-Min-eq-Diff [symmetric]

apply (simp add: cut-greater-Min-eq-Diff [symmetric] inext-def iMinl-ex2)

144
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apply simp

thm ssubst|OF inext-def[THEN meta-eq-to-obj-eq), rule-format]

apply (rule-tac n=(inext (I — n) I) in ssubst[OF inext-def | THEN meta-eq-to-obj-eq],
rule-format])

apply (rule-tac n=(inext (I — n) I) in ssubst[OF inext-def [ THEN meta-eq-to-obj-eq|,
rule-format])

apply (simp add: inext-closed inext-nth-closed)

apply (subgoal-tac inext (I — n) I # iMin I)

prefer 2

apply (erule disjE)

thm inext-neg-iMin-not-card-1

thm inext-neq-iMin-infin

apply (simp add: inext-neg-iMin-not-card-1 inext-neq-iMin-infin)+

apply (subgoal-tac iMin I < (I — Suc n))

prefer 2

thm iMin-le[OF inext-nth-closed, rule-format]

apply (drule-tac n=Suc n in iMin-le[OF inext-nth-closed, rule-format])

apply simp

apply (simp add: cut-greater-Diff cut-greater-singleton)

done

corollary remove-Min-inext-nth-Suc-conv-finite: Suc 0 < card I = (I — {iMin
I}) - n=1-— Sucn

by (simp add: remove-Min-inext-nth-Suc-conv)

corollary remove-Min-inext-nth-Suc-conv-infinite: infinite I —> (I — {iMin I})
—n=1— Sucn

by (simp add: remove-Min-inext-nth-Suc-conwv)

lemma remove-Maz-eq: [ finite I; I # {}; n # Maz I | = Maz (I — {n}) =
Max 1

by (rule Maz-equality, simp-+)

lemma remove-iMin-eq: [ I # {}; n # iMin I | = iMin (I — {n}) = iMin I
by (rule iMin-equality, simp-all add: iMinlI-ex2 iMin-le)

lemma remove-Min-eq: [ finite I; I # {}; n # Min I | = Min (I — {n}) = Min
I

by (rule Min-eql, simp+)

lemma Maz-le-iMin-conv-singleton: [ finite I; I # {} | = (Maz I < iMin I) =
Fz. I ={z})

by (simp add: iMin-Min-conv Maz-le-Min-conv-singleton del: Maz-le-iff Min-ge-iff)

lemma inext-nth-card-less-Max:

NI Sucn < card] = I — n < Max I
thm card-gr0-imp-not-empty| OF less-trans[OF zero-less-Suc]]
apply (frule card-gr0-imp-not-empty[OF less-trans|OF zero-less-Suc]])
apply (frule card-gr0-imp-finite[OF less-trans[OF zero-less-Suc]])
apply (induct n)

apply (rule ccontr)
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apply (simp add: linorder-not-less iMin-Min-conv del: Max-le-iff Min-ge-iff)
thm Maz-le- Min-conv-singleton

apply (drule Maz-le-Min-conv-singleton| THEN iffD1], assumption+)
apply clarsimp

apply (drule-tac x=I — {iMin I} in meta-spec)

thm remove-Min-inext-nth-Suc-conv

apply (simp add: remove-Min-inext-nth-Suc-conv)

apply (subgoal-tac = I C {iMin I})

prefer 2

apply (rule ccontr, simp)

apply (drule card-mono[OF singleton-finite])

apply simp

apply (simp add: card-Diff-singleton iMin-in Suc-less-pred-conv)

apply (subgoal-tac Max I # iMin I)

prefer 2

apply (rule ccontr, simp)

thm Maz-le-iMin-conv-singleton| THEN iffD1]

apply (frule Max-le-iMin-conv-singleton| THEN iffD1], clarsimp+)

thm remove-Maz-eq

apply (simp add: remove-Max-eq Maz-le-iMin-conv-singleton)

done

thm inext-nth-card-less-Max

lemma inext-nth-card-less-Max "
n<cardl — Suc 0 = I - n < Max I

by (simp add: inext-nth-card-less-Maz)

lemma inext-nth-card-Maz-aux:
Nl card I = Sucn = I — n = Max |
thm card-gr0-imp-not-empty|OF less-le-trans|OF zero-less-Suc, OF eq-imp-le[OF
sym]]
apply (frule card-gr0-imp-not-empty|OF less-le-trans| OF zero-less-Suc, OF eq-imp-le[OF
sym]])
apply (frule card-gr0-imp-finite[ OF less-le-trans[OF zero-less-Suc, OF eg-imp-le| OF
sym]]])
apply (induct n)
apply (clarsimp simp: card-1-singleton-conv)
apply simp
apply (cut-tac I=I and t=Maz I in nat-cut-less-finite)
apply (subgoal-tac card (I |< Maz I) = Suc n)
prefer 2
apply (simp add: cut-less-le-conv cut-le-Maz-all)
thm card-gr0-imp-not-empty[OF less-le-trans|OF zero-less-Suc, OF eq-imp-le[OF
syml]], rule-format|
apply (frule-tac n=n in card-gr0-imp-not-empty[ OF less-le-trans[OF zero-less-Suc,
OF eg-imp-le|OF sym]], rule-format])
apply (subgoal-tac Maz (I |< Maz I) < iMin {Maz I})
prefer 2
apply (simp, blast)
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apply (subgoal-tac inext-nth I n < Max I)
prefer 2
thm inext-nth-card-less-Mazx
apply (simp add: inext-nth-card-less-Mazx)
apply (frule inext-nth-cut-less-conv[symmetric])
apply simp
apply (rule min-step-inext)
apply simp
apply (rule subsetD, rule cut-less-subset, rule Maz-in, assumption+)
apply simp
apply (frule-tac A=1 |< Maz I and k=Fk in not-greater-Maz, assumption)
apply (simp add: cut-less-mem-iff )
done
lemma inext-nth-card-Maz-auz':
NI [ finite I; I #{} ] = I — (card I — Suc 0) = Max I
by (simp add: inext-nth-card-Maz-auz not-empty-card-gr0-conv)

thm
inext-nth-card-Maz-aux
mext-nth-card-Maz-auz’
thm
inext-nth-card-less-Max
inext-nth-Maz-fix
lemma inext-nth-card-Maz:
[ finite I I # {}; card I < Sucn] = I — n = Maz I
thm inext-nth-Maz-fix[of - card I — Suc 0]
apply (rule inext-nth-Maz-fiz[of - card I — Suc 0], assumption+)
apply (simp add: inext-nth-card-Maz-auz )
apply simp
done
lemma inext-nth-card-Maz':
[ finite I; I #{}; cardl — Suc 0 <n]=1—n= MaxI
by (simp add: inext-nth-card-Max)

thm
inext-nth-card-less-Max
inext-nth-card-Maz
inext-nth-card-Maz’

lemma inext-nth-singleton: {a} — n = a
thm inext-nth-Maz-fix[OF singleton-finite singleton-not-empty - le0)]
by (simp add: inext-nth-Maz-fix|OF singleton-finite singleton-not-empty - le0])

lemma inext-nth-eq- Min-conv:
I£4{}={I—-n=iMinl)=(n=0V 3Fa. I=1{a}))

apply (rule iffI)

apply (case-tac n, simp)
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apply (rename-tac n’)

apply (rule ccontr)

apply (drule-tac n=I — n'in inext-neq-iMin-not-singleton, simp)
apply simp

apply (erule disjE, simp)

apply (clarsimp simp: inext-nth-singleton)

done

lemma inext-nth-gr-Min-conv:

I#{} = (iMinI <I —>n)=(0<nA-=(Fa. I=1{a}))
apply (rule subst[of iMin I # 1 — n iMin I < I — n])
apply (frule iMin-le[OF inext-nth-closed|of - n]])
apply (simp add: linorder-neq-iff)
apply (subst neg-commute|of iMin I))
apply (simp add: inext-nth-eq-Min-conv)
done

lemma inext-nth-gr-Min-conv-infinite:
infinite I = (iMinI <1 — n) = (0 <n)
by (simp add: inext-nth-gr-Min-conv infinite-imp-nonempty infinite-imp-not-singleton)

lemma inext-nth-cut-ge-inext-nth: A\I b.
I#{}=1]>I—a)—>b=1— (a+b)

apply (induct a)

apply (simp add: cut-ge-Min-all)

apply (case-tac card I = Suc 0)

apply (drule card-1-imp-singleton, clarify)

apply (simp add: inext-nth-singleton inext-singleton cut-ge-Min-all)

apply (subgoal-tac Suc 0 < card I V infinite I)

prefer 2

apply (rule ccontr, clarsimp simp: linorder-not-less not-empty-card-gr0-conv)

apply (case-tac I — {iMin I} = {})

apply (rule-tac t=I and s={iMin I} in subst, blast)

apply (simp (no-asm) add: inext-nth-singleton inext-singleton cut-ge-Min-all)

apply (simp add: subset-singleton-conwv)

thm remove-Min-inext-nth-Suc-conv

apply (drule-tac z=I — {iMin I} in meta-spec)

apply (drule-tac z=b in meta-spec)

apply (drule meta-mp, blast)

thm remove-Min-inext-nth-Suc-conv

apply (simp add: remove-Min-inext-nth-Suc-conv)

apply (simp add: cut-ge-Diff cut-ge-singleton)

apply (subgoal-tac iMin I < inext (I — a) I, simp)

apply (rule le-neg-trans[OF - not-sym)])

apply (simp add: iMin-le inext-closed inext-nth-closed)

apply (erule disjFE)

apply (simp add: inext-neg-iMin-not-card-1 inext-neg-iMin-infin)+

done
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thm inext-append-eql

lemma inext-nth-append-eql :
[ finite A; A # {}; Maz A < iMin B; A - n # Maz A | =
(AUB) - n=A4A—-n

apply (case-tac B = {}, simp)

apply (induct n)

apply (simp add: iMin-Un del: Maz-less-iff )

apply (rule min-eq)

thm iMin-le-Max

apply (blast intro: order-less-imp-le order-le-less-trans iMin-le-Maz)

thm Max-ge[OF - inext-nth-closed]

apply (frule-tac n=Suc n in Maz-ge[OF - inext-nth-closed, rule-format|, assump-

tion)

apply (drule order-le-neg-trans, simp+)

thm order-le-less-trans|OF inext-mono]

apply (drule order-le-less-trans|OF inext-mono))

thm inext-append-eql

apply (simp add: inext-append-eql inext-nth-closed)

done

thm inext-nth-append-eql
thm inext-append-eq?2
lemma inext-nth-card-append-eql :
NA B[ Max A < iMin B; n < card A | =
(AUB)->n=A4A->n
apply (case-tac B = {}, simp)
thm card-gr0-imp-finite[OF le-less-trans| OF le0]]
apply (frule card-gr0-imp-finite[ OF le-less-trans[OF le0]])
apply (frule card-grO-imp-not-empty[OF le-less-trans|OF le0]])
apply (drule Suc-leI[of n], drule order-le-less] THEN iffD1], erule disjE)
apply (rule inext-nth-append-eql, assumption—+)
apply (simp add: inext-nth-card-less-Max less-imp-neq)
thm inext-nth-card-Maz[OF - - eg-imp-le[OF sym]]
apply (simp add: inext-nth-card-Maz[OF - - eq-imp-le[OF sym]] del: Maz-less-iff)
apply (induct n)
apply (frule card-1-imp-singleton[OF sym], erule ezE)
apply (simp add: iMin-insert)
apply simp
apply (subgoal-tac inext-nth A n < Max A)
prefer 2
apply (rule inext-nth-card-less-Mazx, simp)
thm inext-nth-append-eql
apply (simp add: inext-nth-append-eql)
apply (rule min-step-inext)
apply (simp add: inext-nth-closed)+
apply (rule congl)
apply (subgoal-tac k < A — Suc n)
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prefer 2
apply (subgoal-tac A — Suc n = Maxz A)
prefer 2
thm inext-nth-card-Maz
apply (rule inext-nth-card-Max)
apply simp+
apply (rule-tac n=A — n and k=£k in inext-min-step, simp+)
apply (rule not-less-iMin)
apply (rule-tac y=Maz A in order-less-trans)
apply simp+
done

thm inext-append-eq3
lemma inext-nth-card-append-eqS3:
[ finite A; B # {}; Max A < iMin B ]| =
(AU B) — (card A) = iMin B
apply (case-tac A = {}, simp)
apply (frule not-empty-card-gr0-conv| THEN iffD1], assumption)
thm subst|OF Suc-pred)
apply (rule subst[OF Suc-pred, of card A], assumption)
apply (simp only: inext-nth.simps)
thm inext-nth-card-append-eql inext-nth-card-Maz' inext-append-eq3
apply (simp add: inext-nth-card-append-eql inext-nth-card-Max' inext-append-eq3)
done

lemma inext-nth-card-append-eq2:
[ finite A; A # {}; B # {}; Max A < iMin B; card A < n | =
(AUB) - n=B— (n— card A)
thm inext-nth-cut-ge-inext-nth
apply (rule-tac t=(A U B) — n and s=(A U B) — (card A + (n — card A)) in
subst, simp)
thm inext-nth-cut-ge-inext-nth[symmetric]
apply (subst inext-nth-cut-ge-inext-nth[symmetric|, simp)
apply (subst inext-nth-card-append-eq3, assumption+)
apply (simp add: cut-ge-Un cut-ge-Maz-empty cut-ge-Min-all del: Maz-less-iff)
done

thm inext-append
lemma inext-nth-card-append:

[ finite A; A # {}; B # {}; Max A < iMin B | =

(AUB) = n=_(ifn < card A then A — n else B — (n — card A))
by (simp add: inext-nth-card-append-eql inext-nth-card-append-eq2)

lemma inext-nth-insert-Suc:
[I+#{};a<iMinl]= (insertal)— Sucn=1—n
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apply (frule not-less-iMin)

apply (rule-tac t=1 — n and s=(insert a I — {iMin (insert a I)}) — n in subst)
apply (simp add: iMin-insert min-eql)

thm remove-Min-inext-nth-Suc-conv

apply (subst remove-Min-inext-nth-Suc-conv)

apply (case-tac finite I)

apply (simp add: not-empty-card-gr0-conv)+

done

lemma inext-nth-cut-less-eq:
n<card (I |[<t)= [T |<t)—>n=1—>n
apply (rule-tac t=I — n and s=(I |[< t U I |> t) — n in subst)
apply (simp add: cut-less-cut-ge-ident)
thm inext-nth-card-append-eql
apply (case-tac I |> t = {}, simp)
apply (rule sym, rule inext-nth-card-append-eql )
apply (drule card-gt-0-iff[THEN iffD1, OF gr-implies-gr0], clarify)
apply (simp add: Ball-def i-cut-mem-iff iMin-gr-iff )
apply simp
done

lemma less-card-cut-less-imp-inext-nth-less:
n<cad (I |[<t)=1T->n<t

apply (case-tac I |< t = {}, simp)

apply (rule subst[OF inext-nth-cut-less-eq), assumption)

apply (rule cut-less-bound|OF inext-nth-closed], assumption)

done

lemma inext-nth-less-less-card-conv:
I>t#{}=T—-n<t)=(n<card (I [<1))
apply (case-tac I = {}, blast)
apply (case-tac I |< t = {})
apply (simp add: linorder-not-less)
thm cut-less-empty-iff inext-nth-closed
apply (simp add: cut-less-empty-iff inext-nth-closed)
apply (rule iffT)
apply (rule ccontr, simp add: linorder-not-less)
apply (subgoal-tac Max (I |< t) < iMin (I |> t))
prefer 2
apply (simp add: nat-cut-less-finite iMin-gr-iff Ball-def i-cut-mem-iff)
thm ssubst|OF cut-less-cut-ge-ident[|OF order-refl], of Ax. z — n < t - t]
apply (drule ssubst|OF cut-less-cut-ge-ident|OF order-refl], of Az. x — n < t -
t])
thm inext-nth-card-append-eq2|OF nat-cut-less-finite, of [t I |> t n]
apply (drule inext-nth-card-append-eq2[OF nat-cut-less-finite, of I t I |> t n],
assumption+)
apply (simp add: inext-nth-card-append-eq2 nat-cut-less-finite)
apply (subgoal-tac Nz. I |>t — z > t)
prefer 2
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apply (rule cut-ge-bound|[OF inext-nth-closed], assumption)
apply (simp add: linorder-not-le[symmetric])
apply (rule subst|OF inext-nth-cut-less-eq], assumption)
apply (rule cut-less-bound|OF inext-nth-closed], assumption)
done

lemma cut-less-inext-nth-card-eql :
n < card I V infinite I = card (I |< (I — n))=n
apply (case-tac I = {}, simp)
apply (induct n)
apply (simp add: card-eq-0-iff nat-cut-less-finite cut-less-Min-empty)
apply (subgoal-tac n < card I V infinite I)
prefer 2
apply fastsimp
apply simp
apply (subgoal-tac I — n # Maz I V infinite I)
prefer 2
thm inext-nth-card-less-Max[ THEN less-imp-neq|
apply (blast dest: inext-nth-card-less-Maz less-imp-neq)
apply (rule subst[OF cut-le-less-inext-conv[OF inext-nth-closed]], assumption+)
apply (simp add: cut-le-less-conv-if inext-nth-closed cut-less-mem-iff card-insert-if
nat-cut-less-finite)
done

lemma cut-less-inext-nth-card-eq2:
[ finite Iy card I < Sucn | = card (I |< (I — n)) = card I — Suc 0
apply (case-tac I = {}, simp add: cut-less-empty)
apply (simp add: inext-nth-card-Max cut-less-Max-eq-Diff)
done

lemma cut-less-inext-nth-card-if :
card (I |< (I — n)) = (
if (n < card I V infinite I) then n else card I — Suc 0)
by (simp add: cut-less-inext-nth-card-eql cut-less-inext-nth-card-eq2)

lemma cut-le-inext-nth-card-eql :
n < card I V infinite I = card (I |< (I — n)) = Sucn
apply (case-tac I = {}, simp)
thm cut-le-less-inext-conv|[OF inext-nth-closed]
apply (simp add: cut-le-less-conv-if inext-nth-closed card-insert-if nat-cut-less-finite
cut-less-mem-iff cut-less-inext-nth-card-eql)
done
lemma cut-le-inext-nth-card-eq2:
[ finite I; card I < Sucn | = card (I |< (I — n)) = card I
apply (case-tac I = {}, simp add: cut-le-empty)
apply (simp add: inext-nth-card-Maz cut-le-Maz-all)
done
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lemma cut-le-inext-nth-card-if:
card (I |[< (I — n)) = (
if (n < card I V infinite I) then Suc n else card I)
by (simp add: cut-le-inext-nth-card-eql cut-le-inext-nth-card-eq2)

term iprev
primrec
iprev-nth :: nat set = nat = nat
where
iprev-nth I 0 = Max I
| iprev-nth I (Suc n) = iprev (iprev-nth I n) I
thm inext-iprev
notation (zsymbols)
iprev-nth ((- < -) [100, 100] 60)
notation (HTML output)
iprev-nth ((- < -) [100, 100] 60)

lemma iprev-nth-closed: [ finite I; I #{} ] = I «—nel
apply (induct n)

apply simp

apply (simp add: iprev-closed)

done

thm iprev-image
lemma iprev-nth-image:

[ finite I; I # {}; strict-mono-on fI1]| = (f‘I) —n=f (I < n)
apply (induct n)

apply (simp add: Maz-mono-on2 strict-mono-on-imp-mono-on)
apply (simp add: iprev-image iprev-nth-closed)
done

thm iprev-mono
lemma iprev-nth-Suc-mono: I — (Sucn) < I «— n
by (simp add: iprev-mono)
lemma iprev-nth-mono: a < b — 1 — b <1 «— a
apply (induct b)

apply simp
apply (drule le-Suc-eq| THEN iffD1], erule disjE)
apply (rule-tac y=iprev-nth I b in order-trans)
apply (rule iprev-nth-Suc-mono)

apply simp
apply simp
done
lemma iprev-nth-Suc-mono2:

[ finite I; 3zel. < I —n] =1« (Sucn)<I—n
thm iprev-mono2
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apply simp

apply (rule iprev-mono2)

thm iprev-nth-closed

apply (blast intro: iprev-nth-closed)+
done

lemma iprev-nth-mono2:
[ finite I; 3zel. 2 < —a] = (I —b<I—a)=(a<b)
apply (subgoal-tac I # {})
prefer 2
apply blast
apply (rule iffI)
apply (rule ccontr)
apply (simp add: linorder-not-less)
apply (drule iprev-nth-mono[of - - I])
apply simp
apply clarify
apply (induct b)
apply blast
apply (drule less-Suc-eq THEN iffD1], erule disjE)
apply (blast intro: order-le-less-trans iprev-nth-Suc-mono)
apply (blast intro: iprev-nth-Suc-mono2)
done

lemma iprev-nth-iMin-fix:
[IT#{};I—a=iMinl;a<b]=1<b=iMinl

apply (induct b)

apply simp

apply (drule le-Suc-eq[ THEN iffD1], erule disjE)

apply (simp add: iprev-iMin)

apply blast

done

lemma iprev-nth-singleton: {a} «— n= a
thm iprev-nth-iMin-fix|OF singleton-not-empty - le0)]
by (simp add: iprev-nth-iMin-fiz[OF singleton-not-empty - le0])

8.3 Induction over arbitrary natural sets using the functions
ezt and iprev

lemma inext-nth-surj-auxl:
{zel.-3n. I >n=2x)}={}
(is 25 = {}
is{zel ?Pz}={})
apply (case-tac I = {}, blast)
proof (rule ccontr)
assume as-S-not-empty: 2S5 # {}

obtain S where s-S: S = ¢S by blast
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hence S-not-empty: S # {}
using as-S-not-empty by blast

have s-not-ex: Az. [z € I; Pz ] =z € S
using s-S by blast

have s-subset:S C I
using s-S by blast

have i-not-empty: I # {}
using as-S-not-empty by blast

have s-iMin-S: iMin S € S

thm Minl-ex2

using S-not-empty by (simp add: iMinl-ex2)
hence s-iMin-i: iMin S € I

using s-subset by blast

show Fulse
proof cases
assume as:iMin I < iMin S

obtain prev where s-prev: prev = iprev (iMin S) I by blast
have s-prev-in: prev € I

apply (simp add: s-prev)

thm iprev-closed[of iMin S i

apply (rule iprev-closed)

apply (rule s-iMin-i)

done

have s-prev-next-min: inext prev I = iMin S
apply (simp add: s-prev)
thm inext-iprev|of I iMin 5]
apply (rule inext-iprev)
apply (insert as, simp)
done

have s-prev-min-1: prev < iMin S
apply (simp only: s-prev)
thm iprev-mono2[of iMin S I|
apply (rule iprev-mono2|of iMin S ])
apply (rule s-iMin-7)
apply (rule-tac x=iMin I in bexl)
apply (rule as)
apply (simp add: iMinlI-ex2 i-not-empty)
done

hence prev-not-in-s: prev ¢ S
thm not-less-iMin
by (simp add: not-less-iMin)

have dn. I — n = prev
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thm s-not-ex[of prev]
by (insert prev-not-in-s s-not-ex|of prev] s-prev-in, blast)
then obtain nPrev where s-nPrev: I — nPrev = prev by blast
hence I — (Suc nPrev) = inext prev I by simp
hence I — (Suc nPrev) = iMin S
using s-prev-next-min by simp
hence In. I — n = iMin S by blast
hence iMin S ¢ S
using s-iMin-i s-S by blast
thus Fulse
using s-iMin-S by blast
next
assume as:—(iMin I < iMin S)

have iMin S = iMin I
apply (insert s-subset S-not-empty as)
thm iMin-subset
apply (frule-tac A=S and B=I in iMin-subset)
by simp-all

hence dn. I - n e S
apply (rule-tac x=0 in exl)
apply (insert s-iMin-S)
apply simp
done

thus Fualse
using s-S by blast

qed
qed

term inext-nth

term An. I — n

lemma inext-nth-surj-on:surj-on (An. I — n) UNIV I
apply (simp add: surj-on-conv)

thm inext-nth-surj-auxl [of 1]

by (insert inext-nth-surj-auzl [of I], blast)

corollary in-imp-ex-inext-nth: x € I — dn. x =1 — n
thm surj-onD

thm surj-onD|where A=UNIV, simplified]

apply (rule surj-onD[where A=UNIV | simplified])
apply (rule inext-nth-surj-on)

apply assumption

done

lemma inext-induct:

[P (iMinI); An.[ne€l; Pn] = P (inextnl);nel] = Pn
thm image-nat-induct
thm image-nat-induct{where P=P and f=An. I — n and I=I and a=n)]
apply (rule-tac f=An. I — n and I=I in image-nat-induct)
thm inext-nth-closed|OF in-imp-not-empty]
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thm inext-nth-surj-on

apply (simp add: inext-nth-closed|OF in-imp-not-empty] inext-nth-surj-on)+
done

thm next-induct

lemma iprev-nth-surj-auxl:
finite ] = {z el -3n. I —n=2x)}={}
apply (case-tac I = {}, blast)
proof (rule ccontr)
assume as-finite-i: finite 1
let 25 ={xe€l.-(3n. I —n=u2x)}
assume as-S-not-empty: 25 # {}

obtain S where s-S: S = 25 by blast
hence S-not-empty: S # {}
using as-S-not-empty by blast

have s-not-ex: Az. [z € [; -(3n. I —«n=z)] =2 € 8
using s-S by blast

have s-subset:S C [
using s-S by blast

have i-not-empty: I # {}
using as-S-not-empty by blast

from as-finite-i
have S-finite: finite S
using s-subset by (blast intro: finite-subset)

have s-Max-S: Max S € S

thm Maz-in

using S-not-empty S-finite by simp
hence s-Maz-i: Max S € 1

using s-subset by blast

show Fulse
proof cases
assume as:Maz S < Maz I

obtain nexzt’ where s-next: next’ = inext (Maz S) I by blast
have s-next-in: next’ € T

thm inext-closed|of Max S I]

by (simp add: s-next inext-closed s-Maz-1)

have s-next-prev-maz: iprev next’ I = Max S
apply (simp add: s-next)
thm iprev-inext[of Max S I|
apply (rule iprev-inext)
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apply (insert as, simp)
done

have s-next-maz-1: Max S < next’
apply (simp add: s-next)
thm inext-mono2[of Max S I|
apply (rule inext-mono2[of Max S I])
apply (rule s-Maz-7)
apply (rule-tac x=Maz I in bexl)
apply (rule as)
apply (simp add: as-finite-i i-not-empty)
done
hence next-not-in-s: next’ ¢ S
using S-finite S-not-empty
apply clarify
thm Maz-ge[of S next’]
apply (drule Maz-gelof - next’])
apply simp-all
done
have In. I «— n = next’
thm s-not-ex[of next’]
by (insert next-not-in-s s-not-ex[of neat’] s-next-in, blast)
then obtain nNext where s-nNext: I «— nNext = next’ by blast
hence I < (Suc nNext) = iprev next’ I by simp
hence I — (Suc nNext) = Maz S
using s-next-prev-max by simp
hence dn. I «— n = Max S by blast
hence Maz S ¢ S
using s-Maz-i s-S by blast
thus Fulse
using s-Mazx-S by blast+
next
assume as:—(Maz S < Max I)

have Max S = Max I
apply (insert s-subset S-not-empty as-finite-i as)
thm Maz-subset[of S 1]
apply (drule Maz-subset|of - I])
by simp-all

hence dn. I «— n € S
apply (rule-tac x=0 in exl)
apply (insert s-Maz-S)
apply simp
done

thus Fulse
using s-S by blast

qed
qed

158
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term iprev-nth
term An. iprev-nth I n
lemma iprev-nth-surj-on: finite I = surj-on (An. I «— n) UNIV I
apply (simp add: surj-on-def)
thm iprev-nth-surj-auzi|of I]
by (insert iprev-nth-surj-auzl[of I|, blast)
corollary in-imp-ex-iprev-nth:

[ finiteI; z€l]=3n.z=1<n
thm surj-onD
thm surj-onD]of - UNIV I, simplified]
apply (rule surj-onD[of - UNIV I, simplified])
apply (rule iprev-nth-surj-on)
apply assumption+
done

lemma iprev-induct:

[P (Max I); An.[ne€l; Pn] = P (iprevnl); finite Iy n €I ] = Pn
thm image-nat-induct
thm image-nat-induct[where P=P and f=An. I «— n and I=I and a=n)]
apply (rule-tac f=An. I «— n and I=I in image-nat-induct)
thm iprev-nth-closed[OF - in-imp-not-empty]
apply (simp add: iprev-nth-closed|OF - in-imp-not-empty] iprev-nth-surj-on)+
done
thm

inext-induct

iprev-induct

8.4 Natural intervals with inext and iprev

lemma inext-atLeast: n < t = inext t {n..} = Suc ¢
apply (unfold inext-def)

apply (subgoal-tac Suc t € {n..} |> t)

prefer 2

apply (simp add: cut-greater-mem-iff)

apply (simp add: in-imp-not-empty)

apply (rule iMin-equality, assumption)

apply (simp add: cut-greater-mem-iff)

done

lemma iprev-atLeast” n < t = iprev (Suc t) {n..} =t
apply (rule subst[OF inext-atLeast], assumption)

apply (rule iprev-inext-infin|OF infinite-atLeast))

done

lemma iprev-atLeast: n < t = iprevt {n..} = ¢t — Suc 0
by (insert iprev-atLeast’[of n t — Suc 0], simp)

lemma inext-atMost: t < n = inext t {..n} = Suc t
apply (unfold inext-def)
apply (subgoal-tac Suc t € {.n} |> t)
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prefer 2

apply (simp add: cut-greater-mem-iff)

apply (simp add: in-imp-not-empty)

apply (rule iMin-equality, assumption)

apply (simp add: cut-greater-mem-iff)

done

lemma iprev-atMost: t < n = iprevt {.n} =t — Suc 0
apply (case-tac t)

apply simp

thm subst|OF iMin-atMost[of n]]

apply (rule subst[OF iMin-atMost[of n]])
apply (rule iprev-iMin)

apply simp

apply (drule Suc-le-lessD)

apply (rule subst[OF inext-atMost], assumption)
apply (simp add: Max-atMost iprev-inext-fin)
done

lemma inext-lessThan: Suc t < n = inext t {..<n} = Suc t
apply (rule subst[OF Suc-pred, of n], simp)

apply (subst lessThan-Suc-atMost)

apply (simp add: inext-atMost)

done

lemma iprev-lessThan: t < n = iprev t {..<n} =t — Suc 0
apply (case-tac n, simp)

apply (simp add: lessThan-Suc-atMost iprev-atMost)

done

lemma inext-atLeastAtMost: [ m < ¢;t < n | = inext t {m..n} = Suc t

by (simp add: atLeastAtMost-def cut-le-Int-conv|[symmetric] inext-atLeast inext-cut-le-conv)
lemma iprev-atLeastAtMost: [ m < ¢;t < n ]| = iprevt {m.n} =t — Suc 0

by (simp add: atLeastAtMost-def cut-le-Int-conv[symmetric] iprev-atLeast iprev-cut-le-conv)
lemma iprev-atLeastAtMost” [ m < t; t < n | = iprev (Suc t) {m..n} =1t

by (simp add: iprev-atLeastAtMost|of - Suc t])

lemma inext-nth-atLeast : {n..} - a=n+ a

apply (induct a, simp add: iMin-atLeast)

apply (simp add: inext-atLeast)

done

lemma inext-nth-atLeastAtMost: [a <n —m;m <n] = {m.n} > a=m+
a

apply (induct a, simp add: iMin-atLeastAtMost)

apply (simp add: inext-atLeastAtMost)

done

lemma iprev-nth-atLeastAtMost: [ a <n —m;m <n] = {m.n} —a=n—
a

apply (induct a, simp add: Maz-atLeastAtMost)

apply (simp add: iprev-atLeastAtMost)

done
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lemma inext-nth-atMost: a < n = {.n} - a=a
apply (insert inext-nth-atLeastAtMost]of a n 0])

apply (simp add: atMost-atLeastAtMost-0-conv)

done

lemma iprev-nth-atMost: a < n = {.n} —a=n—a
apply (insert iprev-nth-atLeastAtMost[of a n 0])

apply (simp add: atMost-atLeastAtMost-0-conv)

done

lemma inext-nth-lessThan : ¢ < n = {.<n} - a =a

apply (case-tac n, simp)

apply (simp add: lessThan-Suc-atMost inext-nth-atMost)

done

lemma iprev-nth-lessThan: a < n = {..<n} «— a =n — Suc a
apply (case-tac n, simp)

apply (simp add: lessThan-Suc-atMost iprev-nth-atMost)

done

lemma inext-nth-UNIV: UNIV — a = a
by (simp add: inext-nth-atLeast del: atLeast-0 add: atLeast-0[symmetric])

8.5 Further result for inext-nth and iprev-nth

thm inext-iprev
lemma inext-iprev-nth-Suc:
iMinI #1 «— n = inext (I — Sucn)l =1—n
by (simp add: inext-iprev)
lemma inext-iprev-nth-pred:
[ finite Iy iMin I # 1 — (n — Suc 0) | =
inext (I «— n) I =1« (n — Suc 0)
apply (case-tac n)
apply (simp add: inext-Mazx)
apply (simp add: inext-iprev)
done

lemma iprev-inext-nth-Suc:
I — n # Maz IV infinite ] = iprev (I — Sucn) I =1 —n
by (simp add: iprev-inext)
lemma iprev-inext-nth-pred:
I — (n — Suc 0) # Max I V infinite ]| =
iprev (I — n) I =1 — (n — Suc 0)
apply (case-tac n)
apply (simp add: iprev-iMin)
apply (simp add: iprev-inext)
done

thm inext-imirror-iprev-conv
lemma inext-nth-imirror-iprev-nth-conv:

[ finite I; I # {} | =
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(imirror I) — n = mirror-elem (I «— n) I
apply (induct n)
apply (simp add: imirror-iMin mirror-elem-Maz)
apply (simp add: inext-imirror-iprev-conv’ iprev-nth-closed)
done
corollary inezt-nth-imirror-iprev-nth-conv2:
[ finite I; I # {} | =
mirror-elem ((imirror I) «— n) I =1 — n
thm inext-nth-imirror-iprev-nth-conv| OF imirror-finite imirror-not-empty]
apply (frule inext-nth-imirror-iprev-nth-conv[ OF imirror-finite imirror-not-empty,
of - nl], assumption)
apply (simp add: imirror-imirror-ident mirror-elem-imirror)
done

lemma iprev-nth-imirror-inext-nth-conv:
[ finite I 1 # {} ] =
(¢mirror I) «— n = mirror-elem (I — n) I
apply (induct n)
apply (simp add: imirror-Maz mirror-elem-Min)
apply (simp add: iprev-imirror-inext-conv’ inext-nth-closed)
done
corollary iprev-nth-imirror-inext-nth-conv2:
[ finite I; T # {} ] —
mirror-elem ((imirror I) — n) I = (I « n)
thm iprev-nth-imirror-inext-nth-conv| OF imirror-finite imirror-not-empty|
apply (frule iprev-nth-imirror-inext-nth-conv| OF imirror-finite imirror-not-empty,
of - n], assumption)
apply (simp add: imirror-imirror-ident mirror-elem-imirror)
done

thm inext-nth-card-less-Mazx

lemma iprev-nth-card-greater-iMin: Suc n < card I = iMin I < I «— n
apply (subgoal-tac I # {} finite I)

prefer 2

apply (rule card-gr0-imp-finite, simp)

prefer 2

apply (rule card-gr0-imp-not-empty, simp)

thm subst|OF iprev-nth-imirror-inext-nth-conv2)

apply (subst iprev-nth-imirror-inext-nth-conv2[symmetric], assumption+)
thm subst|OF mirror-elem-Maz)

apply (subst mirror-elem-Maz[symmetric], assumption+)

thm subst|OF mirror-elem-imirror, of I|

apply (subst mirror-elem-imirror[symmetric|, assumption)
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apply (subst mirror-elem-imirror[symmetric|, assumption)
apply (frule imirror-finite, frule imirror-not-empty)
thm mirror-elem-less-conv

apply (rule mirror-elem-less-conv| THEN iffD2])
apply assumption

apply (rule inext-nth-closed, assumption)

apply (rule subst|OF imirror-Maz], assumption)
apply (rule Maxz-in, assumption+)

apply (rule subst[OF imirror-Maz), assumption)

thm inext-nth-card-less-Mazx

apply (simp add: inext-nth-card-less-Mazx imirror-card)
done

lemma iprev-nth-card-iMin:
[ finite I; I £ {}; card I < Sucn] =1« n=iMinl
thm subst|OF iprev-nth-imirror-inext-nth-conv2)
apply (subst iprev-nth-imirror-inext-nth-conv2[symmetric], assumption+)
thm subst|OF mirror-elem-Maz)
apply (subst mirror-elem-Maz[symmetric], assumption+)
thm subst|OF mirror-elem-imirror, of I|
apply (subst mirror-elem-imirror[symmetric|, assumption)
apply (subst mirror-elem-imirror[symmetric|, assumption)
thm subst|OF imirror-Maz]
apply (rule subst|OF imirror-Maz|, assumption)
apply (frule imirror-finite, frule imirror-not-empty)
thm mirror-elem-eq-conv’
apply (simp add: mirror-elem-eq-conv’ inext-nth-closed inext-nth-card-Mazx imirror-card)
done
lemma iprev-nth-card-iMin'":
[ finite I; I # {}; card I — Suc 0 < n] = I «—n=iMinI
by (simp add: iprev-nth-card-iMin)

end

9 List2: Additional definitions and results for lists

theory List2
imports ../ CommonSet/SetIntervalCut
begin

9.1 Additional definitions and results for lists

Infix syntactical abbreviations for operators take and drop. The abbrevia-
tions resemble to the operator symbols used later for take and drop operators
on infinite lists in ListInf.

abbreviation (zsymbols)
f-take’ :: 'a list = nat = 'a list (infix] | 100)
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where
xs | n = take n ws
abbreviation (zsymbols)
f-drop’ :: 'a list = nat = 'a list (infixl T 100)
where
zs T n = drop n xs
syntax (HTML output)
f-take’ 2 'a list = nat = 'a list (infixl | 100)
f-drop’ :: 'a list = nat = 'a list (infix] 1 100)

term zs | n
term zs T n

thm List.append-Cons
lemma append-eq-Cons: [z] Q zs = z # s
by simp

lemma length-Cons: length (z # xs) = Suc (length xs)
by simp
lemma length-snoc: length (zs Q [z]) = Suc (length zs)
by simp

9.1.1 Additional lemmata about list emptiness

lemma length-greater-imp-not-empty:n < length xs = xs # ||
by fastsimp

lemma length-ge-Suc-imp-not-empty:Suc n < length 1s = xs # |
by fastsimp
thm length-take

lemma length-take-le: length (zs | n) < length zs
by simp

lemma take-not-empty-conv:(zs | n £ []) = (0 < n A zs # [])
by simp

lemma drop-not-empty-conv:(zs T n # []) = (n < length xs)
by fastsimp

lemma zip-eq-Nil: (zip zsys = []) = (zs =[] V ys = [])
by (force simp: length-0-conv[symmetric] min-def simp del: length-0-conv)

lemma zip-not-empty-conv: (zip xs ys £ [|) = (ws £ [| A ys # [])
by (simp add: zip-eq-Nil)
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9.1.2 Additional lemmata about take, drop, hd, last, nth and filter

lemma nth-tl-eq-nth-Suc:
Suc n < length s => (tlzs) ! n = zs | Sucn
thm hd-Cons-tl[OF length-ge-Suc-imp-not-empty, THEN subst]
by (rule hd-Cons-tl|OF length-ge-Suc-imp-not-empty, THEN subst], simp+)
corollary nth-tl-eq-nth-Suc2:
n < length xs = (tlxs) ! n = s | Suc n
by (simp add: nth-tl-eq-nth-Suc)

lemma hd-eq-first: xs # [| = xs | 0 = hd zs

by (induct zs, simp-all)

corollary take-first:zs # [| = xs | (Suc 0) = [zs ! 0]
by (induct zs, simp-all)

corollary take-hd:xzs # [| = xs | (Suc 0) = [hd z3]
by (simp add: take-first hd-eg-first)

thm last-conv-nth
theorem last-nth: xs # [| = last s = xs | (length zs — Suc 0)
by (simp add: last-conv-nth)

lemma last-take: n < length xs = last (zs | Sucn) = zs ! n
by (simp add: last-nth length-greater-imp-not-empty min-eqR)
corollary last-take2:
[0 < n;n <lengthzs | = last (zs | n) = zs ! (n — Suc 0)
thm diff-Suc-less|[THEN order-less-le-trans)
apply (frule diff-Suc-less| THEN order-less-le-trans, of - length xs 0], assumption)
thm last-take[of n — Suc 0 zs]
apply (drule last-take[of n — Suc 0 xs])
apply simp
done

thm List.nth-drop

corollary nth-0-drop: n < length s = (zs T n) ! 0 = xs ! n
by (cut-tac nth-droplof n 0 xs], simp+)

corollary hd-drop: n < length xs = hd (xzs T n) = xs ! n
apply (frule drop-not-empty-conv| THEN iffD2])

apply (simp add: hd-eq-first|symmetric])

done

lemma drop-eq-tl: zs 1 (Suc 0) = tl zs
by (simp add: drop-Suc)

lemma drop-take-1:

n < length xs => xs T n | (Suc 0) = [zs ! n]
thm take-hd hd-drop
by (simp add: take-hd hd-drop)

lemma upt-append: m < n = [0..<m] Q [m..<n] = [0..<n]
thm upt-add-eg-append|of 0 m n — m]
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by (insert upt-add-eq-append[of 0 m n — m], simp)

thm nth-append

lemma nth-appendl: n < length zs = (xs Q ys) ! n = zs ! n

by (simp add: nth-append)

lemma nth-append2: length xs < n = (zs @ ys) ! n = ys | (n — length xs)
by (simp add: nth-append)

lemma list-all-conv: list-all P zs = (¥ i<length xs. P (xs ! i))
by (rule list-all-length)

thm Fun.fun-eq-iff
lemma expand-list-eq:
Nys. (zs = ys) = (length zs = length ys N (Vi<length zs. xs ! i = ys | 1))
by (rule list-eq-iff-nth-eq)
lemmas list-eq-iff = expand-list-eq

lemma list-take-drop-imp-eq:

[zs ln=wys|ln; zsTn=ysTn] = zs=uys
apply (rule subst|OF append-take-drop-id|of n ws]])
apply (rule subst|OF append-take-drop-id[of n ys]])
apply simp
done

lemma list-take-drop-eq-conv:

(zs=ys)=Fn. (zs | n=ys | nAaxsTn=uysTn)
by (blast intro: list-take-drop-imp-eq)

lemma list-take-eq-conv: (xs = ys) = (Vn. zs | n = ys | n)
apply (rule iffI, simp)

apply (drule-tac z=mazx (length zs) (length ys) in spec)
apply simp

done

lemma list-drop-eg-conv: (zs = ys) = (Vn. s T n=ys T n)
apply (rule iffI, simp)

apply (drule-tac z=0 in spec)

apply simp

done

abbreviation (zsymbols)
replicate’ :: 'a = nat = a list (-~ [1000,65])
where

z™ = replicate n x
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term length z(atd)

thm List.replicate-Suc

thm List.replicate-app-Cons-same
lemma replicate-snoc: " @ [z] = g
by (simp add: replicate-app-Cons-same)

thm List.nth-replicate

lemma eg-replicate-conv: (Vi<length xs. zs ! i = m) = (xs = m
apply (rule iffT)

apply (simp add: expand-list-eq)

apply clarsimp

apply (rule ssubst|of zs replicate (length xs) m], assumption)
apply (rule nth-replicate, simp)

done

length as)

lemma replicate-Cons-length: length (z # a™) = Suc n

by simp

lemma replicate-pred-Cons-length: 0 < n = length (z # a™ ~ Suc 0y =n
by simp

thm replicate-add

lemma replicate-le-diff: m < n = 2™ Q z
by (simp add: replicate-add[symmetric])
lemma replicate-le-diff2: [k < m;m < n] = z™ ~ k@ gn—m_— gn—k
by (subst replicate-add[symmetric], simp)

n—m n

=

thm list.induct
lemma append-constant-length-induct-auz: \xs.
[ length xs div k = n; Ays. k = 0 V length ys < k = P ys;
Nzxs ys. [ length xs = k; Pys | = P (zs Q ys) | = P xs
apply (case-tac k = 0, blast)
apply simp
apply (induct n)
apply (simp add: div-eq-0-conv’)
apply (subgoal-tac k < length zs)
prefer 2
apply (rule div-gr-imp-gr-divisor|of 0], simp)
apply (simp only: atomize-all atomize-imp, clarsimp)
apply (erule-tac z=drop k zs in allF)
apply (simp add: div-diff-self2)
apply (erule-tac x=undefined in allE)
apply (erule-tac x=take k xs in allE)
apply (simp add: min-eqR)
apply (erule-tac z=drop k zs in allF)
apply simp
done

lemma append-constant-length-induct:
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[ Ays. k= 0V length ys < k = P ys;
Nzs ys. [ length zs = k; Pys | = P (xs Q ys) | = P s
by (simp add: append-constant-length-induct-auz|of - - length xs div k])

lemma zip-swap: map (A(y,z). (z,y)) (zip ys zs) = (zip s ys)
by (simp add: expand-list-eq)

lemma zip-takeL: (zip zs ys) | n = zip (zs | n) ys
by (simp add: expand-list-eq)

lemma zip-takeR: (zip xs ys) | n = zip zs (ys | n)
thm zip-swap|of ys]

apply (subst zip-swaplof ys, symmetric])

apply (subst take-map)

apply (subst zip-takeL)

apply (simp add: zip-swap)

done

lemma zip-take: (zip s ys) | n = zip (zs | n) (ys | n)
by (rule take-zip)

thm nth-zip
lemma hd-zip: [ zs # [|; ys # [] | = hd (zip s ys) = (hd zs, hd ys)
by (simp add: hd-conv-nth zip-not-empty-conv)

lemma map-id: map id xs = xs
by (simp add: id-def)

lemma map-id-subst: P (map id ©s) = P xs
by (subst map-id[symmetric])

lemma map-one: map f [z] = [f 2]
by simp

lemma map-last: xs # [| = last (map fxs) = f (last zs)
by (rule last-map)

lemma filter-list-all: list-all P xs = filter P xs = s
by (induct zs, simp+)

lemma filter-snoc: filter P (zs @ [z]) = (if P x then (filter P xs) Q [z] else filter
P xs)
by (case-tac P z, simp+)

lemma filter-filter-eq: list-all (Az. Pz = Q x) zs = filter P xs = filter Q zs
by (induct xs, simp+)

lemma filter-nth: An.
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n < length (filter P xs) =
(filter P xs) ! n =
xzs | (LEAST k.
k < length xs A
n < card {i. i <k A i <lengthzs N P (zs!4)})
apply (induct zs rule: rev-induct, simp)
apply (rename-tac x zs n)
thm filter-snoc
apply (simp only: filter-snoc)
apply (simp split del: split-if)
apply (case-tac zs = )
apply (simp split del: split-if)
apply (rule-tac
t=Xki.i=0ANi<kAP(z]!i) and
s=Aki.i=0ANPzx
in subst)
apply (simp add: fun-eq-iff)
apply fastsimp
apply (fastsimp simp: Least-def)
apply (rule-tac
t = Ak. card {i. i <k A i < Suc (length zs) A P ((zs @ [z]) ! i)} and
s =MAk. (card {i. i < k ANi <lengthazs N P (xs ! i)} +
(if k > length xs A P z then Suc 0 else 0))
in subst)
apply (clarsimp simp: fun-eq-iff split del: split-if , rename-tac k)
apply (simp split del: split-if add: less-Suc-eq conj-disj-distribL cong-disj-distribR
Collect-disj-eq)
apply (subst card-Un-disjoint)
apply (rule-tac n=length zs in bounded-nat-set-is-finite, blast)
apply (rule-tac n=Suc (length xs) in bounded-nat-set-is-finite, blast)
apply blast
apply (rule-tac
t = Xi. i < length xzs A P ((zs @Q [z]) ! 4) and
s =M. i <length xzs N P (zs ! 1)
in subst)
apply (rule fun-eq-iff [ THEN iffD2])
apply (fastsimp simp: nth-appendl)
apply (rule nat-add-left-cancel|[ THEN iffD2])
apply (rule-tac
t=Xi.i=lengthas N i <k AP ((zs Q [z])!4) and
s=MXi.t=lengthes Ni < kANPz
in subst)
apply (rule fun-eq-iff [ THEN iffD2])
apply fastsimp
apply (case-tac length s < k)
apply clarsimp
apply (rule-tac
t = Xi. i = length zs N 1 < k and
s = Ai. © = length zs
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in subst)
apply (rule fun-eq-iff [ THEN iffD2])
apply fastsimp
apply simp
apply simp
apply (simp split del: split-if add: less-Suc-eq conj-disj-distribL conj-disj-distribR)
apply (rule-tac
t = X\k. k < length xs N
n < card {i.1 <k ANi<lengthazs NP (zs! i)} + (if length zs < k A P
x then Suc 0 else 0) and
s =Mk k <length xs A n < card {i. i <k N i < length xs AN P (zs! 1)}
in subst)
apply (simp add: fun-eq-iff)
apply (rule-tac
t = \k. k = length xs N
n < card {i.1 <k ANi<lengthazs NP (zs! i)} + (if length zs < k A P
x then Suc 0 else 0) and
s = Ak. k = length xs A
n < card {i. i <k A i <lengthas N P (xs! i)} + (if Pz then Suc 0
else 0)
in subst)
apply (simp add: fun-eq-iff)
apply (case-tac n < length (filter P xs))
apply (rule-tac
t = (if P z then filter P xs Q [z] else filter P zs) ! n and
s = (filter P azs) ! n
in subst)
apply (simp add: nth-append?)
apply (simp split del: split-if)
apply (subgoal-tac Fk<length zs. n < card {i. i < k A i < length xs A P (xs !
i)})
prefer 2
apply (rule-tac z=length xs — Suc 0 in exl)
apply (simp add: length-filter-conv-card less-eq-le-pred[symmetric])
apply (subgoal-tac k<length zs. n < card {i. i < k A i < length xs A P (xs !
i)})
prefer 2
apply (blast intro: less-imp-le)
thm Least-le-imp-le-disj
apply (subst Least-le-imp-le-disj)
apply simp
apply simp
thm nth-appendl
apply (rule sym, rule nth-appendl)
apply (rule LeastI2-ex, assumption)
apply blast
apply (simp add: linorder-not-less)
apply (subgoal-tac P x)
prefer 2
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apply (rule ccontr, simp)
apply (simp add: length-snoc)
apply (drule less-Suc-eq-le] THEN iffD1], drule-tac z=n in order-antisym, as-
sumption)
apply (simp add: nth-append2)
thm length-filter-conv-card
apply (simp add: length-filter-conv-card)
apply (rule-tac
t = Ak. card {i. i < length xs AN P (zs ! i)} < card {i. i < k A i < length zs A
P (xzs!4)} and
s = Ak. Fulse
in subst)
apply (rule fun-eg-iff [ THEN iffD2], rule alll, rename-tac k)
apply (simp add: linorder-not-less)
apply (rule card-mono)
apply fastsimp
apply blast
apply simp
apply (rule-tac
t = (LEAST k. k = length s A
card {i. i < length s A P (zs ! i)} < Suc (card {i. i <k AN i<
length xzs N P (zs ! i)})) and
s = length xs
in subst)
apply (rule sym, rule Least-equality)
apply simp
apply (rule le-imp-less-Suc)
apply (rule card-mono)
apply fastsimp
apply fastsimp
apply simp
apply simp
done

9.1.3 Ordered lists

fun

list-ord :: ("a = 'a = bool) = ('a::ord) list = bool
where

list-ord ord (z1 # 22 # xs) = (ord x1 z2 A list-ord ord (z2 # xs))
| list-ord ord xs = True

thm list-ord.simps

definition list-asc :: (‘a::ord) list = bool where
list-asc xs = list-ord (op <) xs

definition list-strict-asc :: (‘a::ord) list = bool where
list-strict-asc xs = list-ord (op <) xs

value list-asc [1::nat, 2, 2]

value list-strict-asc [1::nat, 2, 2]
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definition list-desc :: (‘a::ord) list = bool where
list-desc xs = list-ord (op >) s

definition list-strict-desc :: (‘a::ord) list = bool where
list-strict-desc xs = list-ord (op >) s

lemma list-ord-Nil: list-ord ord ||
by simp
lemma list-ord-one: list-ord ord [z]
by simp
lemma list-ord-Cons:

list-ord ord (x # zs) =

(zs =[] V (ord z (hd zs) A list-ord ord xs))
by (induct zs, simp+)
lemma list-ord-Cons-imp: [ list-ord ord zs; ord x (hd zs) | = list-ord ord (z #
xs)
by (induct zs, simp+)
lemma list-ord-append: Nys.

list-ord ord (zs @ ys) =

(list-ord ord xs N

(ys =[] V (list-ord ord ys A (zs =[] V ord (last zs) (hd ys)))))
apply (induct xs, fastsimp)
apply (case-tac s, case-tac ys, fastsimp+)
done
lemma list-ord-snoc:

list-ord ord (zs Q [z]) =

(zs =[] V (ord (last xzs) x A list-ord ord xs))
by (fastsimp simp: list-ord-append)

lemma list-ord-all-conv:

(list-ord ord zs) = (Vn < length s — 1. ord (xzs ! n) (zs ! Suc n))
apply (rule iffT)

apply (induct zs, simp)

apply clarsimp

apply (simp add: list-ord-Cons)

apply (erule disjE, simp)

apply clarsimp

apply (case-tac n)

apply (simp add: hd-conv-nth)

apply simp
apply (induct zs, simp)
apply (simp add: list-ord-Cons)
apply (case-tac zs = [|, simp)
apply (drule meta-mp)

apply (intro alll impl, rename-tac n)
apply (drule-tac z=Suc n in spec, simp)
apply (drule-tac z=0 in spec)
apply (simp add: hd-conv-nth)
done

S~~~ —~
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lemma list-ord-imp:
[ Az y. ord z y = ord’ z y; list-ord ord xs | =
list-ord ord’ xs
apply (induct xs, simp)
apply (simp add: list-ord-Cons)
apply fastsimp
done
corollary list-strict-asc-imp-list-asc:
list-strict-asc (zs::'a::preorder list) = list-asc xs
by (unfold list-strict-asc-def list-asc-def , rule list-ord-imp|of op <], rule order-less-imp-le)
corollary list-strict-desc-imp-list-desc:
list-strict-desc (xs::'a::preorder list) = list-desc xs
by (unfold list-strict-desc-def list-desc-def , rule list-ord-imp[of op >|, rule order-less-imp-le)

lemma list-ord-trans-imp: \i.
[ transP ord; list-ord ord zs; j < length xs; i < j | =
ord (zs 1) (zs!7)

apply (simp add: list-ord-all-conv)

apply (induct j, simp)

apply (case-tac j < i, simp)

apply (simp add: linorder-not-less)

apply (case-tac i = j, simp)

thm trans-def

apply (drule-tac z=i in meta-spec, simp)

apply (drule-tac x=j in spec, simp add: Suc-less-pred-conv)

apply (unfold trans-def)

apply (drule-tac x=xzs ! i in spec, drule-tac z=zs ! j in spec, drule-tac t=xs ! Suc

J in spec)

apply simp

done

lemma list-ord-trans:
transP ord =
(list-ord ord xs) =
(V3 < length xs. Vi < j. ord (xs ! i) (ws ! 7))
apply (rule iffT)
apply (simp add: list-ord-trans-imp)
apply (simp add: list-ord-all-conv)
done

lemma [list-ord-trans-refi-le:
[ transP ord; refiP ord | =
(list-ord ord xs) =
(V3 < length xs. Vi < j. ord (zs ! i) (ws!j))
apply (subst list-ord-trans, simp)
apply (rule iffI)
apply clarsimp
apply (case-tac i = j)
apply (simp add: refl-on-def)
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apply simp+
done

lemma list-ord-trans-refl-le-imp:
[ transP ord; Nz y. ord x y = ord’ © y; reflP ord’,
list-ord ord xs | =
(V3 < length xs. Vi < j. ord’ (zs ! i) (zs ! 7))
apply clarify
apply (case-tac i = j)
apply (simp add: refl-on-def)
thm list-ord-trans-imp
apply (simp add: list-ord-trans-imp)
done

corollary
list-asc-trans:
(list-asc (zs::'a:preorder list)) =
(Vj < length zs. Vi < j.zs ! i < zs ! j) and
list-strict-asc-trans:
(list-strict-asc (xs::'a::preorder list)) =
(Vg < length xzs. Vi < j. xs ! i < zs ! j) and
list-desc-trans:
(list-desc (zs::'a::preorder list)) =
(Vj < length zs. Vi < j.zs ! j < xs ! i) and
list-strict-desc-trans:
(list-strict-desc (xs::'a::preorder list)) =
(Vg < length xzs. Vi < j.xs ! j < xs ! 1)
apply (unfold list-asc-def list-strict-asc-def list-desc-def list-strict-desc-def)
apply (rule list-ord-trans, unfold trans-def , blast intro: order-trans order-less-trans)+
done

corollary
list-asc-trans-le:
(list-asc (ws::’a::preorder list)) =
(Vj < length zs. Vi < j.zs i < zs!j) and
list-desc-trans-le:
(list-desc (xs::'a::preorder list)) =
(Vj < length zs. Vi < j.azs!j < axs!i)
apply (unfold list-asc-def list-strict-asc-def list-desc-def list-strict-desc-def)
apply (rule list-ord-trans-refl-le, unfold trans-def, blast intro: order-trans, simp
add: refl-on-def)+
done

corollary
list-strict-asc-trans-le:
(list-strict-asc (zs::'a::preorder list)) =
(Vj < length xzs. Vi < j.as i < xs!j)
apply (unfold list-strict-asc-def)
thm list-ord-trans-refl-le-imp
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apply (rule list-ord-trans-refl-le-imp[where ord=op <])
apply (unfold trans-def, blast intro: order-trans)
apply assumption
apply (unfold refl-on-def, clarsimp)
thm list-ord-imp
apply (rule list-ord-imp[where ord=op <], simp-all add: less-imp-le)
done

lemma list-ord-le-sorted-eq: list-asc xs = sorted xs
apply (rule sym)

apply (simp add: list-asc-def)

apply (induct zs, simp)

apply (rename-tac x xs)

apply (simp add: list-ord-Cons sorted-Cons)
apply (case-tac zs = [], simp-all)

apply (case-tac list-ord op < xs, simp-all)
apply (rule iffI)

apply (drule-tac z=hd zs in bspec, simp-all)
apply clarify

apply (drule in-set-conv-nth[THEN iffD1], clarsimp, rename-tac il)
apply (simp add: hd-conv-nth)

apply (case-tac i1, simp)

apply (rename-tac i2)

apply simp

apply (fold list-asc-def)

thm list-asc-trans

apply (fastsimp simp: list-asc-trans)

done

corollary list-asc-upto: list-asc [m..n]

by (simp add: list-ord-le-sorted-eq)

lemma list-strict-asc-upt: list-strict-asc [m..<n]
by (simp add: list-strict-asc-def list-ord-all-conv)
thm list-strict-asc-imp-list-asc[OF list-strict-asc-upt]

lemma list-ord-distinct-auz:
[ irrefl {(a, b). ord a b}; transP ord; list-ord ord zs;
i < length xs; j < length zs; 1 < j | =
zs Vi #£xs!j
apply (subgoal-tac Nz y. ord x y = x # y)
prefer 2
apply (rule ccontr)
apply (simp add: irrefl-def)
thm list-ord-trans
apply (simp add: list-ord-trans)
done
lemma list-ord-distinct:
[ irrefl {(a,b). ord a b}; transP ord; list-ord ord xs | =
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distinct xs
thm distinct-conv-nth
apply (simp add: distinct-conv-nth, intro alll impl, rename-tac i j)
apply (drule neq-iff[THEN iffD1], erule disjE)
thm list-ord-distinct-aux
apply (simp add: list-ord-distinct-auz)
thm list-ord-distinct-aux[ THEN not-sym)|
apply (simp add: list-ord-distinct-aux[ THEN not-sym))
done

lemma list-strict-asc-distinct: list-strict-asc (zs::'a::preorder list) = distinct xs
apply (rule-tac ord=op < in list-ord-distinct)

apply (unfold irrefl-def list-strict-asc-def trans-def)

apply (blast intro: less-trans)+

done

lemma list-strict-desc-distinct: list-strict-desc (xs::'a::preorder list) = distinct xs
apply (rule-tac ord=op > in list-ord-distinct)

apply (unfold irrefl-def list-strict-desc-def trans-def)

apply (blast intro: less-trans)+

done

9.1.4 Additional definitions and results for sublists

primrec
sublist-list :: 'a list = nat list = 'a list
where
sublist-list zs [| = []
| sublist-list xs (y # ys) = (zs | y) # (sublist-list xs ys)

value sublist-list [0::int,10::int,20,50,40,50] [1::nat,2,3]
value sublist-list [0::int,10::int,20,30,40,50] [1::nat,1,2,3]
value sublist-list [0::int,10::int,20,30,40,50] [1::nat,1,2,3,10)

thm sublist-def
term map fst (filter (Ap. snd p € A) (zip zs [0..<length zs]))
term map fst ([p—(zip zs [0..<length zs]). (snd p € A)])

lemma sublist-list-length: length (sublist-list s ys) = length ys
by (induct ys, simp-all)

lemma sublist-list-append:
Nzs. sublist-list xs (ys @Q zs) = sublist-list xs ys Q sublist-list zs zs
by (induct ys, simp-all)

lemma sublist-list-Nil: sublist-list xs [| =[]
by simp

lemma sublist-list-is-Nil-conv:
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(sublist-list zs ys = []) = (ys = [])
apply (rule iffI)

apply (rule ccontr)

apply (clarsimp simp: neg-Nil-conv)
apply simp
done

lemma sublist-list-eq-imp-length-eq:
sublist-list xs ys = sublist-list xs zs = length ys = length zs
by (drule arg-cong|where f=length], simp add: sublist-list-length)

lemma sublist-list-nth:
An. n < length ys = sublist-list zs ys ! n = xs ! (ys ! n)
apply (induct ys, simp)
apply (case-tac n, simp-all)
done

lemma take-drop-eq-sublist-list:

m + n < length s = xs T m | n = sublist-list zs [m..<m+n]
apply (insert length-upt[of m m+n])
apply (simp add: expand-list-eq)
apply (simp add: sublist-list-length)
apply (frule add-le-imp-le-diff2)
apply (simp add: min-eqR)
apply (clarsimp, rename-tac 1)
thm sublist-list-nth
apply (simp add: sublist-list-nth)
done

primrec
sublist-list-if :: 'a list = nat list = 'a list
where
sublist-list-if zs [| = ]
| sublist-list-if s (y # ys) =
(if y < length xs then (xs | y) # (sublist-list-if xs ys)
else (sublist-list-if xs ys))

value sublist-list-if [0::int,10::int,20,50,40,50] [1::nat,2,3]
value sublist-list-if [0::int,10::int,20,30,40,50] [1::nat,1,2,3]
value sublist-list-if [0::int,10::int,20,50,40,50] [1::nat,1,2,3,10]

lemma sublist-list-if-sublist-list-filter-conv: Nxs.

sublist-list-if s ys = sublist-list xs (filter (Ai. i < length xs) ys)
by (induct ys, simp+)
corollary sublist-list-if-sublist-list-eq: \xs.

list-all (Ai. i < length zs) ys =

sublist-list-if xs ys = sublist-list zs ys
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by (simp add: sublist-list-if-sublist-list-filter-conv filter-list-all)
corollary sublist-list-if-sublist-list-eq2: N\ws.
V n<length ys. ys ! n < length xs =
sublist-list-if ©s ys = sublist-list xs ys
thm list-all-conv[ THEN iffD2]
by (rule sublist-list-if-sublist-list-eq, rule list-all-conv[ THEN iffD2])

lemma sublist-list-if-Nil-left: sublist-list-if || ys = ||
by (induct ys, simp+)

lemma sublist-list-if-Nil-right: sublist-list-if zs [| = |]
by simp

lemma sublist-list-if-length:
length (sublist-list-if xs ys) = length (filter (\i. i < length xs) ys)
by (simp add: sublist-list-if-sublist-list-filter-conv sublist-list-length)
lemma sublist-list-if-append:
sublist-list-if zs (ys Q zs) = sublist-list-if xs ys Q sublist-list-if xs zs
by (simp add: sublist-list-if-sublist-list-filter-conv sublist-list-append)
lemma sublist-list-if-snoc:
sublist-list-if s (ys Q [y]) = sublist-list-if xs ys Q (if y < length xs then [zs | y]
else [])
by (simp add: sublist-list-if-append)

lemma sublist-list-if-is- Nil-conv:

(sublist-list-if xs ys = []) = (list-all (\i. length xs < i) ys)
by (simp add: sublist-list-if-sublist-list-filter-conv sublist-list-is- Nil-conv filter-empty-conv
list-all-iff linorder-not-less)

lemma sublist-list-if-nth:

n < length ((filter (Xi. i < length zs) ys)) =

sublist-list-if zs ys ! n = xs | ((filter (Mi. i < length zs) ys) ! n)
by (simp add: sublist-list-if-sublist-list-filter-conv sublist-list-nth)

lemma take-drop-eq-sublist-list-if :

m + n < length xs = zs | m | n = sublist-list-if s [m..<m+n)]
thm take-drop-eq-sublist-list
by (simp add: sublist-list-if-sublist-list-filter-conv take-drop-eq-sublist-list)

lemma sublist-empty-conv: (sublist zs I = []) = (Vi€l. length xs < 1)
by (fastsimp simp: set-empty|[symmetric] set-sublist linorder-not-le[symmetric])

thm sublist-singleton

lemma sublist-singleton2: sublist xs {y} = (if y < length xs then [zs ! y] else [])
apply (unfold sublist-def)

apply (induct zs rule: rev-induct, simp)

apply (simp add: nth-append)

done
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lemma sublist-take-eq:
[ finite I; Max I < n ]| = sublist (zs | n) I = sublist zs I
apply (case-tac I = {}, simp)
apply (case-tac n < length xs)
prefer 2
apply simp
thm append-take-drop-id
apply (rule-tac
t = sublist zs I and
s = sublist (xs | n Qzs T n) I
in subst)
apply simp
apply (subst sublist-append)
apply (simp add: min-eqR)
apply (rule-tac t={j. j + n € I} and s={} in subst)
apply blast
apply simp
done

lemma sublist-drop-eq:
n < iMin I = sublist (zs T n) {j. 7 + n € I} = sublist zs I
apply (case-tac I = {}, simp)
apply (case-tac n < length xs)
prefer 2
apply (simp add: sublist-def filter-empty-conv linorder-not-less)
apply (clarsimp, rename-tac a b)
thm set-zip-rightD
apply (drule set-zip-rightD)
apply fastsimp
apply (rule-tac
t = sublist zs I and
s = sublist (zs | n @Quxs T n) I
in subst)
apply simp
apply (subst sublist-append)
apply (fastsimp simp: sublist-empty-conv min-eqR)
done

lemma sublist-cut-less-eq:
length zs < n = sublist xs (I |< n) = sublist xs I
apply (simp add: sublist-def cut-less-mem-iff)
apply (rule-tac f=Azs. map fst zs in arg-cong)
thm filter-filter-eq
apply (rule filter-filter-eq)
apply (simp add: list-all-conv)
done

lemma sublist-disjoint-Un:
[ finite A; Max A < iMin B | = sublist xs (A U B) = sublist s A Q sublist xs
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B
apply (case-tac A = {}, simp)
apply (case-tac B = {}, simp)
apply (case-tac length xs < iMin B)
thm sublist-cut-less-eq
apply (subst sublist-cut-less-eqof xs iMin B, symmetric], assumption)
apply (simp (no-asm-simp) add: cut-less-Un cut-less-Min-empty cut-less-Maz-all)
apply (simp add: sublist-empty-conv iMin-ge-iff )
apply (simp add: linorder-not-le)
thm sublist-append
apply (rule-tac
t = sublist zs (A U B) and
s = sublist (zs | (iMin B) @ zs T (iMin B)) (A U B)
in subst)
apply simp
apply (subst sublist-append)
apply (simp add: min-eqR)
thm sublist-cut-less-eq
apply (subst sublist-cut-less-eq[where zs=zs | iMin B and n=iMin B, symmet-
ric], simp)
apply (simp add: cut-less-Un cut-less-Min-empty cut-less-Maz-all)
thm sublist-take-eq
apply (simp add: sublist-take-eq)
apply (rule-tac
t=MAj.j+ iMin Be€ AV j+ iMin B € B and
s=2Mj.j+ iMin BeB
in subst)
apply (force simp: fun-eq-iff)
thm sublist-drop-eq
apply (simp add: sublist-drop-eq)
done
corollary sublist-disjoint-insert-left:
[ finite I; x < iMin I | = sublist xs (insert x I) = sublist zs {x} Q sublist xs I
apply (rule-tac t=insert z I and s={z} U I in subst, simp)
apply (subst sublist-disjoint-Un)
apply simp-all
done
corollary sublist-disjoint-insert-right:
[ finite I; Mazx I < z | = sublist zs (insert z I) = sublist xs I @ sublist xs {z}
apply (rule-tac t=insert © I and s=I U {z} in subst, simp)
apply (subst sublist-disjoint-Un)
apply simp-all
done

lemma sublist-all: {..<length zs} C I = sublist xs I = xs
apply (case-tac zs = [|, simp)
apply (rule-tac

t =1 and

s =1 |< (length xs) U I |> (length zs)
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in subst)
apply (simp add: cut-less-cut-ge-ident)
apply (rule-tac
t =1 |< length zs and
s = {..<length zs}
in subst)
apply blast
apply (case-tac I |> (length zs) = {}, simp)
apply (subst sublist-disjoint-Un[OF finite-lessThan))
apply (rule less-imp-Maz-less-iMin[OF finite-lessThan))
apply blast
apply blast
apply (blast intro: less-le-trans)
apply (fastsimp simp: sublist-empty-conv)
done
corollary sublist-UNIV: sublist ts UNIV = xs
by (rule sublist-all|OF subset-UNIV])

lemma sublist-list-sublist-eq: N\zs.

list-strict-asc ys = sublist-list-if xs ys = sublist xs (set ys)
apply (case-tac zs = [])

apply (simp add: sublist-list-if-Nil-left)
apply (induct ys rule: rev-induct, simp)
apply (rename-tac y ys xs)
apply (case-tac ys = [])

apply (simp add: sublist-singleton2)
apply (unfold list-strict-asc-def)
apply (simp add: sublist-list-if-snoc split del: split-if )
thm list-ord-append
apply (frule list-ord-append| THEN iffD1])
apply (clarsimp split del: split-if )
apply (subst sublist-disjoint-insert-right)

apply simp

apply (clarsimp simp: in-set-conv-nth, rename-tac 7)

thm list-strict-asc-trans[unfolded list-strict-asc-def, THEN 4ffD1, rule-format]
apply (drule-tac i=i and j=length ys in list-strict-asc-trans[unfolded list-strict-asc-def
THEN iffD1, rule-format])

apply (simp add: nth-append split del: split-if )+
apply (simp add: sublist-singleton2)
done

lemma set-sublist-list-if : \xs. set (sublist-list-if xs ys) = {xs ! i |i. i < length xs
A i € set ys}

apply (induct ys, simp-all)

apply blast

done

lemma set-sublist-list:
list-all (Ai. i < length zs) ys =
set (sublist-list xs ys) = {xs | i |i. i < length xs A i € set ys}
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by (simp add: sublist-list-if-sublist-list-eq[symmetric] set-sublist-list-if )

lemma set-sublist-list-if-eq-set-sublist: set (sublist-list-if xs ys) = set (sublist xs
(set ys))
by (simp add: set-sublist set-sublist-list-if)
lemma set-sublist-list-eq-set-sublist:
list-all (Ai. i < length zs) ys =
set (sublist-list zs ys) = set (sublist xs (set ys))
by (simp add: sublist-list-if-sublist-list-eq[symmetric] set-sublist-list-if-eq-set-sublist)

9.1.5 Natural set images with lists

definition

f-image :: 'a list = nat set = 'a set (infixr “f 90)
where

s VA= {y. IncA n <lengthazs Ny =as!n}

abbreviation
f-range :: 'a list = 'a set
where

f-range s = f-image xs UNIV

thm Set.image-eql

lemma f-image-eql [simp, introl:
[z=as!n;ne€A;n<lengthas] = x € s S A

by (unfold f-image-def, blast)

thm Set.imagel
lemma f-imagel: [ n € A;n < lengthas | => s ! n € s ‘/ A
by blast

thm Set.rev-image-eql
lemma rev-f-imagel: [n € A; n < length zs; x = as !'n] =z € zs /A
by (rule f~image-eql)

thm Set.imageE
lemma f-imageE[elim!]:

[z€as S A, A\n. [z =a2s'n;n€ A;n<lengthrs]| = P] = P
by (unfold f-image-def, blast)

thm Set.image-Un
lemma f-image-Un: zs ¥/ (AU B) =2s “/ AUuxs /B
by blast

thm Set.image-mono
lemma f-image-mono: A C B ==> zs “fACzs T B
by blast

thm Set.image-iff
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lemma f-image-iff: (z € zs /' A) = (In€A. n < length s N © = x5 ! n)
by blast

thm Set.image-subset-iff
lemma f-image-subset-iff:
(zs /' A C B) = (Vn€A. n < length xzs — zs ! n € B)
by blast
thm Set.subset-image-iff
lemma subset-f-image-iff: (B C xs ‘7 A) = (3A'CA. B = s “f A’
apply (rule iffT)
apply (rule-tac x={ n.n € A A n < lengthzs AN xzs ! n € B } in exl)
apply blast
apply (blast intro: f~image-mono)
done

thm image-subset]

lemma f-image-subsetl:
[An.n€AAn<lengthzs = as!n€ B] = as ‘T ACB

by blast

thm Set.image-empty
lemma f-image-empty: zs ‘4 {} = {}
by blast

thm Set.image-insert
lemma f-image-insert-if:
zs ‘T (insert n A) = (
if n < length xs then insert (zs ! n) (zs ‘7 A) else (zs ‘7 A))
by (split split-if , blast)
lemma f-image-insert-eql:
n < length s = xzs ‘4 (insert n A) = insert (zs ! n) (zs f A)
by (simp add: f-image-insert-if )
lemma f-image-insert-eq2:
length 1s < n = xs “f (insert n A) = (zs ‘¥ A)
by (simp add: f-image-insert-if )

thm Set.insert-image
lemma insert-f-image:
[n€ A;n < length s | = insert (zs ! n) (vs “/ A) = (zs T A)
by blast
thm Set.image-is-empty
lemma f-image-is-empty: (vs ‘/ A ={}) = ({z. 7 € A Az < length s} = {})
by blast

thm Set.image-Collect
lemma f-image-Collect: xs “/ {n. Pn} = {zs ! n |n. Pn A n < length xs}
by blast
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lemma f-image-eq-set: ¥ n<length zs. n € A => xs ‘7 A = set xs
by (fastsimp simp: in-set-conv-nth)

lemma f-range-eq-set: f-range s = set xs

by (simp add: f-image-eq-set)

lemma f-image-eq-set-sublist: xs ‘7 A = set (sublist xs A)
by (unfold set-sublist, blast)
lemma f-image-eq-set-sublist-list-if : xs ‘¥ (set ys) = set (sublist-list-if zs ys)
by (simp add: set-sublist-list-if-eq-set-sublist f-image-eq-set-sublist)
lemma f-image-eq-set-sublist-list:

list-all (\i. i < length xs) ys = xs ‘I (set ys) = set (sublist-list zs ys)
by (simp add: sublist-list-if-sublist-list-eq f-image-eq-set-sublist-list-if)

thm Set.range-eql
lemma f-range-eql: [ x = xs ! n; n < length s | = = € f-range xs
by blast
thm Set.rangel
lemma f-rangel: n < length s = zs | n € f-range xs
by blast
thm Set.rangel
lemma f-rangeE[elim?):
[z € frange xs; An. [ n < length zs; t =zs!n] = P] = P
by blast

9.1.6 Mapping lists of functions to lists

primrec
map-list :: ('a = 'b) list = 'a list = 'b list
where
map-list [| xs = []
| map-list (f # fs) xs = f (hd zs) # map-list fs (tl zs)

lemma map-list-Nil: map-list [| xs = ||
by simp
lemma map-list-Cons-Cons:
map-list (f # fs) (z # zs) =
(f z) # map-list fs xs
by simp

lemma map-list-length: \zs.
length (map-list fs xs) = length fs
by (induct fs, simp+)
corollary map-list-empty-conv:
(map-list fs 25 = [)) = (fs = [)
by (simp del: length-0-conv add: length-0-conv[symmetric] map-list-length)
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corollary map-list-not-empty-conv:

(map-list fs zs # []) = (fs # [])
by (simp add: map-list-empty-conv)

lemma map-list-nth: A\n zs.
[ n < length fs; n < length zs | =
(map-list fs zs ! n) =
(fs'!'n) (zs ! n)
apply (induct fs, simp+)
apply (case-tac n)
apply (simp add: hd-conv-nth)
apply (simp add: nth-tl-eqg-nth-Suc2)
done

lemma map-list-xs-take: \n zs.
length fs < n =
map-list fs (zs | n) =
map-list fs s
apply (induct fs, simp+)
apply (rename-tac f fs n xs)
apply (simp add: tl-take)
thm arg-cong
apply (rule-tac f=f in arg-cong)

apply (case-tac zs = [|, simp)
apply (simp add: hd-conv-nth)
done

lemma map-list-take: A\n zs.
(map-list fs zs) | n =
(map-list (fs | n) xs)
apply (induct fs, simp)
apply (case-tac n, simp+)
done
lemma map-list-take-take: A\n xs.
(map-list fs zs) | n =
(map-list (fs | n) (zs | n))
by (simp add: map-list-take map-list-xs-take)
lemma map-list-drop: \n xs.
(map-list fs zs) T n =
(map-list (fs T n) (xs T n))
apply (induct fs, simp)
apply (case-tac n)
apply (simp add: drop-Suc)+
done

lemma map-list-append-append: Nzsl .
length fs1 = length xs1 —
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map-list (fs1 Q fs2) (zs1 Q xs2) =
map-list fs1 rs1 Q
map-list fs2 xs2
apply (induct fs1, simp+)
apply (case-tac zs1, simp+)
done
lemma map-list-snoc-snoc:
length fs = length xs —
map-list (fs Q [f]) (zs Q [z]) =
map-list fs zs Q [f z]
by (simp add: map-list-append-append)
lemma map-list-snoc: \zs.
length fs < length xs =
map-list (fs Q [f]) s =
map-list fs s Q [f (xs ! (length fs))]
apply (induct fs)
apply (simp add: hd-conv-nth)
apply (simp add: nth-tl-eqg-nth-Suc2)
done

lemma map-list-Cons-if :

map-list fs (z # xs) =

(if (fs =1]) then [] else (

((hd fs) z) # map-list (tl fs) xs))

by (case-tac fs, simp+)
lemma map-list-Cons-not-empty:

fs # [ =

map-list fs (z # xs) =

((hd fs) z) # map-list (t fs) zs
by (simp add: map-list-Cons-if )

lemma map-eq-map-list-take: \zs.

[ length fs < length xs; list-all (A\z. z = f) fs | =

map-list fs s = map f (xs | length fs)
apply (induct fs, simp+)
apply (case-tac s, simp+)
done
lemma map-eq-map-list-take?2:

[ length fs = length xs; list-all (A\z. z = f) fs | =

map-list fs s = map f xs
by (simp add: map-eq-map-list-take)
lemma map-eq-map-list-replicate:
map-list (flength *8) xs = map f xs
by (induct zs, simp+)

9.1.7 Mapping functions with two arguments to lists

primrec map?2 :

186
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(x Function taking two parameters x)
(la="b="c)=
(x Lists of parameters %)
‘a list = 'b list =
‘'c list
where
map2 f [] ys = |
| map2 f (x # xs) ys = fx (hd ys) # map2 f zs (t ys)

lemma map2-map-list-conv: N\ys. map2 f xs ys = map-list (map f xs) ys
by (induct zs, simp+)

lemma map2-Nil: map2 f [] ys = ||
by simp
lemma map2-Cons-Cons:
map? f (z # 15) (y # ys) =
(f o y) # map2 fas ys
by simp

lemma map2-length: Nys. length (map2 f zs ys) = length xs
by (induct zs, simp+)
corollary map2-empty-conv:
(map2 fas ys = []) = (zs = [])
by (simp del: length-0-conv add: length-0-conv[symmetric] map2-length)
corollary map2-not-empty-conv:
(map2 f xs ys # [|) = (zs # [])
by (simp add: map2-empty-conv)

lemma map2-nth: A\n ys.
[ n < length zs; n < length ys | =
(map2 fxs ys! n) =
f(zs!n)(ys!n)
thm map-list-nth
by (simp add: map2-map-list-conv map-list-nth)

lemma map2-ys-take: A\n ys.
length zs < n =
map2 fxs (ys | n)
map2 f s ys

thm map-list-xzs-take

by (simp add: map2-map-list-conv map-list-rs-take)

lemma map2-take: \n ys.
(map2 fzsys) | n =
(map2 f (zs | n) ys)
thm map-list-take
by (simp add: map2-map-list-conv take-map map-list-take)
lemma map2-take-take: An ys.
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(map2 fxs ys) | n =
(map2 f (35 | n) (ys | n))
by (simp add: map2-take map2-ys-take)
lemma map2-drop: An ys.
(map2 fxs ys) T n =
(map2 f (zs T n) (ys T n))
thm map-list-drop
by (simp add: map2-map-list-conv map-list-drop drop-map)

lemma map2-append-append: Nysl .
length zs1 = length ys1 —
map?2 f (xs1 @ xs2) (ysl Q ys2) =
map2 f xsl ysl Q
map2 [ xs2 ys2
thm map-list-append-append
by (simp add: map2-map-list-conv map-list-append-append)
lemma map2-snoc-snoc:
length zs = length ys —
map2 f (zs @ [z]) (ys @ [y]) =
map2 f xs ys @
[f z y]
by (simp add: map2-append-append)
lemma map2-snoc: \ys.
length zs < length ys —
map?2 f (xs Q [z]) ys =
map2 f xs ys @
[fz (ys ! (length xs))]
thm map-list-snoc
by (simp add: map2-map-list-conv map-list-snoc)

lemma map2-Cons-if :

map?2 f as (y # ys) =

(if (zs =]) then [] else (

(f (hd zs) y) # map2 f (4 zs) ys))

by (case-tac s, simp+)
lemma map2-Cons-not-empty:

map2 f xs (y # ys) =

(f (hd xs) y) # map2 f (tl xs) ys
by (simp add: map2-Cons-if)

lemma map2-appendl-take-drop:
length zs1 < length ys =
map2 f (xsl Q@ zs2) ys =
map2 f xsl (ys | length xs1) @
map2 f xs2 (ys T length xs1)

thm map2-append-append

thm append-take-drop-id

188
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apply (rule-tac
t = map2 f (zs1 Q zs2) ys and
s = map2 [ (zs1 @ xs2) (ys | length xs1 @ ys T length xsl)
in subst)
apply simp
apply (simp add: map2-append-append del: append-take-drop-id)
done
lemma map2-append2-take-drop:
length ys1 < length xs —
map2 fxs (ysl Q ys2) =
map2 [ (xs | length ysl) ys1 Q
map2 f (xs T length ys1) ys2
apply (rule-tac
t = map2 fzs (ys1 @ ys2) and
s = map2 f (xs | length ys1 Q xs 1 length ys1) (ysl Q ys2)
in subst)
apply simp
apply (simp add: map2-append-append del: append-take-drop-id)
done

thm List.map-cong
lemma map2-cong:
[ ws1 = zs2; ys1 = ys2; length xs2 < length ys2;
Ney. [z €setas2;ycsetys2 ] = fay=gzy] =
map2 f xsl ysl = map2 g xs2 ys2
by (simp (no-asm-simp) add: expand-list-eq map2-length map2-nth)

thm List.map-eq-conv
lemma map2-eq-conv:

length zs < length ys —

(map2 f xs ys = map2 g xs ys) = (Vi<length xs. f (zs i) (ys ! i) =g (ws ! i)
(ys 1))

by (simp add: expand-list-eq map2-length map2-nth)

thm List.map-replicate
lemma map2-replicate: map2 f z™ y" = (fx y)"
by (induct n, simp+)

lemma map2-zip-conv: N\ys.
length zs < length ys —
map2 f xs ys = map (Mz,y). fz y) (zip zs ys)
apply (induct xs, simp)
apply (case-tac ys, simp+)
done

lemma map2-rev: \ys.

length xs = length ys —

rev (map2 f zs ys) = map2 f (rev xs) (rev ys)
apply (induct zs, simp)
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apply (case-tac ys, simp)
apply (simp add: map2-Cons-Cons map2-snoc-snoc)
done

end

10 InfiniteSet2: Set operations with results of type
inat

theory InfiniteSet2

imports Setlnterval?

begin

10.1 Set operations with inat

10.1.1 Basic definitions

definition
icard :: 'a set = inat
where

icard A = if finite A then Fin (card A) else oo

10.2 Results for icard

lemma icard-UNIV-nat: icard (UNIV::nat set) = oo
by (simp add: icard-def)

lemma icard-finite-conv: (icard A = Fin (card A)) = finite A
by (case-tac finite A, simp-all add: icard-def)

lemma icard-infinite-conv: (icard A = 00) = infinite A

by (case-tac finite A, simp-all add: icard-def)

corollary icard-finite: finite A = icard A = Fin (card A)
by (rule icard-finite-conv[ THEN iffD2])

corollary icard-infinite[simp): infinite A = icard A = co
by (rule icard-infinite-conv| THEN 4ffD2])

lemma icard-eq-Fin-imp: icard A = Fin n = finite A
by (case-tac finite A, simp-all)

lemma icard-eq-Infty-imp: icard A = co = infinite A
by (rule icard-infinite-conv| THEN iffD1])

lemma icard-the-Fin: finite A = the-Fin (icard A) = card A
by (simp add: icard-def)

lemma icard-eq-Fin-imp-card: icard A = Fin n = card A = n
by (frule icard-eq-Fin-imp, simp add: icard-finite)
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lemma icard-eq-Fin-card-conv: 0 < n => (icard A = Fin n) = (card A = n)
apply (rule iffI)

apply (simp add: icard-eq-Fin-imp-card)

apply (drule sym, simp)

apply (frule card-gr0-imp-finite)

apply (rule icard-finite, assumption)

done

lemma icard-empty[simp]: icard {} = 0

by (simp add: icard-finite[OF finite.emptyl])

lemma icard-empty-iff: (icard A = 0) = (A = {})

apply (unfold zero-inat-def)

apply (rule iffI)

apply (frule icard-eq-Fin-imp)

apply (simp add: icard-finite)

apply simp

done

lemmas icard-empty-iff-Fin = icard-empty-iff [unfolded zero-inat-def|

lemma icard-not-empty-iff: (0 < icard A) = (A # {})
by (simp add: icard-empty-iff [symmetric])
lemmas icard-not-empty-iff-Fin = icard-not-empty-iff [unfolded zero-inat-def]

lemma icard-singleton: icard {a} = iSuc 0

by (simp add: icard-finite iSuc-Fin)

lemmas icard-singleton-Fin[simp] = icard-singleton[unfolded zero-inat-def|
lemma icard-1-imp-singleton: icard A = iSuc 0 = Ja. A = {a}
apply (simp add: iSuc-Fin)

apply (frule icard-eq-Fin-imp)

apply (simp add: icard-finite card-1-imp-singleton)

done

lemma icard-1-singleton-conv: (icard A = iSuc 0) = (Fa. A = {a})
apply (rule iffI)

apply (simp add: icard-1-imp-singleton)

apply fastsimp

done

thm Finite-Set.card-insert-disjoint

lemma icard-insert-disjoint: x ¢ A = icard (insert x A) = iSuc (icard A)
apply (case-tac finite A)

apply (simp add: icard-finite iSuc-Fin card-insert-disjoint)

apply (simp add: infinite-insert)

done

thm Finite-Set.card-insert-if

lemma icard-insert-if: icard (insert x A) = (if © € A then icard A else iSuc (icard

4))

apply (case-tac x € A)
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apply (simp add: insert-absord)
apply (simp add: icard-insert-disjoint)
done

thm Finite-Set.card-0-eq

lemmas icard-0-eq = icard-empty-iff

thm Finite-Set.card-Suc-Diff1

lemma icard-Suc-Diff1: & € A = iSuc (icard (A — {z})) = icard A

apply (case-tac finite A)

apply (simp add: icard-finite iSuc-Fin in-imp-not-empty not-empty-card-gro-conv| THEN
i#fD1))

apply (simp add: Diff-infinite-finite]OF singleton-finite])

done

thm Finite-Set.card-Diff-singleton

lemma icard-Diff-singleton: x € A = icard (A — {z}) = icard A — 1
apply (rule iSuc-inject| THEN iffD1])

apply (frule in-imp-not-empty, drule icard-not-empty-iff[THEN iffD2])
apply (simp add: icard-Suc-Diff1 iSuc-pred-Fin one-iSuc)

done

thm Finite-Set.card-Diff-singleton-if

lemma icard-Diff-singleton-if : icard (A — {z}) = (if x € A then icard A — 1 else
icard A)

by (simp add: icard-Diff-singleton)

thm Finite-Set.card-insert
lemma icard-insert: icard (insert x A) = iSuc (icard (A — {z}))
by (metis icard-Diff-singleton-if icard-Suc-Diff1 icard-insert-disjoint insert-absorb)

thm Finite-Set.card-insert-le
lemma icard-insert-le: icard A < icard (insert z A)
by (simp add: icard-insert-if)

thm Finite-Set.card-mono

lemma icard-mono: A C B = icard A < icard B
apply (case-tac finite B)

apply (frule subset-finite-imp-finite, simp)

apply (simp add: icard-finite card-mono)

apply simp

done

thm Finite-Set.card-seteq

lemma not-icard-seteq: 3 (A:nat set) B. (A C B A icard B < icard A N = A =
B)

apply (rule-tac x={1..} in exl)

apply (rule-tac x={0..} in exl)

apply (fastsimp simp add: infinite-atLeast)

done
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thm Finite-Set.psubset-card-mono

lemma not-psubset-icard-mono: 3 (A:nat set) B. A C B A = icard A < icard B
apply (rule-tac x={1..} in exl)

apply (rule-tac x={0..} in exl)

apply (fastsimp simp add: infinite-atLeast)

done

thm Finite-Set.card-Un-Int

lemma icard-Un-Int: icard A + icard B = icard (A U B) + icard (A N B)
apply (case-tac finite A, case-tac finite B)

thm card-Un-Int

apply (simp add: icard-finite card-Un-Int[of A])

apply simp-all

done

thm Finite-Set.card- Un-disjoint
lemma icard-Un-disjoint: AN B = {} = icard (AU B) = icard A + icard B
by (simp add: icard-Un-Int[of A])

thm Finite-Set.card-Diff-subset

lemma not-icard-Diff-subset: 3 (A::nat set) B. B C A A = icard (A — B) = icard
A — dcard B

apply (rule-tac x={0..} in exl)

apply (rule-tac x={1..} in exl)

apply (simp add: set-diff-eq linorder-not-le icard-UNIV-nat iSuc-Fin)

done

thm
Finite-Set.card-Diff1-less
Finite-Set.card-Diff2-less
lemma not-icard-Diff1-less: 3 (A::nat set)z. z € A A = dcard (A — {z}) < icard
A
by (rule-tac z={0..} in exl, simp)
lemma not-icard-Diff2-less: 3 (A::nat set)zy. 2 € ANy € AN —icard (A — {z}
—{y}) < icard A
by (rule-tac z={0..} in exl, simp)

thm Finite-Set.card-Diff1-le
lemma icard-Diff1-le: icard (A — {z}) < icard A
by (rule icard-mono, rule Diff-subset)

thm Finite-Set.card-psubset
lemma icard-psubset: [ A C Bj; icard A < icard B = A C B
by (metis iless-ile psubset-eq)

thm SetInterval2.card-partition
lemma icard-partition:
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[Ac.c € C = icard c = k; Ncl ¢2.[cl € C; c2 € C; ¢l # 2] = ¢l N c2
={}]=
icard (J C) = k * icard C
apply (case-tac C = {}, simp)
apply (case-tac k = 0)
apply (simp add: icard-empty-iff-Fin)
apply simp
apply (case-tac k, rename-tac k1)
apply (subgoal-tac 0 < k1)
prefer 2
apply simp
apply (case-tac finite C)
apply (simp add: icard-finite)
thm SetInterval2.card-partition
thm icard-eq-Fin-imp-card
apply (subgoal-tac Nc. ¢ € C = card ¢ = k1)
prefer 2
apply (rule icard-eg-Fin-imp-card, simp)
thm SetInterval2.card-partition
apply (frule-tac C=C and k=kI in SetInterval2.card-partition, simp+)
apply (subgoal-tac finite (| C))
prefer 2
apply (rule card-gr0-imp-finite)
apply (simp add: not-empty-card-gr0-conv)
apply (simp add: icard-finite)
apply simp
apply (rule icard-infinite)
thm finite- UnionD
apply (rule ccontr, simp)
apply (drule finite-UnionD, simp)
apply (frule icard-not-empty-iff [ THEN iffD2])
apply (simp add: icard-infinite-conv)
apply (frule not-empty-imp-ex, erule exE, rename-tac c)
thm Union-upper
apply (frule Union-upper)
thm infinite-super
apply (rule infinite-super, assumption)
apply simp
done

thm Big-Operators.setsum-constant
thm Big-Operators.setprod-constant
thm Big-Operators.setsum-bounded

thm Big-Operators.card- UN-disjoint

thm Big-Operators.card-Union-disjoint
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thm Finite-Set.card-image-le

lemma icard-image-le: icard (f < A) < icard A
apply (case-tac finite A)

apply (simp add: icard-finite card-image-le)
apply simp

done

thm Finite-Set.card-image

lemma icard-image: inj-on f A = icard (f ¢ A) = icard A
apply (case-tac finite A)

apply (simp add: icard-finite card-image)

apply (simp add: icard-infinite-conv inj-on-imp-infinite-image)
done

thm Finite-Set.eq-card-imp-inj-on
lemma not-eg-icard-imp-ing-on: 3 (f::nat=nat) (A::nat set). icard (f * A) = icard
AN —inj-on fA
apply (rule-tac x=An. (if n = 0 then Suc 0 else n) in exl)
apply (rule-tac x={0..} in exl)
apply (rule conjI)
apply (rule substlof {1..} ((An. if n = 0 then Suc 0 else n) “ {0..})])
apply (simp add: set-eq-iff)
apply (rule alll, rename-tac n)
apply (case-tac n = 0, simp)
apply simp
apply (simp only: icard-infinite[OF infinite-atLeast))
apply (simp add: inj-on-def)
apply blast
done

thm Finite-Set.inj-on-iff-eq-card
lemma not-ing-on-iff-eq-icard: 3 (f::nat=-nat) (A::nat set). = (inj-on f A = (icard
(f “A) = icard A))

by (insert not-eg-icard-imp-ing-on, blast)

thm Finite-Set.card-inj-on-le

lemma icard-inj-on-le: [ inj-on f A; f A C B ]| = icard A < icard B
apply (case-tac finite B)

apply (metis icard-image icard-mono)

apply simp

done

thm Finite-Set.card-bij-eq

thm Finite-Set.card-bij-eq[no-vars]

lemma icard-bij-eq:
[ inj-on fA; f“AC B;inj-ongB; g ‘BCA] =
icard A = icard B
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by (simp add: order-eq-iff icard-inj-on-le)
thm Big-Operators.card-Sigmal

thm Big-Operators.card-cartesian-product
lemma icard-cartesian-product: icard (A x B) = icard A x icard B
apply (case-tac A = {} V B = {}, fastsimp)
apply clarsimp
apply (case-tac finite A A finite B)
apply (simp add: icard-finite)
apply (simp only: de-Morgan-conj, erule disjE)
apply (simp-all add:
icard-not-empty-iff [symmetric]
cartesian-product-infinite L-imp-infinite cartesian-product-infinite R-imp-infinite)
done

thm card-cartesian-product-singleton
lemma icard-cartesian-product-singleton: icard ({z} x A) = icard A
by (simp add: icard-cartesian-product mult-iSuc)

thm card-cartesian-product-singleton-right
lemma icard-cartesian-product-singleton-right: icard (A x {z}) = icard A
by (simp add: icard-cartesian-product mult-iSuc-right)

thm Finite-Set.card-Pow
thm Finite-Set.dvd-partition
thm FEquiv-Relations. equiv-imp-dvd-card

thm Fquiv-Relations. card-quotient-disjoint

thm
SetInterval.card-lessThan
SetInterval.card-atMost
SetInterval.card-atLeastLess Than
SetInterval.card-atLeastAtMost
SetInterval.card-greater ThanAtMost
SetInterval.card-greater ThanLess Than

lemma
icard-lessThan: icard {..<u} = Fin u and
icard-atMost: icard {..u} = Fin (Suc u) and
icard-atLeastLessThan: icard {l..<u} = Fin (u — [) and
icard-atLeastAtMost: icard {l..u} = Fin (Suc u — 1) and
icard-greater ThanAtMost: icard {I<..u} = Fin (v — ) and
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icard-greater ThanLessThan: icard {I<..<u} = Fin (u — Suc )
by (simp-all add: icard-finite)

lemma icard-atLeast: icard {(u::nat)..} = oo

by (simp add: infinite-atLeast)

lemma icard-greaterThan: icard {(u:nat)<..} = 0o
by (simp add: infinite-greaterThan)

thm
SetInterval.card-atLeastZeroLess Than-int
SetInterval.card-atLeastLess Than-int
SetInterval.card-atLeastAtMost-int
SetInterval.card-greater ThanAtMost-int
lemma
icard-atLeastZeroLess Than-int: icard {0..<u} = Fin (nat u) and
icard-atLeastLess Than-int: icard {l..<u} = Fin (nat (u — [)) and
icard-atLeastAtMost-int: icard {l..u} = Fin (nat (u — | + 1)) and
icard-greater ThanAtMost-int: icard {I<..u} = Fin (nat (v — 1))
by (simp-all add: icard-finite)

lemma icard-atLeast-int: icard {(u::int)..} = oo
by (simp add: infinite-atLeast-int)

lemma icard-greater Than-int: icard {(u::int)<..} = oo
by (simp add: infinite-greater Than-int)

lemma icard-atMost-int: icard {..(u::int)} = oo
by (simp add: infinite-atMost-int)

lemma icard-lessThan-int: icard {..<(u:int)} = oo
by (simp add: infinite-less Than-int)

end

11 ListInf: Additional definitions and results for
lists

theory ListInf
imports List2 ../ CommonSet/InfiniteSet2
begin

11.1 Infinite lists

We define infinite lists as functions over natural numbers, i. e., we use
functions nat = ’a as infinite lists over elements of ‘a. Mapping functions
to intervals lists [m..<n] yiels common finite lists.
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11.1.1 Appending a functions to a list

types ‘a ilist = nat = 'a

definition
i-append :: 'a list = 'a ilist = 'a ilist (infixr ~ 65)
where
xs ~ f = An. if n < length xs then xzs ! n else f (n — length xs)

syntax (HTML output)
i-append :: 'a list = 'a ilist = 'a ilist (infixr ~ 65)

Synonym for the lemma Fun.fun-eq-iff from the HOL library to unify lemma
names for finite and infinite lists, providing list-eq-iff for finite and ilist-eq-iff
for infinite lists.

lemmas expand-ilist-eq = Fun.fun-eq-iff
lemmas ilist-eq-iff = expand-ilist-eq

lemma i-append-nth: (zs ~ f) n = (if n < length xs then zs ! n else f (n — length
as))

by (simp add: i-append-def)
lemma i-append-nthl[simpl: n < length s = (zs ~ f) n = azs ! n
by (simp add: i-append-def)

lemma i-append-nth2[simp]: length ©s < n = (xzs —~ f) n = f (n — length xs)
by (simp add: i-append-def)

lemma i-append-Nil[simp]: [| ~ f = f

by (simp add: i-append-def)

lemma i-append-assoc[simpl: zs ~ (ys —~ f) = (zs Q ys) ~ f
apply (case-tac ys = [|, simp)

apply (fastsimp simp: expand-ilist-eq i-append-def nth-append)
done

thm append-Cons
lemma i-append-Cons: (z # xs) ~ f = [z] ~ (zs ~ f)
by simp

thm List.append-eq-append-conv
lemma i-append-eq-i-append-conv|simp]:
length xs = length ys —
(as ~ f=ys ~g) = (as = ys A f = )
apply (rule iffI)
prefer 2
apply simp
apply (simp add: expand-ilist-eq expand-list-eq i-append-nth)
apply (intro conjl impI alll)
apply (rename-tac x)
apply (drule-tac z=z in spec)
apply simp
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apply (rename-tac x)

apply (drule-tac z=z + length ys in spec)
apply simp

done

thm List.append-eq-append-conv2

lemma i-append-eq-i-append-conv2-auz:
[ zs ~ f = ys —~ g; length zs < length ys | =
dzs.0s Qzs =ys N f =28 ~ g

apply (simp add: expand-ilist-eq expand-list-eq nth-append)

apply (rule-tac z=drop (length xs) ys in exl)

apply simp

apply (rule congl)

apply (clarify, rename-tac 1)

apply (drule-tac x=i in spec)

apply simp

apply (clarify, rename-tac )

apply (drule-tac z=length zs + i in spec)

apply (simp add: i-append-nth)

apply (case-tac length zs + i < length ys)

apply fastsimp

apply (fastsimp simp: add-commute[of - length xs])

done

lemma i-append-eq-i-append-conv2:
(25 ~ f = ys ~ g) =
(Fzs.zs =ys Qzs Nzs ~f=gVasQzs=ys AN f =25~ g)
apply (rule iffI)
apply (case-tac length zs < length ys)
apply (frule i-append-eq-i-append-conv2-auz, assumption)
apply blast
apply (simp add: linorder-not-le eg-commute[of zs —~ f], drule less-imp-le)
apply (frule i-append-eq-i-append-conv2-auz, assumption)
apply blast
apply fastsimp
done

thm List.same-append-eq

lemma same-i-append-eq[iff]: (zs ~ f = zs —~ g) = (f = g)
apply (rule iffI)

apply (clarsimp simp: expand-ilist-eq, rename-tac 1)

apply (erule-tac z=length zs + i in allE)

apply simp

apply simp

done

thm List.append-same-eq
lemma NOT-i-append-same-eq:
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—(Vas ys f. (s ~ (f::(nat = nat)) = ys ~ f) = (zs = ys))
apply simp
apply (rule-tac z=[] in ezl)
apply (rule-tac x=[0] in exl)
apply (rule-tac x=An. 0 in exl)
apply (simp add: expand-ilist-eq i-append-nth)
done

thm List.hd-append
lemma i-append-hd: (xzs —~ f) 0 = (if xzs =[] then f 0 else hd xs)
by (simp add: hd-eq-first)

thm List.hd-append?2
lemma i-append-hd2[simp): zs # [| = (zs ~ f) 0 = hd zs
by (simp add: i-append-hd)

thm List.eq-Nil-appendl
lemma eq-Nil-i-appendl: f = g = f =[] —~ ¢
by simp

thm List.append-eq-appendl
lemma i-append-eq-i-appendl :

[zs @Qas'=ys; f=as' ~g] = s ~f=ys ~ ¢
by simp

thm List.map-ext
lemma o-ext:
(Vz. (x € rangeh — fr =gx)) = foh=goh
by (simp add: expand-ilist-eq)
thm
0-ext
o-ext[rule-format)
thm
List.map-ident
Fun.id-o

thm List.map-append
lemma i-append-o[simp]: g o (zs —~ f) = (map g zs) —~ (g o f)
by (simp add: expand-ilist-eq i-append-nth)

thm
List.map-map|of f g h]
Fun.o-assoclof f g h, symmetric]
thm List.map-eq-conv
lemma o-eq-conv: (f o h = g o h) = (Va€range h. fz = g x)
by (simp add: expand-ilist-eq)
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thm List.map-cong
lemma o-cong:

[h=iNe.z €Erangei = fa=ga] = foh=foi
by blast

thm List.ex-map-conv

lemma ex-o-conv: (3h. g = f o h) = (Vy€range g. Jz. y = f x)
apply (rule iffT)

apply fastsimp

apply (simp add: expand-ilist-eq)

apply (rule-tac z=Xz. (SOME y. g z = fy) in exl)

thm somel-ex

apply (fastsimp intro: somel-ex)

done

thm List.map-inj-on

lemma o-inj-on:
[fog=/foh;injonf (range g U range h) | = g = h

apply (rule expand-ilist-eq THEN iffD2], clarify, rename-tac x)

apply (drule-tac x=z in fun-cong)

apply (rule inj-onD)

apply simp+

done

thm List.inj-on-map-eq-map
lemma inj-on-o-eq-o:
inj-on f (range g U range h) =
(fog=foh)=(g=nh)
apply (rule iffI)
apply (rule o-inj-on, assumption+)
apply simp
done

thm List.map-injective
lemma o-injective: [ f o g=foh;injf] = g=nh
by (simp add: expand-ilist-eq inj-on-def)

thm List.inj-map-eq-map

lemma inj-o-eq-0: inj f = (fog=foh)=(g=h)
apply (rule iffT)

apply (rule o-injective, assumption+)

apply simp

done

thm List.inj-mapl

lemma inj-ol: inj f = inj (Ag. f o g)
apply (simp add: inj-on-def)

thm o-inj-on[unfolded inj-on-def]
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apply (blast intro: o-inj-on[unfolded inj-on-def])
done

thm List.inj-mapD

lemma inj-oD: inj (Ag. f o g) = inj f

apply (clarsimp simp add: inj-on-def, rename-tac g h)
apply (erule-tac x=An. g in allFE)

apply (erule-tac x=An. h in allE)

apply (simp add: expand-ilist-eq)

done

thm List.inj-map

lemma inj-o[iff]: inj (A\g. f o g) = inj f
apply (rule iffI)

apply (rule inj-oD, assumption)

apply (rule inj-ol, assumption)

done

thm List.inj-on-mapl
lemma inj-on-ol:
inj-on f (U (Af. range f) * A) = inj-on (A\g. f o g) A
apply (rule inj-onl)
apply (rule o-inj-on, assumption)
apply (unfold inj-on-def)
apply force
done

thm List.map-idl
lemma o-idl: Vz.z € range g — fr =2 = fog=g
by (simp add: expand-ilist-eq)
thm
o-idl

o-idI[rule-format]

thm List.map-fun-upd
lemma o-fun-upd[simpl: y & range g = f (y :==x)og=foyg
by (fastsimp simp: expand-ilist-eq)

thm List.set-append
lemma range-i-append|[simp|: range (xs —~ f) = set xs U range f
by (fastsimp simp: in-set-conv-nth i-append-nth)

thm List.set-subset-Cons

lemma set-subset-i-append: set s C range (zs —~ f)

by simp

lemma range-subset-i-append: range f C range (zs —~ f)
by simp
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thm List.set-ConsD
lemma range-ConsD: y € range ([z] ~ f) = y =z V y € range |
by simp

thm List.set-map
lemma range-o[simp|: range (f o g) = f ‘ range ¢
by (rule image-compose)

thm List.in-set-conv-decomp
lemma in-range-conv-decomp:

(z € range f) = (s g. f = 5 ~ ([s] ~ 9))
apply (simp add: image-iff )
apply (rule iffI)

apply (clarify, rename-tac n)

apply (rule-tac z=map f [0..<n] in exl)
apply (rule-tac z=Xi. f (i + Suc n) in exl)
apply (simp add: expand-ilist-eq i-append-nth nth-append linorder-not-less less-Suc-eg-le)
apply (clarify, rename-tac zs g)
apply (rule-tac x=length xs in exl)
apply simp
done

nth

thm List.nth-Cons-0
lemma i-append-nth-Cons-0[simp|: ((x # zs) ~f) 0 =z
by simp

thm List.nth-Cons-Suc

lemma i-append-nth-Cons-Suc[simp]:
(z # 25) ~ f) (Sue n) = (5 ~ f) n

by (simp add: i-append-nth)

lemma i-append-nth-Cons:
([xk] ~f)n =" (casenof 0 = x| Suck = fk)
by (case-tac n, simp-all add: i-append-nth)

lemma i-append-nth-Cons’:
([¢] ~ f) n = (if n = 0 then x else f (n — Suc 0))
by (case-tac n, simp-all add: i-append-nth)

thm
List.nth-append

thm
i-append-def
i-append-nthl1
i-append-nth2

thm List.nth-append-length
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lemma i-append-nth-length[simp]: (zs —~ f) (length xs) = f 0
by simp

thm List.nth-append-length-plus
lemma i-append-nth-length-plus[simp]: (zs —~ f) (length zs + n) = fn
by simp

thm
List.nth-map
Fun.o-apply

thm
List.set-conv-nth
Set.full-SetCompr-eq

thm List.in-set-conv-nth
lemma range-iff: (y € range f) = (3z. y = fz)
by blast

thm List.list-ball-nth
lemma range-ball-nth: ¥V y€range f. Py = P (f x)
by blast

thm
List.nth-mem
Set.rangel

thm List.all-nth-imp-all-set
lemma all-nth-imp-all-range: [Vz. P (fz);y € range f | = Py
by blast

thm List.all-set-conv-all-nth
lemma all-range-conv-all-nth: (Vy€range f. P y) = Vz. P (fz))
by blast

thm
List.nth-list-update
Fun.fun-upd-def

thm
List.nth-list-update-eq
Fun.fun-upd-same

thm
List.nth-list-update-neq
Fun.fun-upd-other

thm
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List.list-update-overwrite
Fun.fun-upd-upd

thm
List.list-update-id
Fun.fun-upd-triv

thm
List.list-update-same-conv
Fun.fun-upd-idem-iff

thm List.list-update-appendl
lemma i-append-updatel :
n < length xs = (zs ~ f) (n :=z) = zs[n :=z] ~ f
by (simp add: expand-ilist-eq i-append-nth)
lemma i-append-update2:
length s < n = (zs ~ f) (n:=z) = s —~ (f(n — length xs := z))
by (fastsimp simp: expand-ilist-eq i-append-nth)

thm List.list-update-append
lemma i-append-update:
(zs ~ f) (n:==) =
(if n < length zs then xs[n = z] ~ f
else xzs ~ (f(n — length xs := x)))
by (simp add: i-append-updatel i-append-update2)

thm List.list-update-length
lemma i-append-update-length|simp):

(zs ~ f) (length zs := y) = xs —~ (f(0 :=y))
by (simp add: i-append-update2)

thm List.set-update-subset-insert
lemma range-update-subset-insert:

range (f(n := z)) C insert z (range f)
by fastsimp

thm List.set-update-subset]
lemma range-update-subsetl:

[ range f C A; x € A ] = range (f(n :=2)) C A
by fastsimp

thm List.set-update-memI
lemma range-update-meml: z € range (f(n = z))
by fastsimp

11.1.2 take and drop for infinite lists

The i-take operator takes the first n elements of an infinite list, i.e. i-take f
n=1[f0,f1,...,f (n—1)]. The i-drop operator drops the first n elements
of an infinite list, i.e. (i-take fn) 0 = fn, (i-take fn) 1 =f (n + 1), ....

definition



THEORY “ListInf”

i-take :: nat = 'a ilist = 'a list

where

i-take n f = map f [0..<n]
definition

t-drop :: mat = 'a ilist = 'a ilist
where

i-dropn f = (Az. f (n + x))

abbreviation (zsymbols)

i-take’ :: 'ailist = nat = 'a list (infixl |} 100)
where

fUn=itakenf
abbreviation (zsymbols)

i-drop’ :: 'a ilist = nat = 'a dlist (infix] f 100)
where

fNtn=idropnf

syntax (HTML output)
i-take’ :: 'a ilist = nat = 'a list (infix]l | 100)
i-drop’ :: 'a ilist = nat = 'a dlist (infix] {+ 100)

term f | n
term f f} n

lemma f | n = map f [0..<n]
by (simp add: i-take-def)
lemma f t n = (Az. f (n + x))
by (simp add: i-drop-def)

Basic results for i-take and i-drop

thm take-first
lemma i-take-first: f | Suc 0 = [f 0]
by (simp add: i-take-def)

thm drop-take-1
lemma i-drop-i-take-1: f {t n | Suc 0 = [f n]
by (simp add: i-drop-def i-take-def)

thm List.take-take

lemma i-take-take-eql: m <n = (f { n) [ m=f1m
by (simp add: i-take-def take-map)

lemma i-take-take-eq2: n < m = (f yn) I m=f{n
by (simp add: i-take-def take-map)

lemma i-take-take[simp]: (f I n) | m = f | min n m
by (simp add: min-def i-take-take-eql i-take-take-eq2)

thm List.nth-drop
lemma i-drop-nth[simp]: (s f n) z = s (n + z)

206



THEORY “ListInf” 207

by (simp add: i-drop-def)

lemma i-drop-nth-sub: n <z = (s n) (x —n) =sz
by (simp add: i-drop-def)

thm List.nth-take

theorem i-take-nth[simp]: i < n = (f 4 n) ! i=fi
by (simp add: i-take-def)

thm List.length-take
lemma i-take-length[simp]: length (f | n) = n
by (simp add: i-take-def)

thm List.take-0

lemma i-take-0[simpl: f | 0 =[]
by (simp add: i-take-def)

thm List.drop-0

lemma i-drop-0[simp): f f# 0 = f
by (simp add: i-drop-def)

lemma i-take-eq-Nil[simp]: (f § n=1]) = (n = 0)

by (simp add: length-0-conv[symmetric| del: length-0-conv)
lemma i-take-not-empty-conv: (f 4 n #[]) = (0 < n)

by simp

lemma last-i-take: last (f | Sucn) = fn
by (simp add: last-nth)

lemma last-i-take2: 0 < n = last (f I n) = f (n — Suc 0)
by (simp add: last-i-take[of - [, symmetric])

lemma nth-0-i-drop: (f t n) 0 = fn
by simp

thm take-replicate drop-replicate

lemma i-take-const[simpl: (An. z) |} i = replicate i x
by (simp add: expand-list-eq)

lemma i-drop-const[simpl: (An. ) 1+ i = (An. z)

by (simp add: expand-ilist-eq)

thm List.take-append
lemma i-append-i-take-eql:

n < lengthxs = (xzs ~f){ n=uas | n
by (simp add: expand-list-eq)

lemma i-append-i-take-eq2:
lengthzs < n = (zs ~ f) 4 n =25 Q (f { (n — length zs))
by (simp add: expand-list-eq nth-append)
lemma i-append-i-take-if :
(zs ~ f) I n = (if n < length xzs then zs | n else zs @ (f || (n — length xs)))
by (simp add: i-append-i-take-eql i-append-i-take-eq2)
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lemma i-append-i-take[simp]:
(zs ~ )y n= (s | n)Q(f | (n— length xs))
by (simp add: i-append-i-take-if )

thm List.drop-append
lemma i-append-i-drop-eql:

n < lengthzs = (zs ~ f)ftn=(xs T n) ~f
by (simp add: expand-ilist-eq i-append-nth less-diff-conv add-commute[of - n])
lemma i-append-i-drop-eq2:

length s < n = (zs ~ f) ft n = f 1 (n — length zs)
by (simp add: expand-ilist-eq i-append-nth)
lemma i-append-i-drop-if :

(zs ~ f) t n = (if n < length zs then (xzs T n) —~ felse f t (n — length xs))
by (simp add: i-append-i-drop-eql i-append-i-drop-eq2)
lemma i-append-i-drop[simpl: (zs —~ f) t n = (zs T n) ~ (f 1+ (n — length zs))
by (simp add: i-append-i-drop-if)

thm
List.take-append
List.drop-append
i-append-i-take
i-append-i-drop

thm List.append-take-drop-id
lemma i-append-i-take-i-drop-id[simp]: (f § n) ~ (f + n) = f
by (simp add: expand-ilist-eq i-append-nth)

lemma ilist-i-take-i-drop-imp-eq:

[fln =gdnfin=gnn]l=f=gy
apply (subst i-append-i-take-i-drop-id[of n f, symmetric])
apply (subst i-append-i-take-i-drop-id[of n g, symmetric))
apply simp
done

lemma ilist-i-take-i-drop-eq-conv:
F=g)=@n(fln=glbnAftn=gtn)

apply (rule iffT, simp)

apply (blast intro: ilist-i-take-i-drop-imp-eq)

done

lemma ilist-i-take-eq-conv: (f = g) = Vn. f y n=g | n)
apply (rule iffT, simp)

apply (clarsimp simp: expand-ilist-eq, rename-tac 17)

apply (drule-tac z==Suc i in spec)

apply (drule-tac f=Azs. xs | i in arg-cong)

apply simp

done

lemma ilist-i-drop-eq-conv: (f = g) = (Vn. f t n=g 1t n)
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apply (rule iffI, simp)

apply (drule-tac z=0 in spec)
apply simp

done

lemma i-take-the-conv:

f U k= (THE zs. length zs = k A (3g. zs ~ g = f))
thm thell2
apply (rule thell2)

apply (rule-tac a=f | k in ex1l)

apply (fastsimp intro: i-append-i-take-i-drop-id)+
done

lemma i-drop-the-conv:
f k= (THE g. (3as. length xs = k AN xs ~ g = f))
apply (rule sym, rule thel-equality)
apply (rule-tac a=f | k in ex1l)
apply (rule-tac z=f | k in exl, simp)
apply clarsimp
apply (rule-tac x=f | k in exl, simp)
done

thm List.take-Suc-Cons
lemma i-take-Suc-append|[simp):
((x # 2s) ~f)§ Suecn =z # ((zs ~f) I n)
by (simp add: expand-list-eq)
corollary i-take-Suc-Cons: ([x] ~ f) 4 Sucn =z # (f { n)
by simp

lemma i-drop-Suc-append[simp): ((z # xs) ~ f) ft Suc n = ((xzs ~ f) ft n)
by (simp add: expand-list-eq)

corollary i-drop-Suc-Cons: ([z] —~ f) f Sucn =f f n

by simp

thm List.take-Suc

lemma i-take-Suc: f | Sucn = f0 # (f {t Suc 0 | n)

by (simp add: expand-list-eq nth-Cons’)

thm List.take-Suc-conv-app-nth

lemma i-take-Suc-conv-app-nth: f |} Suc n = (f || n) @ [f n]
by (simp add: i-take-def)

thm List.drop-drop

lemma i-drop-i-drop[simp]: st a + b = s (a + b)
by (simp add: i-drop-def add-assoc)

corollary i-drop-Suc: f f Suc 0  n = f f} Suc n
by simp

lemma i-take-commute: s a | b=s{ b | a
by (simp add: min-ac)
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lemma i-drop-commute: st aft b=s{ b1 a
by (simp add: add-commute|of a])

thm List.drop-tl
corollary i-drop-tl: f ff Suc 0 ff n = f ff n ) Suc 0
by simp

thm List.nth-via-drop
lemma nth-via-i-drop: (f fn) 0 =z = fn=1z
by simp

thm List.drop-Suc-conv-tl
lemma i-drop-Suc-conv-tl: [f n] ~ (f f# Sucn) =f i n
by (simp add: expand-ilist-eq i-append-nth)

lemma i-drop-Suc-conv-tl": ([f n] ~ f) ft Sucn=ffn
by (simp add: i-drop-Suc-Cons)
thm i-drop-Suc-conv-tl i-drop-Suc-conv-tl’

thm List.take-drop
lemma i-take-i-drop: f tm i n=f{y (n+m) m
by (simp add: expand-list-eq)

Appending an interval of a function

lemma i-take-int-append:
m<n= (fJm)Qmap f [m.<n]=f1n
by (simp add: expand-list-eq nth-append)

lemma i-take-drop-map-empty-iff: (f Y n T m=1)=(n <m)
by simp

lemma i-take-drop-map: f |} n 1 m = map f [m..<n]
by (simp add: expand-list-eq)

corollary i-take-drop-append[simp):
m<n= (fIm)@(fInim)=fIn
by (simp add: i-take-drop-map i-take-int-append)

thm List.drop-take
lemma i-take-drop: f  n T m=f N m | (n — m)
by (simp add: expand-list-eq)

thm List.take-map

lemma i-take-o[simp): (f o g) 4 n=map f (g 4 n)
by (simp add: expand-list-eq)

thm List.drop-map

lemma i-drop-o[simp]: (f o g) t n=fo (g ft n)
by (simp add: expand-ilist-eq)
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thm List.set-take-subset
lemma set-i-take-subset: set (f || n) C range f
by (fastsimp simp: in-set-conv-nth)

thm List.set-drop-subset
lemma range-i-drop-subset: range (f { n) C range f
by fastsimp

thm List.in-set-takeD

lemma in-set-i-takeD: z € set (f || n) = x € range f

by (rule subsetD[OF set-i-take-subset])

thm List.in-set-dropD

lemma in-range-i-takeD: x € range (f ft n) = = € range f
by (rule subsetD[OF range-i-drop-subset])

thm List.append-eq-conv-conj
lemma i-append-eq-conv-cony:

((zs ~ f) = g) = (zs = g | length xs A f = g 1 length zs)
apply (simp add: expand-ilist-eq expand-list-eq i-append-nth)
apply (rule iffI)
apply (clarsimp, rename-tac x)
apply (drule-tac z=length zs + z in spec)
apply simp
apply simp
done

thm List.take-add

lemma i-take-add: f | (i +5) = i) Qi J)
by (simp add: expand-list-eq nth-append)

thm List.append-eq-append-conv-if
lemma i-append-eq-i-append-conv-if-aux:

length zs < length ys —

(xs ~f =ys ~ g) = (zs = ys | length zs A f = (ys 1 length zs) —~ g)
apply (simp add: expand-list-eq expand-ilist-eq i-append-nth min-eqR)
apply (rule iffI)
apply simp
apply (clarify, rename-tac x)
apply (drule-tac z=length zs + z in spec)
apply (simp add: less-diff-conv add-commute[of - length zs])
apply simp
done
lemma i-append-eq-i-append-conv-if :

(zs ~f=ys ~g)=

(if length xs < length ys

then xs = ys | length xs A f = (ys 1 length zs) —~ g

else zs | length ys = ys A (xs T length ys) —~ f = g)
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apply (split split-if , intro congl impI)

apply (simp add: i-append-eg-i-append-conv-if-aux)

apply (force simp: eg-commute|of zs —~ f] i-append-eq-i-append-conv-if-auz)
done

thm List.take-hd-drop
lemma i-take-hd-i-drop: (f 4 n) Q [(f  n) 0] = f | Sucn
by (simp add: i-take-Suc-conv-app-nth)

thm List.id-take-nth-drop
lemma id-i-take-nth-i-drop: f = (f 4 n) ~ (([f n] ~ f) f+ Suc n)
by (simp add: i-drop-Suc-Cons)

thm List.upd-conv-take-nth-drop
lemma upd-conv-i-take-nth-i-drop:
[ (ni=2)=(f 4n) ~ (2] ~ (f # Sucn))
by (simp add: expand-ilist-eq nth-append i-append-nth)

thm nat.induct[of An. P (f | n) n]
theorem i-take-induct:

[P0y AP (Glhn) =P (fhSucn)]=P(fn)
by (rule nat.induct)

thm i-take-induct
theorem take-induct|[rule-format):
[P (s]0);
An. [ Sucn < length s; P (s | n)] = P (s] Sucn);
i < length s
= P (s | 1)
by (induct i, simp+)

theorem i-drop-induct:
[P (4 0) Ao P fin) = P (1 Sucn)] =P (fhn)
by (rule nat.induct)
thm i-drop-induct
theorem f-drop-induct|[rule-format]:
[P (sT0);
An. [ Sucn < lengths; P (sTn)] = P (s1 Sucn);
i < length s
= P (s11)
by (induct i, simp+)

lemma i-take-drop-eg-map: f f+ m § n = map f [m..<m+n)]
by (simp add: expand-list-eq)

thm List.map-eq-Cons-conv
lemma o-eq-i-append-imp:
fog=ys ~i =
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Jzsh.g=25s ~h ANmapfaes=ys Nfoh=1i
apply (rule-tac z=g | (length ys) in exI)
apply (rule-tac z=g f} (length ys) in exI)
apply (frule arg-cong[where f=Xz. z | length ys])
apply (drule arg-cong[where f=Xz. x 1} length ys])
apply simp
done

corollary o-eg-i-append-conv:
(fog=ys ~i)=
(Jzsh.g=2s ~h Amap fzs =ys N f o h =1)
by (fastsimp simp: o-eq-i-append-imp)
corollary i-append-eq-o-conv:
(y5 —~i=fog)—
(3zsh.g=as ~h Amap fas =ys N foh=r1)
by (fastsimp simp: o-eq-i-append-imp)

11.1.3 zip for infinite lists

term zip
definition

i-zip = 'a dlist = 'balist = (‘a x 'b) dlist
where

i-zip fg = An. (fn, gn)

lemma i-zip-nth: (i-zip f g) n = (fn, g n)
by (simp add: i-zip-def)

thm zip-swap
lemma i-zip-swap: (A(y, ). (z, y)) o i-zip g f = i-zip f g
by (simp add: expand-ilist-eq i-zip-nth)

lemma i-zip-i-take: (i-zip fg) I n = zip (f § n) (g § n)
by (simp add: expand-list-eq i-zip-nth)

lemma i-zip-i-drop: (i-zip f g) + n = i-zip (f t n) (g + n)
by (simp add: expand-ilist-eq i-zip-nth)

thm List.map-fst-zip

lemma fst-o-izip: fst o (i-zip f g) = f
by (simp add: expand-ilist-eq i-zip-nth)
lemma snd-o-i-zip: snd o (i-zip fg) = ¢
by (simp add: expand-ilist-eq i-zip-nth)

thm List.update-zip
lemma update-i-zip:

(i-zip f g)(n := wy) = i-zip (f(n = fst zy)) (9(n := snd zy))
by (simp add: expand-ilist-eq i-zip-nth)
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thm List.zip-Cons-Cons
lemma i-zip-Cons-Cons:

i-zip ([z] ~ f) ([y] ~ 9) = (=, y)] ~ (i-zip f g)
by (simp add: expand-ilist-eq i-zip-nth i-append-nth)

thm List.zip-appendl
lemma i-zip-i-append1:

i-zip (xzs —~ f) g = zip xs (g | length xs) —~ (i-zip f (g 1} length xs))
by (simp add: expand-ilist-eq i-zip-nth i-append-nth)

thm List.zip-append2
lemma i-zip-i-append?2:

i-zip f (ys —~ g) = zip (f | length ys) ys ~ (i-zip (f 1 length ys) g)
by (simp add: expand-ilist-eq i-zip-nth i-append-nth)

thm List.zip-append
lemma i-zip-append:

length zs = length ys —

i-zip (x5 ~ f) (ys —~ g) = zip as ys ~ (i-zip f g)
by (simp add: expand-ilist-eq i-zip-nth i-append-nth)

thm List.set-zip
lemma i-zip-range: range (i-zip f g) = { (f n, g n)| n. True }
by (fastsimp simp: i-zip-nth)

thm List.zip-update
lemma i-zip-update:

izip (F(n == 2)) (g(n = y)) = (i=sip £ )( n = (5, 1))
by (simp add: update-i-zip)

lemma i-zip-const: i-zip (An. z) (An. y) = (An. (z, y))
by (simp add: expand-ilist-eq i-zip-nth)

11.1.4 Mapping functions with two arguments to infinite lists

thm map2.simps
definition i-map2 ::
(x Function taking two parameters x)
(la="b="c)=
(x Lists of parameters )
‘a ilist = 'b ilist =
‘c ilist
where
i-map2 fxs ys = An. f (xzs n) (ys n)

lemma i-map2-nth: (i-map2 f zs ys) n = f (zs n) (ys n)
by (simp add: i-map2-def)



THEORY “ListInf” 215

lemma i-map2-Cons-Cons:
i-map?2 f ([x] ~ @s) ([y] ~ ys) =
[f z y] ~ (i-map2 f as ys)
by (simp add: fun-eq-iff i-map2-nth i-append-nth-Cons’)

lemma i-map2-take-ge:
n<nl =
i-map2 fxs ys | n =
map2 f (xzs | n) (ys I nl)
by (simp add: expand-list-eq map2-length i-map2-nth map2-nth)
lemma i-map2-take-take:
-map2 fzsys | n =
map2 f (zs | n) (ys I n)
by (rule i-map2-take-ge| OF le-refl])

lemma i-map2-drop:
(i-map2 fxs ys) t n =
(i-map2 f (zs 1 n) (ys ft n))
by (simp add: fun-eg-iff i-map2-nth)

lemma i-map2-append-append:
length zs1 = length ys1 —
i-map2 f (zs1 —~ xs) (ysl —~ ys) =
map2 f zsl ys1 —~ i-map2 f zs ys
by (simp add: fun-eq-iff i-map2-nth i-append-nth map2-length map2-nth)

lemma i-map2-Cons-left:
i-map2 f ([z] ~ zs) ys =
fz (ys 0)] ~ i-map2 f xs (ys { Suc 0)
by (simp add: fun-eq-iff i-map2-nth i-append-nth-Cons’)
lemma i-map2-Cons-right:
i-map2 f xs ([y] —~ ys) =
[f (xs 0) y] —~ i-map2 f (xs | Suc 0) ys
by (simp add: fun-eq-iff i-map2-nth i-append-nth-Cons’)

lemma i-map2-append-take-drop-left:
i-map2 f (zs1 —~ xzs) ys =
map2 f xsl (ys | length zs1) —~
i-map2 f xs (ys ft length zs1)
by (simp add: fun-eq-iff map2-nth i-map2-nth i-append-nth map2-length)
lemma i-map2-append-take-drop-right:
i-map2 f xs (ysl —~ ys) =
map2 [ (xs || length ysl) ys1 —~
i-map2 f (zs {} length ys1) ys
by (simp add: fun-eg-iff map2-nth i-map2-nth i-append-nth map2-length)

thm o-cong
lemma i-map2-cong:
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[ zs1 = xs2; ysl = ys2;
Nz y. [z € range 282; y € range ys2 | = fzy=gzy | =
i-map?2 f xsl ys1 = i-map2 g xs2 ys2
by (simp add: fun-eq-iff i-map2-nth)

thm o-eq-conv
lemma i-map2-eq-conv:

(i-map2 f zs ys = i-map2 g xs ys) = (Vi. f (ws i) (ysi) = g (ws i) (ysi))
by (simp add: fun-eq-iff i-map2-nth)

lemma i-map2-replicate: i-map2 f (An. z) (An. y) = (An. fzy)
by (simp add: fun-eq-iff i-map2-nth)

lemma i-map2-i-zip-conv:
i-map2 f xs ys = (A(z,y). fz y) o (i-zip zs ys)
by (simp add: fun-eq-iff i-map2-nth i-zip-nth)

216

11.2 Generalised lists as combination of finite and infinite

lists

11.2.1 Basic definitions
datatype ‘a glist = FL 'a list | IL 'a ilist

thm list.simps
term nth

definition
glength :: 'a glist = inat
where
glength a = case a of
FL xs = Fin (length zs) |
ILf = o0
definition
gCons :: 'a = 'a glist = 'a glist (infixr #, 65)
where
T #4 a = case a of
FL s = FL (z # xs) |
ILg = IL (7] ~ 9)
definition
gappend :: 'a glist = 'a glist = 'a glist (infixr @, 65)
where
gappend a b = case a of
FL zs = (case b of FL ys = FL (xs @ ys) | IL f = IL (zs ~ [)) |
ILf=ILf
definition
gmap : (a = 'b) = 'a glist = 'b glist
where
gmap [ a = case a of
FL xs = FL (map f zs) |
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ILg = IL (f o g)
definition
gtake ::inat = 'a glist = 'a glist
where
gtake n a = case n of
Fin m = FL (case a of
FLxs = as | m |
ILf=f4m)|
00 = a
definition
gdrop ::inat = 'a glist = 'a glist
where
gdrop n a = case n of
Fin m = (case a of
FL xs = FL (zs T m) |
ILf = IL(f  m))
oo = FL ||
definition
gset  ::'a glist = 'a set
where
gset a = case a of
FL zs = set zs |
IL f = range f
definition
gnth  ::'a glist = nat = 'a (infixl !, 100)
where
aly n = case a of
FLxs = zs!n|
ILf = fn

abbreviation (zsymbols)
g-take’ :: 'a glist = inat = 'a glist (infixl |, 100)
where
algn = gtake n a
abbreviation (zsymbols)
g-drop’ :: 'a glist = inat = 'a glist (infixl T, 100)
where
algn=gdropna
syntax (HTML output)
g-take' :: 'a glist = inat = 'a glist (infixl |, 100)
g-drop’ :: 'a glist = inat = 'a glist (infixl 1, 100)

11.2.2  glength

lemma glength-fin[simp|: glength (FL xs) = Fin (length xs)

by (simp add: glength-def)

lemma glength-infin[simp]: glength (IL f) = oo
by (simp add: glength-def)

217
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lemma gappend-glength[simp): glength (a Q, b) = glength a + glength b
by (unfold gappend-def, case-tac a, case-tac b, simp+)

lemma gmap-glength[simp]: glength (gmap f a) = glength a
by (unfold gmap-def, case-tac a, simp+)

lemma glength-0-conv[simp): (glength a = 0) = (a = FL [])
by (unfold glength-def, case-tac a, simp+)

lemma glength-greater-0-conv[simp]: (0 < glength a) = (a # FL [])
by (simp add: glength-0-conv[symmetric])

lemma glength-gSuc-conv:

(glength a = iSuc n) =

(Fzb. a=1x#4 b A glength b = n)
apply (unfold glength-def gCons-def, rule iffI)
apply (case-tac a, rename-tac a’)

apply (case-tac n, rename-tac n')

apply (rule-tac x=hd o’ in exl)

apply (rule-tac z=FL (tl o’) in exl)

apply (simp add: iSuc-Fin)

apply (subgoal-tac a’ # [])

prefer 2
apply (rule ccontr, simp)

apply simp

apply simp
apply (rename-tac f)
apply (case-tac n, simp add: iSuc-Fin)
apply (rule-tac z=f 0 in exl)
apply (rule-tac x=IL (f f} Suc 0) in exl)
thm i-take-first
apply (simp add: i-take-first|symmetric])
apply (clarsimp, rename-tac z b)
apply (case-tac a)
apply (case-tac b)

apply (simp add: iSuc-Fin)+
apply (case-tac b)
apply (simp add: iSuc-Fin)+
done

lemma gSuc-glength-conv:
(iSuc n = glength a) =
(Fzb. a=1x #4 b A glength b = n)
by (simp add: eq-commute|of - glength a] glength-gSuc-conv)

11.2.3 @, — gappend
thm append-Nil
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lemma gappend-Nil[simp]: (FL[]) Q; a = a
by (unfold gappend-def, case-tac a, simp+)

lemma gappend-Nil2[simp]: a Q, (FL [))= a
by (unfold gappend-def, case-tac a, simp+)

lemma gappend-is-Nil-conv[simp]: (a Qg b = FL[]) = (a=FL[] AN b= FL])
by (unfold gappend-def, case-tac a, case-tac b, simp+

lemma Nil-is-gappend-conv[simp]: (FL [| = a Q4 b) = (a = FL[] AN b = FL[])

by (simp add: eq-commute[of FL []])

lemma gappend-assoc[simp]: (¢ Q4 b) Q, ¢ = a @, b Q, ¢
by (unfold gappend-def, case-tac a, case-tac b, case-tac c, simp+)

lemma gappend-infin[simp]: IL f Q, b = IL f
by (simp add: gappend-def)

lemma same-gappend-eg-disj[simp]: (a Qq b = a Qg ¢) = (glength a = 0o V b =
c)
apply (case-tac a)
apply simp
apply (case-tac b, case-tac c)
apply (simp add: gappend-def )+
apply (case-tac ¢)
apply simp+
done
lemma same-gappend-eq:
glength a < 00 = (a Q; b = a Qg ¢) = (b = ¢)
by fastsimp

11.2.4 gmap

lemma gmap-gappend[simp|: gmap f (a Q4 b) = gmap fa Qg gmap f b
by (unfold gappend-def gmap-def, induct a, induct b, simp+)

thm map-map

lemma gmap-gmap|[simpl: gmap f (gmap g a) = gmap (f o g) a
apply (case-tac a)

apply (simp add: gmap-def expand-ilist-eq)+

done

thm map-eq-conv

lemma gmap-eq-conv[simp]: (gmap fa = gmap g a) = (VzEgset a. fz = g x)
apply (case-tac a)

apply (simp add: gmap-def gset-def o-eq-conv)+

done

thm map-cong
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lemma gmap-cong:
[a=1b; Nz.z € gsetb= fz=gx] = gmapfa=gmapghb
by simp

thm map-is-Nil-conv
lemma gmap-is-Nil-conv: (gmap fa = FL[]) = (a = FL[])
by (simp add: glength-0-conv[symmetric])

lemma gmap-eq-imp-glength-eq:
gmap fa = gmap f b = glength a = glength b
by (drule arg-cong|where f=glength], simp)

11.2.5 gset

thm set-append
lemma gset-gappend|[simp]:
gset (a Qg b) =
(case a of FL o’ = set a’ U gset b | IL a’ = range a’)
by (unfold gset-def gappend-def, case-tac a, case-tac b, simp+)
lemma gset-gappend-if :
gset (a Qg4 b) =
(if glength a < oo then gset a U gset b else gset a)
by (unfold gset-def gappend-def, case-tac a, case-tac b, simp+)

thm set-empty
lemma gset-empty[simp]: (gset a = {}) = (a = FL [))
by (unfold gset-def, case-tac a, simp+)

thm set-map
lemma gset-gmap|[simp|: gset (gmap fa) = f  gset a
by (unfold gset-def gmap-def, case-tac a, simp—+)

thm card-length

lemma icard-glength: icard (gset a) < glength a
apply (unfold icard-def gset-def glength-def)
apply (case-tac a)

apply (simp add: card-length)+

done

11.2.6 !, — gnth

thm nth-Cons-0
lemma gnth-gCons-0[simp: (z #4 @) g 0 =z
by (unfold gCons-def gnth-def, case-tac a, simp+)

thm nth-Cons-Suc
lemma gnth-gCons-Suc[simp]: (z #4 a) !y Sucn =al;n

by (unfold gCons-def gnth-def, case-tac a, simp+)

thm nth-append
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lemma gnth-gappend:
(a@Qgb)!lyn=
(if Fin n < glength a then a !y n
else b !y (n — the-Fin (glength a)))
apply (unfold glength-def gappend-def gCons-def gnth-def)
apply (case-tac a, case-tac b)
apply (simp add: nth-append)+
done

thm nth-append-length-plus
lemma gnth-gappend-length-plus[simp]: (FL zs Q4 b) !, (length s + n) =b !y n
by (simp add: gnth-gappend)

thm nth-map
lemma gmap-gnth[simp): Fin n < glength a = gmap fa !y n=f (aly n)
by (unfold gmap-def gnth-def, case-tac a, simp+)

thm in-set-conv-nth

lemma in-gset-cong-gnth: (z € gset a) = (Ii. Fin i < glengtha A aly i = 2)
apply (unfold gset-def gnth-def, case-tac a)

apply (fastsimp simp: in-set-conv-nth)+

done

11.2.7 gtake and gdrop

thm take-0
lemma gtake-0[simp]: a |4 0 = FL ||
by (unfold gtake-def, case-tac a, simp+)

thm drop-0
lemma gdrop-0[simp]: a T4 0 = a
by (unfold gdrop-def, case-tac a, simp+)

lemma gtake-Infty[simp]: a |4 00 = a
by (unfold gtake-def, case-tac a, simp+)

lemma gdrop-Infty[simp]: a T4 0o = FL []
by (unfold gdrop-def, case-tac a, simp+)

thm take-all
lemma gtake-all[simp]: glength a < n = a |4 n = a
by (unfold gtake-def, case-tac a, case-tac n, simp+)

thm drop-all
lemma gdrop-all[simp]: glength a < n = a T4 n = FL ||
by (unfold gdrop-def, case-tac a, case-tac n, simp+)

thm take-Suc-Cons
lemma gtake-iSuc-gCons[simp): (z #4 a) |4 (iSucn) =z #4 a |g n
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by (unfold gtake-def gCons-def, case-tac n, case-tac a, simp-all add: iSuc-Fin)

thm drop-Suc-Cons
lemma gdrop-iSuc-gCons[simp]: (z #4 a) 14 (iSuc n) = a T4 n
by (unfold gdrop-def gCons-def, case-tac n, case-tac a, simp-all add: iSuc-Fin)

thm take-Suc

lemma gtake-iSuc: a # FL [| = a |4 (tSuc n) = aly 0 #4 (a T4 (iSuc 0) 4 n)
apply (unfold gtake-def gdrop-def gnth-def gCons-def)

apply (case-tac n)

apply (case-tac a)

apply (simp add: iSuc-Fin take-Suc hd-eq-first take-drop i-take-Suc)+

apply (case-tac a)

apply (simp add: hd-eg-first drop-eq-tl i-drop-Suc-conv-tl)+

done

thm drop-Suc

lemma gdrop-iSuc: a 14 (iSuc n) = a T4 (iSuc 0) T4 n

by (unfold gtake-def gdrop-def gnth-def gCons-def, case-tac n, case-tac a, simp-all
add: iSuc-Fin)

thm nth-via-drop

lemma gnth-via-grop: a 14 (Finn) =z #4b=alyn=12
apply (unfold gdrop-def gnth-def gCons-def)

apply (case-tac a, case-tac b)

apply (simp add: nth-via-drop)+

apply (case-tac b)

apply (fastsimp intro: nth-via-i-drop)+

done

thm take-Suc-conv-app-nth[no-vars]
thm i-take-Suc-conv-app-nth
lemma gtake-iSuc-conv-gapp-gnth:
Fin n < glength a = a |4 Fin (Suc n) = a |4 (Fin n) Q, FL [a !, n]
apply (unfold glength-def gtake-def gappend-def gnth-def)
apply (case-tac a)
apply (simp add: take-Suc-conv-app-nth i-take-Suc-conv-app-nth)+
done

thm drop-Suc-conv-tl
lemma gdrop-iSuc-conv-tl:

Finn < glength a = a !y n #4 a 14 Fin (Sucn) = a T4 Finn
apply (unfold glength-def gdrop-def gappend-def gnth-def gCons-def)
apply (case-tac a)
apply (simp add: drop-Suc-conv-tl i-drop-Suc-conv-tl)+
done

thm length-take
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lemma glength-gtake[simp]: glength (a |, n) = min (glength a) n
by (unfold glength-def gtake-def, case-tac n, case-tac a, simp+)

thm length-drop
lemma glength-drop[simp]: glength (a T, (Fin n)) = glength a — (Fin n)
by (unfold glength-def gdrop-def, case-tac a, case-tac n, simp+)

end

12 ListInf-Prefix: Prefices on finite and infinite
lists

theory ListInf-Prefix
imports $ISABELLE-HOME /src/ HOL/ Library/ List-Prefix ListInf
begin

12.1 Additional list prefix results

lemma prefiz-eq-prefiz-take-ex: (zs < ys) = (In. ys | n = axs)
apply (unfold prefiz-def, safe)

apply (rule-tac x=length xs in exl, simp)

apply (rule-tac z=ys 1 n in exl, simp)

done

lemma prefiz-take-eq-prefiz-take-ex: (ys | (length xs) = xzs) = (In. ys | n = xs)
by (fastsimp simp: min-def)

lemma prefiz-eq-prefiz-take: (zs < ys) = (ys | (length zs) = xs)
by (simp only: prefiz-eq-prefiz-take-ex prefiz-take-eq-prefiz-take-ex)

lemma strict-prefiz-take-eq-strict-prefix-take-ex:
(ys | (length xs) = zs N xs # ys) =
((n. ys | n = xs) A zs # ys)

by (simp add: prefiz-take-eq-prefiz-take-ex)

lemma strict-prefiz-eq-strict-prefiz-take-ex: (zs < ys) = ((In. ys | n = zs) A xs

# ys)

by (simp add: strict-prefiz-def prefiz-eg-prefiz-take-ex)

lemma strict-prefiz-eq-strict-prefiz-take: (xs < ys) = (ys | (length zs) = xs N xs

# ys)

by (simp only: strict-prefiz-eg-strict-prefiz-take-ex strict-prefiz-take-eq-strict-prefiz-take-ex)

lemma take-imp-prefix: zs | n < xzs
by (rule take-is-prefiz)
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lemma eq-imp-prefiz: zs = (ys::'a list) = zs < ys
by simp

lemma le-take-imp-prefiz: a < b= zs | a < zs | b
by (fastsimp simp: prefiz-eq-prefiz-take-ex min-def)

lemma take-prefiz-imp-le:
[a<lengthzs;zs | a<as | b] = a<b
by (drule prefiz-length-le, simp)

lemma take-prefiz-le-conv:

a < lengthzs => (zs | a < zs | b) = (a < b)
apply (rule iffI)

apply (rule take-prefiz-imp-le, assumption+)
apply (rule le-take-imp-prefix, assumption+)
done
lemma append-imp-prefiz[simp, intro]: a < a @ b
by (unfold prefiz-def, blast)

lemma prefiz-imp-take-eq:
[ n<lengthazs;zs <ys] = as | n=uys|n
by (clarsimp simp: prefiz-def)

lemma prefiz-length-le-eq-conv: (zs < ys A length ys < length zs) = (zs = ys)
apply (rule iffT)

apply (erule conjE)

apply (frule prefiz-length-le)

apply (simp add: prefiz-eq-prefiz-take)

apply simp

done

lemma take-length-prefiz-conv:
length xs < length ys = (ys | length zs < zs) = (zs < ys)
by (fastsimp simp: prefiz-eq-prefiz-take)

lemma append-eq-imp-take:
[k < length zs; lengthrl = k;rl Qr2 =as] = rl =uas | k
by fastsimp

lemma take-the-conv:
zs | k = (if length xs < k then zs else (THE r. length r =k A (3r2. r Q r2 =
as)))
apply (clarsimp simp: linorder-not-le)
apply (rule the1l2)
apply (simp add: Ez1-def)
apply (rule-tac x=zs | k in exl)
apply (intro conjl)
apply (simp add: min-eqR)
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apply (rule-tac z=zs 1 k in exl, simp)
apply fastsimp
apply fastsimp
done

lemma prefiz-refl: xs < (xs::'a list)
by (rule order-refl)

lemma prefiz-trans: [ xs < ys; (ys::’a list) < zs | = zs < zs
by (rule order-trans)

lemma prefiz-antisym: [ zs < ys; (ys::'a list) < xs | = xs = ys
by (rule order-antisym)

12.2 Counting equal pairs

Counting number of equal elements in two lists

definition

mirror-pair :: (‘a x 'b) = (b x 'a)
where

mirror-pair p = (snd p, fst p)

lemma zip-mirror|rule-format]:
[ i < min (length zs) (length ys);
pl = (zipxsys) ! i; p2 = (zipysas) ! i ]| =
mirror-pair p1 = p2
by (simp add: mirror-pair-def)

definition

equal-pair :: ('a x 'a) = bool
where

equal-pair p = (fst p = snd p)

lemma mirror-pair-equal: equal-pair (mirror-pair p) = (equal-pair p)
by (fastsimp simp: mirror-pair-def equal-pair-def)

primrec
equal-pair-count :: (‘a x 'a) list = nat
where
equal-pair-count [| = 0
| equal-pair-count (p # ps) = (
if (fst p = sndp)
then Suc (equal-pair-count ps)
else 0)

lemma equal-pair-count-le: equal-pair-count xs < length xs
by (induct zs, simp-all)
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lemma equal-pair-count-0:
fst (hd ps) # snd (hd ps) = equal-pair-count ps = 0
by (case-tac ps, simp-all)

lemma equal-pair-count-Suc:
equal-pair-count ((a, a) # ps) = Suc (equal-pair-count ps)
by simp

lemma equal-pair-count-eq-pairwise[rule-format]:
[ length ps1 = length ps2;
Vi<length ps2. equal-pair (psl ! i) = equal-pair(ps2 ! i) |
= equal-pair-count ps1 = equal-pair-count ps2
apply (induct rule: list-induct2)
apply simp
apply (fastsimp simp add: equal-pair-def)
done

lemma equal-pair-count-mirror-pairwise|rule-format):
[ length ps1 = length ps2;
Vi<length ps2. psl | i = mirror-pair (ps2 ! i) |
= equal-pair-count psl = equal-pair-count ps2
apply (rule equal-pair-count-eq-pairwise, assumption)
thm mirror-pair-equal
apply (simp add: mirror-pair-equal)
done

lemma equal-pair-count-correct:
Ni. i < equal-pair-count ps = equal-pair (ps ! 1)
apply (induct ps)
apply simp
apply simp
apply (split split-if-asm)
apply (case-tac 1)
apply (simp add: equal-pair-def)+
done
thm equal-pair-count-correct

lemma equal-pair-count-mazimality-auz|[rule-format]: Js.
i = equal-pair-count ps = length ps = i V = equal-pair (ps ! i)
apply (induct ps)
apply simp
apply (simp add: equal-pair-def)
done
thm equal-pair-count-mazximality-auz
corollary equal-pair-count-mazimalitya[rule-format):
equal-pair-count ps = length ps V — equal-pair (ps!equal-pair-count ps)
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thm equal-pair-count-mazimality-aux|of equal-pair-count ps ps, simplified)
apply (insert equal-pair-count-mazimality-auz|of equal-pair-count ps ps))
apply clarsimp

done

corollary equal-pair-count-mazimality1b[rule-format):
equal-pair-count ps # length ps =
= equal-pair (ps!equal-pair-count ps)

by (insert equal-pair-count-maximalitylalof ps|, simp)

lemma equal-pair-count-mazimality2a[rule-format]:
equal-pair-count ps = length ps V (x either all pairs are equal *)
(V i>equal-pair-count ps.(3j<i. —equal-pair (ps ! j)))

apply clarsimp

apply (rule-tac x=equal-pair-count ps in exl)

thm equal-pair-count-mazximality1b equal-pair-count-le

apply (simp add: equal-pair-count-mazimalitylb equal-pair-count-le)

done

corollary equal-pair-count-mazimality2b|rule-format):
equal-pair-count ps # length ps =
Y i>equal-pair-count ps.(3j<i. —equal-pair (ps'j))

by (insert equal-pair-count-maximality2alof ps|, simp)

lemmas equal-pair-count-mazximality =
equal-pair-count-maximalityla equal-pair-count-mazximality1b
equal-pair-count-mazximality2a equal-pair-count-maximality2b
thm
equal-pair-count-correct[no-vars|
equal-pair-count-mazximality [no-vars]

12.3 Prefix length

Length of the prefix infimum

definition
inf-prefiz-length :: 'a list = 'a list = nat
where
inf-prefiz-length xs ys = equal-pair-count (zip zs ys)

value int (inf-prefiz-length [1::int,2,3,4,7,8,15] [1::int,2,3,4,7,15])
value int (inf-prefiz-length [1::int,2,8,4] [1::int,2,3,4,7,15])
value int (inf-prefiz-length [| [1::int,2,8,4,7,15])
value int (inf-prefiz-length [1::int,2,8,4,5] [1::int,2,3,4,5])

lemma inf-prefiz-length-commute[rule-format]:
inf-prefix-length xs ys = inf-prefix-length ys s
apply (unfold inf-prefiz-length-def)
thm equal-pair-count-mirror-pairwise
apply (insert equal-pair-count-mirror-pairwise|of zip xs ys zip ys s))
apply (simp add: equal-pair-count-mirror-pairwise|of zip xs ys zip ys xs] min-ac
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mirror-pair-def)
done

lemma inf-prefiz-length-leL{intro):
inf-prefix-length xs ys < length s

apply (unfold inf-prefiz-length-def)

apply (insert equal-pair-count-le[of zip xs ys])

apply simp

done

corollary inf-prefiz-length-leR[intro]:
inf-prefix-length xs ys < length ys

thm inf-prefiz-length-commute[of xs ys]

by (simp add: inf-prefiz-length-commute|of xs] inf-prefiz-length-leL)

lemmas inf-prefiz-length-le =
inf-prefix-length-leL
inf-prefix-length-leR

lemma inf-prefiz-length-le-min|rule-format]:
inf-prefiz-length xs ys < min (length zs) (length ys)
by (simp add: inf-prefiz-length-le)

thm equal-pair-count-0
lemma hd-inf-prefix-length-0:
hd zs # hd ys = inf-prefiz-length zs ys = 0
apply (unfold inf-prefiz-length-def)
apply (case-tac zs = [|, simp)
apply (case-tac ys = [|, simp)
apply (simp add: equal-pair-count-0 hd-zip)
done

lemma inf-prefiz-length-NilL[simp]: inf-prefiz-length [] ys = 0
by (simp add: inf-prefiz-length-def)
lemma inf-prefiz-length-NilR[simp]: inf-prefiz-length zs [| = 0
by (simp add: inf-prefiz-length-def)

thm equal-pair-count-Suc
lemma inf-prefiz-length-Suc[simp):

inf-prefiz-length (a # xs) (a # ys) = Suc (inf-prefiz-length zs ys)
by (simp add: inf-prefiz-length-def)

thm equal-pair-count-correct
lemma inf-prefiz-length-correct:
1 < inf-prefiz-length s ys —> xs ! i = ys | i
thm order-less-le-trans[OF - inf-prefiz-length-leL]
apply (frule order-less-le-trans[OF - inf-prefiz-length-leL])
apply (frule order-less-le-trans|OF - inf-prefiz-length-leR))
apply (unfold inf-prefiz-length-def)
apply (drule equal-pair-count-correct)
apply (simp add: equal-pair-def)
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done

corollary nth-neg-imp-inf-prefiz-length-le:

xzs | i # ys | i = inf-prefiz-length zs ys < i
apply (rule ccontr)
apply (simp add: inf-prefiz-length-correct)
done

thm equal-pair-count-mazximality1b
lemma inf-prefiz-length-mazimality1 [rule-format]:
inf-prefiz-length xs ys # min (length zs) (length ys) =
xs | (inf-prefiz-length xs ys) # ys | (inf-prefiz-length zs ys)
thm equal-pair-count-maximality1b[of zip s ys]
thm equal-pair-count-maximality1b[of zip xs ys, folded inf-prefiz-length-def]
apply (insert equal-pair-count-mazimality1b|of zip xs ys, folded inf-prefiz-length-def],
simp)
apply (drule neg-le-trans)
apply (simp add: inf-prefiz-length-le)
apply (simp add: inf-prefiz-length-def equal-pair-def)
done

thm equal-pair-count-mazximality2b
corollary inf-prefiz-length-mazimality2[rule-format]:
[ inf-prefiz-length zs ys # min (length xs) (length ys);
inf-prefiz-length xs ys < i | =
Jj<i.aslj#ys!lj
apply (rule-tac z=inf-prefiz-length zs ys in exl)
apply (simp add: inf-prefiz-length-mazimalityl inf-prefiz-length-le-min)
done

lemmas inf-prefiz-length-mazimality =
inf-prefix-length-maximality1 inf-prefiz-length-mazimality2

lemma inf-prefiz-length-append[simp]:
inf-prefiz-length (zs Q zs) (zs @ ys) =
length zs + inf-prefiz-length zs ys

apply (induct zs)

apply simp

apply (simp add: inf-prefiz-length-def)

done

lemma inf-prefiz-length-take-correct:

n < inf-prefix-length xs ys = xs | n =ys | n
apply (frule order-trans[OF - inf-prefiz-length-leL])
apply (frule order-trans|OF - inf-prefiz-length-leR))
apply (simp add: list-eq-iff inf-prefiz-length-correct)
done
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lemma inf-prefiz-length-0-imp-hd-neq:
[ zs # [|; ys # [|; inf-prefiz-length zs ys = 0 | = hd xs # hd ys
apply (rule ccontr)
thm inf-prefiz-length-maximality2|[of zs ys 0]
apply (insert inf-prefiz-length-mazimality2[of zs ys 0])
apply (simp add: hd-eg-first)
done

12.4 Prefix infimum

definition

inf-prefiz :: 'a list = 'a list = 'a list (infixl M 70)
where

xs M ys = xs | (inf-prefiz-length xs ys)

lemma length-inf-prefic: length (zs M ys) = inf-prefiz-length xs ys
by (simp add: inf-prefiz-def min-eqR inf-prefiz-length-leL)

lemma inf-prefiz-commute: xs M ys = ys N zs
by (simp add: inf-prefiz-def inf-prefiz-length-commute[of ys] inf-prefix-length-take-correct)

lemma inf-prefiz-takeL: zs N ys = zs | (inf-prefiz-length zs ys)

by (simp add: inf-prefiz-def)

lemma inf-prefiz-takeR: zs M ys = ys | (inf-prefiz-length xs ys)

by (subst inf-prefiz-commute, subst inf-prefiz-length-commute, rule inf-prefiz-takeL)

thm inf-prefiz-length-correct
lemma inf-prefiz-correct: © < length (xs M ys) = xs i =ys i
by (simp add: length-inf-prefiz inf-prefiz-length-correct)
corollary inf-prefiz-correctL:
i < length (zs Mys) = (zs Mys) i =axs i
by (simp add: inf-prefiz-takeL)
corollary inf-prefiz-correctR:
i < length (zs Mys) = (zs Mys) i =ys !
by (simp add: inf-prefiz-takeR)

thm inf-prefiz-length-take-correct
lemma inf-prefiz-take-correct:
n < length (zs Mys) = as [ n=ys | n
by (simp add: length-inf-prefiz inf-prefiz-length-take-correct)

lemma is-inf-prefiz[rule-format]:
[ length zs = length (zs M ys);
Ni.i <length (zsMys) = zsli=as!iNzsli=ys!li] =
28 = xs I ys
by (simp add: list-eq-iff inf-prefiz-def)

thm hd-inf-prefiz-length-0
lemma hd-inf-prefiz-Nil: hd zs # hd ys = xs M ys = ||
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by (simp add: inf-prefiz-def hd-inf-prefiz-length-0)

thm inf-prefiz-length-0-imp-hd-neq

lemma inf-prefiz- Nil-imp-hd-neq:
las#[sys#[asNys =[] = hdas # hd ys

by (simp add: inf-prefiz-def inf-prefiz-length-0-imp-hd-neq)

lemma length-inf-prefiz-append[simp]:
length ((zs @ xs) M (zs Q ys)) =
length zs + length (zs M ys)

by (simp add: length-inf-prefiz)

lemma inf-prefiz-append[simp]: (zs @ zs) M (25 @ ys) = zs @ (zs M ys)
apply (rule is-inf-prefiz[symmetric], simp)

apply (clarsimp simp: nth-append)

thm inf-prefiz-correctL inf-prefix-correctR

apply (intro conjl inf-prefiz-correctL inf-prefiz-correctR, simp+)

done

lemma hd-neg-inf-prefiz-append:
hd zs # hd ys = (25 @ zs) M (25 Q ys) = zs
by (simp add: hd-inf-prefiz-Nil)

thm inf-prefiz-length- NilL

lemma inf-prefiz-NilL[simp]: [| 1 ys = []

by (simp del: length-0-conv add: length-0-conv[symmetric] length-inf-prefix)
corollary inf-prefiz-NilR[simp]: zs N [| = ||

by (simp add: inf-prefiz-commute)

lemmas inf-prefic-Nil = inf-prefiz-NilL inf-prefiz- NilR

thm inf-prefiz- Nil

lemma inf-prefiz-Cons[simp|: (a # xs) N (a # ys) = a # xs M ys
by (insert inf-prefiz-append[of [a] zs ys|, simp)

corollary inf-prefiz-hd[simp]: hd ((a # xs) N (a # ys)) = a

by simp

lemma inf-prefiz-lel: zs M ys < xs
by (simp add: inf-prefiz-takeL take-imp-prefiz)
lemma inf-prefiz-le2: zs M ys < ys
by (simp add: inf-prefiz-takeR take-imp-prefiz)

thm min-le-iff-conj

lemma le-inf-prefiz-iff: (z < yMNz)=(x <y Az <z)
apply (rule iffT)

apply (blast intro: order-trans inf-prefiz-lel inf-prefix-le2)
apply (clarsimp simp: prefiz-def)
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done

lemma le-imp-le-inf-prefiv: [z < y; 2 <z =2 <yMNz
thm le-inf-prefiz-iff [ THEN iffD2]

by (rule le-inf-prefiz-iff [ THEN iffD2], simp)

interpretation prefiz:
semilattice-inf

op < :: 'a list = 'a list = bool

op < ::'a list = 'a list = bool

op M :: 'a list = 'a list = 'a list
apply intro-locales
apply (rule class.semilattice-inf-azioms.intro)
apply (rule inf-prefiz-lel)
apply (rule inf-prefiz-le2)
apply (rule le-imp-le-inf-prefix, assumption+)
done

12.5 Prefices for infinite lists

thm prefiz-def
term Mz y. z < (y::a list)
definition
iprefiz :: 'a list = 'a ilist = bool (infixl T 50)
where
s Cf=dg. f=as~g

thm prefiz-eq-prefix-take

lemma iprefiz-eg-iprefiz-take: (zs C f) = (f | length zs = xs)

apply (unfold iprefiz-def)

apply (rule iffI)

apply clarsimp

apply (rule-tac z=f { (length xs) in exl)

thm i-append-i-take-i-drop-id

apply (subst i-append-i-take-i-drop-id[where n=length xs, symmetric], simp)
done

thm prefix-take-eq-prefiz-take-ex
lemma iprefiz-take-eq-iprefix-take-ex:

(f I length xs = zs) = (3n. f | n = as)
apply (rule iffT)

apply (rule-tac z=length zs in exl, assumption)
apply clarsimp
done

thm prefix-eq-prefiz-take-ex
lemma iprefiz-eq-iprefiz-take-ex: (xs C f) = (In. f § n = xs)
by (simp add: iprefiz-eg-iprefiz-take iprefiz-take-eq-iprefiz-take-ex)

thm take-imp-prefiz
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lemma i-take-imp-iprefiz|intro]: f | n C f
by (simp add: iprefiz-eg-iprefiz-take)

thm take-prefix-le-conv
lemma i-take-prefiz-le-conv: (f | a < f | b) = (a < b)
by (fastsimp simp: prefiz-eq-prefiz-take list-eq-iff)

thm append-imp-prefiz
lemma i-append-imp-iprefiz[simp,introl: zs C xs —~ f
by (simp add: iprefiz-def)

thm prefix-imp-take-eq

lemma iprefix-imp-take-eq:
[n<lengthazs;zs Cf] = azs | n=f1n

by (clarsimp simp: iprefiz-eq-iprefiz-take-ex min-eqR)

thm prefix-refi

thm prefiz-trans

thm prefix-antisym

lemma prefiz-iprefiz-trans: [ zs < ys; ys T f | = as C f

by (fastsimp simp: iprefix-eq-iprefiz-take-ex prefiz-eq-prefiz-take-ex)

thm take-length-prefiz-conv

lemma i-take-length-prefiz-conv: (f | length zs < xs) = (xs C f)

thm prefix-length-le-eq-conv

by (simp add: iprefiz-eq-iprefiz-take prefix-length-le-eq-conv[symmetric])

thm List-Prefiz.prefixl

lemma iprefizl[intro?]: f = s ~ g = as C f

by (unfold iprefiz-def, simp)

thm List-Prefiz.preficE

lemma iprefitE[elim?]: [2s T f; Ng. f=2s ~g—= C] = C
by (unfold iprefiz-def, blast)

thm List- Prefix. Nil-prefix
lemma Nil-iprefiz[iff]: [| C f
by (unfold iprefiz-def, simp)

thm List- Prefixz.same-prefiz-prefix
lemma same-prefiz-iprefix[simp]: (zs Q ys C zs ~ f) = (ys C f)
by (simp add: iprefiz-eq-iprefiz-take)

thm List- Prefiz.prefix-prefiz
lemma prefiz-iprefiz[simp]: xs < ys = xs C ys —~ f
by (clarsimp simp: prefiz-def iprefiz-def i-append-assoc[symmetric] simp del: i-append-assoc)

thm List-Prefix.append-prefixD
lemma append-iprefixrD: xs Q ys C f = 2s C f



THEORY “ListInf-Prefix” 234

by (clarsimp simp: iprefiz-def i-append-assoc[symmetric] simp del: i-append-assoc)

lemma iprefix-length-le-imp-prefiz:
[ zs C ys —~ f; length zs < length ys | = xs < ys
by (clarsimp simp: iprefiz-eq-iprefix-take-ex take-is-prefix)

thm List-Prefiz.prefix-append
lemma iprefiz-i-append:

(xsCTys ~f)=(xzs < ysV (Fzs. zs = ys Q zs A 28 C f))
apply (rule iffT)

apply (case-tac length xs < length ys)

apply (blast intro: iprefiz-length-le-imp-prefix)
apply (rule disjI2)

apply (rule-tac z=f | (length xs — length ys) in exl)
apply (simp add: iprefiz-eq-iprefiz-take)
apply fastsimp
done

lemma i-append-one-iprefix:
zs C f = s Q [f (length zs)] C f
by (simp add: iprefiz-eg-iprefiz-take i-take-Suc-conv-app-nth)

lemma iprefiz-same-length-le:
[ zs C f; ys C f; length xs < length ys | = xs < ys
by (clarsimp simp: iprefiz-eq-iprefiz-take-ex i-take-prefiz-le-conv)

thm List- Prefix.prefiz-same-cases

lemma iprefiz-same-cases:
[zsCf;ysCf] = as < ysV ys < zs

apply (case-tac length zs < length ys)

apply (simp add: iprefiz-same-length-le)+

done

thm List-Prefix.set-mono-prefiz
lemma set-mono-iprefix: xs C f = set xs C range f
by (unfold iprefiz-def, fastsimp)

end

theory ListInfinite

imports
CommonSet / SetIntervalStep
ListInf | ListInf-Prefiz

begin

end
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