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Abstract

We introduce a theory of temporal logic operators using sets of nat-
ural numbers as time domain, formalized in a shallow embedding man-
ner. The theory comprises special natural intervals (theory IL_Interval:
open and closed intervals, continuous and modulo intervals, interval
traversing results), operators for shifting intervals to left/right on the
number axis as well as expanding/contracting intervals by constant fac-
tors (theory IL_IntervalOperators.thy), and ultimately definitions and
results for unary and binary temporal operators on arbitrary natural
sets (theory IL_TemporalOperators).
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1 IL-Interval: Intervals and operations for tempo-
ral logic declarations

theory IL-Interval

imports
Main Nat-Infinity
SetInterval2 InfiniteSet2 SetIntervalStep
Util-Nat Util-MinMax Util-Div

begin

1.1 Time intervals — definitions and basic lemmata

1.1.1 Definitions
types Time = nat

types iT = Time set
typ T

Infinite interval starting at some natural n.

definition
iFROM :: Time = iT ([-...])
where

Finite interval starting at 0::’a and ending at some natural n.
definition

iTILL :: Time = iT (]...-])
where

Finite bounded interval containing the naturals between n and n + d. d
denotes the difference between left and right interval bound. The number
of elements is d + (1::’a) so that an empty interval cannot be defined.

definition
iIN :: Time = nat = iT ( [-...,-])
where

[n...,d] = {n..n+d}

Infinite modulo interval containing all naturals having the same division
remainder modulo m as r, and beginning at n.
definition
iMOD :: Time = nat = iT ([ -, mod -] )
where
[r, mod m] = { z. zmod m =rmodm A r <z}

Finite bounded modulo interval containing all naturals having the same
division remainder modulo m as r, beginning at n, and ending after ¢ cycles
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at 7 + m * ¢. The number of elements is ¢ + (1::'a) so that an empty
interval cannot be defined.

definition
iMODb :: Time = nat = nat = iT ([ -, mod -, -] )
where
[r, mod m, c]={xz.2modm=rmodmAr<zAz<r+ms=*c}

1.1.2 Membership in an interval

lemmas iT-defs = iFROM-def iTILL-def iIN-def iMOD-def iMODb-def

lemma (FROM-iff: z € [n...] = (n < z)

(proof )

lemma TILL-iff: z € [...n] = (z < n)

(proof )

lemma IN-iff:x € [n....d]=(n <z Az <n+d)

(proof)

lemma iMOD-iff: x € [r, mod m] = (x mod m = r mod m A r < x)
(proof )

lemma iMODb-iff: © € [r, mod m, c] =
(xmodm=rmodmANr<zAz<r+ms*c)
(proof)

lemma (FROM-D: z € [n...] = (n < z)

(proof )

lemma TILL-D: ¢ € [...n] = (z < n)

(proof )

corollary iIN-geD: z € [n....d] = n < z

(proof)

corollary iIN-leD: z € [n...,d] = z < n + d

(proof )

corollary iMOD-modD: x € [r, mod m] = x mod m = r mod m
(proof)

corollary iMOD-geD: x € [r, mod m]| = r < z

(proof )

corollary iMODb-modD: x € [r, mod m, ¢] = x mod m = r mod m
(proof )

corollary iMODb-geD: z € [r, mod m, ¢] = r < x

(proof)

corollary iMODb-leD: z € [r, mod m, ¢] = = < 1 4+ m x ¢

(proof)
lemmas iT-iff = iFROM-iff i TILL-iff iIN-iff iMOD-iff iMODb-iff

lemmas iT-drule =
1FROM-D
1TILL-D
1IN-geD iIN-leD
1MOD-modD iMOD-geD
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1MODb-modD iMODb-geD iMODb-leD
thm :7T-drule

lemma
iFROM-I [intro]: n < z = z € [n...] and
iTILL-I [intro]: ¢ < n = z € [...n] and
iIN-I [intro]: n<z=2<n+d= z € [n...,d] and
iMOD-I [intro]: z mod m = r mod m = r < x = z € [r, mod m] and
iMODV-I [intro]: z mod m = rmodm —= r <z =z <r+m*c=— z €
[r, mod m, c]

(proof)

lemma

iFROM-E [elim]: © € [n...| = (n < 2 = P) = P and

iTILL-E [elim]: z € [...n] = (z# <n = P) = P and

iIN-E [elim]: = €[n....d| = (n<2=2<n+d= P) = P and

iMOD-E [elim]: x € [r, mod m] = (z mod m = r mod m = r < x = P)
— P and

iMODb-E [elim]: =z € [r, mod m, ¢] = (x mod m = rmod m = r < t =
r<r+mxc= P)=P

(proof)

lemma iIN-Suc-insert-conv:
insert (Suc (n + d)) [n...,d] = [n...,Suc d]

(proof )
lemma ¢TILL-Suc-insert-conv: insert (Suc n) [...n] = [...Suc n]
(proof)
lemma iMODb-Suc-insert-conv:
insert (r + m * Suc ¢) [r, mod m, c] = [r, mod m, Suc c]
(proof)
thm less-mod-eq-imp-add-divisor-le
(proof )
thm add-le-imp-le-right
{proof )
lemma iFROM-pred-insert-conv: insert (n — Suc 0) [n...] = [n — Suc 0..]
(proof )

lemma iIN-pred-insert-conv:
0 < n = insert (n — Suc 0) [n....d] = [n — Suc 0...,Suc d]

(proof)

lemma iMOD-pred-insert-conv:
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m < r = insert (r — m) [r, mod m] = [r — m, mod m)]
(proof )
thm less-mod-eq-imp-add-divisor-le[of r—m x m)
(proof)
lemma iMODb-pred-insert-conv:
m < r = insert (r — m) [r, mod m, c] = [r — m, mod m, Suc c
(proof )
lemma i(FROM-Suc-pred-insert-conv: insert n [Suc n...] = [n...]
(proof )
lemma iIN-Suc-pred-insert-conv: insert n [Suc n...,d] = [n...,Suc d]
(proof )
lemma iMOD-Suc-pred-insert-conv: insert v [r + m, mod m] = [r, mod m]
(proof)
lemma iMODb-Suc-pred-insert-conv: insert r [r + m, mod m, c] = [r, mod m,
Suc ¢]
(proof )

lemmas iT-Suc-insert =
1IN-Suc-insert-conv
1TILL-Suc-insert-conv
iMODb-Suc-insert-conv

lemmas iT-pred-insert =
1FROM-pred-insert-conv
1IN-pred-insert-conv
1M OD-pred-insert-conv
1MODb-pred-insert-conv

lemmas iT-Suc-pred-insert =
1 ROM-Suc-pred-insert-conv
1IN-Suc-pred-insert-conv
iMOD-Suc-pred-insert-conv
1M ODb-Suc-pred-insert-conv

lemma (MOD-mem-diff: [ a € [r, mod m]; b € [r, mod m] | = (a — b) mod m
=0

(proof)

lemma iMODb-mem-diff: [ a € [r, mod m, c|; b € [r, mod m, ¢] | = (a — b)
mod m = 0

(proof )

1.1.3 Interval conversions

lemma ¢IN-0-iTILL-conv:[0....,n] = [...n]

(proof)

lemma (IN-{TILL-iTILL-conv: 0 < n = [n...,d] = [...n+d] — [...n — Suc 0]
(proof )

lemma iIN-iFROM-iTILL-conv: [n...,d] = [n...] N [...n+d]
{proof)
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lemma iMODb-iMOD-iTILL-conv: [r, mod m, c] = [r, mod m] N [...r+mx*c]

(proof )
lemma iMODb-iMOD-iIN-conv: [r, mod m, c¢|] = [r, mod m] N [r...,mxc]
(proof)
lemma iFROM-iTILL-iIN-conv: n < n'’ = [n...] N [...n'] = [n...,n'—n]
(proof )
lemma iMOD-iTILL-iMODb-conv:
r<n=[r, mod m] N[...n]=[r, mod m, (n — r) div m]
(proof)
thm le-imp-sub-mod-le
(proof )
lemma iMOD-iIN-iMODb-conv:
[r, mod m] N [r...,d] = [r, mod m, d div m]
(proof)
thm {MOD-iTILL-iMODb-conv
(proof )

thm subst[of {} - M. Vz.(z — t) = z]

thm subst[of {} - At. Vz.(z — t) = z, THEN spec]
(proof)

thm disjoint-iff-not-equal

(proof)

thm UNIV-def
lemma iFROM-0: [0...] = UNIV
(proof )
lemma TILL-0: [...0] = {0}
(proof)
lemma iIN-0: [n...,0] = {n}
(proof )
lemma iMOD-0: [r, mod 0] = [r...,0]
(proof )
lemma iMODb-mod-0: [r, mod 0, c] = [r...,0]
(proof)
lemma iMODb-0: [r, mod m, 0] = [r...,0]
(proof)
lemmas i7-0 =
iFROM-0
1TILL-0
iIN-0
iMOD-0
iIMODb-mod-0
iMODb-0
thm i7-0

lemma iMOD-1: [r, mod Suc 0] = [r...]
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(proof)
lemma iMODb-mod-1: [r, mod Suc 0, c] = [r...,c]

(proof)

1.1.4 Finiteness and emptiness of intervals

lemma
iFROM-not-empty: [n...] # {} and
iTILL-not-empty: [...n] # {} and
iIN-not-empty: [n...,d] # {} and
iMOD-not-empty: [r, mod m] # {} and
iMODb-not-empty: [r, mod m, ¢] # {}
(proof)

lemmas iT-not-empty =
1FROM-not-empty
1 TILL-not-empty
1IN-not-empty
1M OD-not-empty
1MODb-not-empty
thm T-not-empty

lemma
iTILL-finite: finite |...n] and
iIN-finite: finite [n...,d] and
iMODb-finite: finite [r, mod m, c] and
iMOD-0-finite: finite [r, mod 0]
(proof)
lemma iFROM-infinite: infinite [n...]
(proof )

lemma (MOD-infinite: 0 < m = infinite [r, mod m]
thm infinite-nat-iff-asc-chain

(proof)

lemmas i7T-finite =
1TILL-finite
1IN-finite
1M ODb-finite iMOD-0-finite
thm iT-finite

lemmas iT-infinite =
1FROM-infinite
1MOD-infinite

thm T-infinite
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thm
iMaz-finite-conv
iMaz-infinite-conv

1.1.5 Min and Mazx element of an interval

lemma
iTILL-Min: iMin [...n] = 0 and
iFROM-Min: iMin [n...] = n and

iIN-Min: iMin [n...,d] = n and
iMOD-Min: iMin [r, mod m] = r and
iMODb-Min: iMin [r, mod m, c] = r
thm iMin-equality
(proof)

lemmas iT-Min =
1IN-Min
1TILL-Min
1FROM-Min
iMOD-Min
iMODb-Min
thm T-Min

lemma
iTILL-Maz: Maz [...n] = n and
iIN-Maz: Maz [n...,d] = n+d and
iMODb-Maz: Max [r, mod m, ¢] = r + m x ¢ and
iMOD-0-Maz: Max [r, mod 0] = r
(proof)

lemmas iT-Max =
1TILL-Mazx
1IN-Max
iMODb-Max
iMOD-0-Max
thm :T-Max

lemma
iTILL-iMaz: iMaz [...n] = Fin n and
iIN-iMaz: iMaz [n...,d] = Fin (n+d) and
iMODb-iMax: iMax [r, mod m, c¢] = Fin (r + m * ¢) and
iMOD-0-iMax: iMaz [r, mod 0] = Fin r and

iFROM-iMaz: iMaz [n...] = co and
iMOD-iMaz: 0 < m = iMax [r, mod m| = o0
(proof)

lemmas iT-iMax =
1TILL-iMax
iIN-iMazx
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iMODb-iMazx
iMOD-0-iMax
1IFROM-iMazx
iIMOD-iMax
thm (T-iMax

1.2 Adding and subtracting constants to interval elements

lemma
iIFROM-plus: ¢ € [n...] = z + k € [n...] and
iFROM-Suc: z € [n...] = Suc z € [n...] and
iIFROM-minus: [z € [n..; k <z —n] =1 — k € [n...] and
iFROM-pred: n < ¢ = = — Suc 0 € [n..]
(proof )

lemma
iTILL-plus: [z € [..n];k<n—-—z] =2z + k €]...n] and
iTILL-Suc: * < n = Suc z € [...n] and
iTILL-minus: ¢ € [...n] = = — k € [...n] and
iTILL-pred: x € [...n] = z — Suc 0 € [...n]
(proof)

lemma iIN-plus: [z € [n....d; k<n+d—2z] =z +k € [n...d
(proof)

lemma IN-Suc: [z € [n....d]; z < n+ d] = Sucz € [n...d
{proof )

lemma i(IN-minus: [z € [n...,d; k <z —n]= 2 —k € [n...,d]
(proof )

lemma iIN-pred: [z € [n...,d; n <z ] = 2 — Suc 0 € [n...,d]

(proof)

lemma iMOD-plus-divisor-mult: x € [r, mod m] = z + k * m € [r, mod m)|
(proof )
corollary iMOD-plus-divisor: x € [r, mod m] = = + m € [r, mod m]
(proof)
lemma iMOD-minus-divisor-mult:
[z€[r,modm];kxm<z—r]= 2 —kxm € [r, mod m]
thm mod-diff-mult-self1
(proof)
corollary iMOD-minus-divisor-mult2:
[ze[r,modm]; k< (z —r)divm] =z — k *xm € [r, mod m]
(proof )
thm mod-0-div-mult-cancel|[ THEN iffD1, OF mod-eg-imp-diff-mod-0]
(proof )
corollary iMOD-minus-divisor:
[zelr,modml;m+r<z]= z—m¢€[r, mod m]
(proof )
thm iMOD-minus-divisor-mult[of x  m 1]
(proof )
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lemma iMOD-plus:
z € [r, mod m| = (z + k € [r, mod m]) = (k mod m = 0)
(proof)
thm mod-add-eq-imp-mod-0[ THEN 4ffD1]
(proof )
corollary iMOD-Suc:
z € [r, mod m| = (Suc z € [r, mod m]) = (m = Suc 0)
(proof)
lemma iMOD-minus:
[zelr,modml; k <z —r]= (x—ke€][r, modm]) = (kmodm=0)
(proof)
corollary iMOD-pred:
[z €[r, mod m]; r <z ] = (z — Suc 0 € [r, mod m]) = (m = Suc 0)
(proof)
thm iMOD-Suc[of © — Suc 0, THEN iffD1]
(proof )

lemma iMODb-plus-divisor-mult:
[z€[r,modm, cl;kxm<r+mxxc—z] = z+kx*xm€|[r, modm, (]
(proof )
lemma iMODb-plus-divisor-mult2:
[ze€][r,modm,cl; k<c—(x—r)divm] =
T+ k*m € [r, mod m, c]
(proof)
lemma iMODb-plus-divisor:
[z€[r,modm,cl;z<r+4+mxc] = z+ m € [r, mod m,
thm less-mod-eq-imp-add-divisor-le
(proof)
lemma iMODb-minus-divisor-mult:
[ze€[r,modm,cl;r+kxm<z] = 2z —kxxm€[r, modm, |
thm mod-diff-mult-self1
{proof )

lemma iMODb-plus:
[ze[r,modm, c;k<r+mx*xc—2z]=
(x + k € [r, mod m, c]) = (kmod m = 0)
(proof)
thm mod-add-eq-imp-mod-0[ THEN 4ffD1]
(proof)
corollary iMODb-Suc:
[z €[r,modm, cl;z <71+ m=*c]—=
(Suc z € [r, mod m, c]) = (m = Suc 0)
(proof)
lemma iMODb-minus:
[z€[r,modm,c;k<z—71r]=
(x — k € [r, mod m, c]) = (kmod m = 0)
(proof)
corollary iMODb-pred:
[z€][r, modm,cl;r<z]=
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(z — Suc 0 € [r, mod m, c|]) = (m = Suc 0)
(proof )

thm iMOD-pred[THEN iffD1, of x r m]
(proof)

lemmas iFROM-plus-minus =
1FROM-plus
1FROM-Suc
1FROM-minus
1FROM-pred
thm iFROM-plus-minus

lemmas iTILL-plus-minus =
1 TILL-plus
1TILL-Suc
1TILL-minus
i TILL-pred
thm iTILL-plus-minus

lemmas iIN-plus-minus =
1IN-plus
1IN-Suc
1TILL-minus
1IN-pred
thm IN-plus-minus

lemmas iMOD-plus-minus-divisor =
1MOD-plus-divisor-mult
1M OD-plus-divisor
1M OD-minus-divisor-mult
1M OD-minus-divisor-mult2
1M OD-minus-divisor
thm iMOD-plus-minus-divisor

lemmas iMOD-plus-minus =
1MOD-plus
1MOD-Suc
1MOD-minus
1MOD-pred
thm iMOD-plus-minus

lemmas iMODb-plus-minus-divisor =
iMODb-plus-divisor-mult
1M ODb-plus-divisor-mult2
1M ODb-plus-divisor
1M ODb-minus-divisor-mult
thm iMODb-plus-minus-divisor

lemmas iMODb-plus-minus =

13
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1MODb-plus
1MODb-Suc
1MODb-minus
1MODb-pred

thm iMODb-plus-minus

lemmas iT-plus-minus =
1FROM-plus-minus
1 TILL-plus-minus
1IN-plus-minus
1M OD-plus-minus-divisor
1MOD-plus-minus
1M O Db-plus-minus-divisor
1MODb-plus-minus

thm i T-plus-minus

1.3 Relations between intervals

1.3.1 Auxiliary lemmata

lemma Suc-in-imp-not-subset-iMOD:

[neS; SucneS;m+#“Suc0] = -85 C[r, mod m]
thm iMOD-Suc[THEN iffD1]
(proof)

corollary Suc-in-imp-neq-iMOD:
[neS; SucneS;m+#“Suc0] =S # [r, mod m|
(proof)

lemma Suc-in-imp-not-subset-iMODb:

[neS; SueneS;m=#Suc0] = -8 C[r, mod m, c
{proof )
thm iMODb-Suc|[ THEN iffD1]
(proof)
corollary Suc-in-imp-neq-iMODb:

[nesS; SucneS;m+#“Suc 0] =S # [r, mod m, |
(proof )

1.3.2 Subset relation between intervals

lemma
iIN-iFROM-subset-same: [n...,d] C [n...] and
iIN-iTILL-subset-same: [n...,d] C [...n+d] and
iMOD-iFROM-subset-same: [r, mod m] C [r...] and
iMODb-iTILL-subset-same: [r, mod m, c|] C [...r+mx*c] and
iMODb-iIN-subset-same: [r, mod m, ¢] C [r...,mx*c] and
iMODb-iMOD-subset-same: [r, mod m, ¢| C [r, mod m]

(proof)

lemmas iT-subset-same =

14
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1IN-iFROM-subset-same
iIN-iTILL-subset-same
1iMOD-iFROM-subset-same
iMODb-iTILL-subset-same
iMODb-iIN-subset-same
iMODb-iTILL-subset-same
iMODb-iMOD-subset-same
thm T-subset-same

lemma iMODb-imp-iMOD: z € [r, mod m, ¢] = x € [r, mod m)|
(proof )
lemma iMOD-imp-iMODb:

[z€[r,mdm];z <r+m=x*c] =z € [r, modm, c|
(proof )

lemma iMOD-singleton-subset-conv: ([r, mod m| C {a}) = (r = a A m = 0)
(proof)
lemma iMOD-singleton-eq-conv: ([r, mod m] = {a}) = (r=a A m = 0)

(proof)

lemma iMODb-singleton-subset-conv:

([ry, mod m, c] C{a})=(r=aAN(m=0Vc=D0))
(proof)
lemma iMODb-singleton-eq-conv:

([r, mod m, ¢] ={a})=(r=aAN(m=0Vc=0))
(proof)

lemma iMODb-subset-imp-divisor-mod-0:
[0<chr, modm', ¢'| C[r, modm, c]] = m’ mod m =0
(proof)
thm mod-add-eq-imp-mod-0[of r' m' m]
{proof )
lemma iMOD-subset-imp-divisor-mod-0:
[r, mod m'] C [r, mod m] = m’ mod m = 0
(proof)
thm mod-add-eq-imp-mod-0[of r' m' m]

{proof)

lemma iMOD-subset-imp-iMODb-subset:
[ [r', mod m'| C [r, mod m]; v+ m'xc'<r+mx*c] =
[r', mod m’, ¢| C [r, mod m, c]

(proof)

15
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lemma iMODb-subset-imp-iMOD-subset:
[ [r’, mod m', ¢| C [r, mod m, c]; 0 < ¢'] =
[r', mod m’] C [r, mod m]

thm subsetD

(proof)
thm subset]

(proof)

thm mod-eq-mod-0-imp-mod-eq

{proof)

thm iMODb-subset-imp-divisor-mod-0
(proof )

lemma iMODb-0-iMOD-subset-conv:
([r', mod m’, 0] C [r, mod m]) =
(r’ mod m = rmodm A r <1

(proof)

lemma (FROM-subset-conv: ([n'...] C [n...]) = (n < n’)

(proof)

lemma iFROM-iMOD-subset-conv: ([n'...] C [r, mod m]) = (r < n’ A m = Suc
0)
(proof)
thm iMin-subset|OF iFROM-not-empty]
(proof)
thm Suc-in-imp-not-subset-iMOD
(proof)

lemma iIN-subset-conv: ([n'...,d"] C [n....d]) = (n < n' A n'+d’ < n+d)

{(proof)

lemma iIN-iFROM-subset-conv: ([n'...,d"] C [n...]) = (n < n’)
{proof)

lemma iIN-iTILL-subset-conv: ([n’...,d"] C [...n]) = (n' + d' < n)
(proof)

lemma iIN-iMOD-subset-conv:
0<d = ([n"....,d] C[r, mod m]) = (r <n'Am= Suc0)
(proof)
thm Suc-in-imp-not-subset-iMOD
(proof )
lemma iIN-iMODb-subset-conv:
0<d =
([n'...,d"] C [r, mod m, c]) =
(r<n’Am=SucOAn+d <r+m=xc)
{proof)
thm subset-trans[OF - iMODb-iMOD-subset-same]
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{proof)

lemma iTILL-subset-conv: ([...n"] C [...n]) = (n' < n)

(proof)

lemma iTILL-iFROM-subset-conv: ([...n] C [n...]) = (n = 0)
(proof )

lemma TILL-iIN-subset-conv: ([...n] C [n...,d]) = (n =0 A n’' < d)
(proof)

lemma $TILL-iMOD-subset-conv:
0<n' = ([..n] C[r, mod m]) = (r=0Am= Suc 0)
(proof)
lemma iTILL-iMODb-subset-conv:
0<n'= ([..n]Clr,modm,c])=(r=0Am=Suc0An'<r+msxc)

(proof)

lemma iMOD-iFROM-subset-conv: ([r';, mod m’]) C [n...] = (n < 1)
(proof)

lemma (MODb-iFROM-subset-conv: ([r', mod m’, ¢/| C [n...]) = (n < 1)
(proof)

lemma iMODb-iIN-subset-conv:

([r, modm’, ¢ Cln...d)=nm<r'"Ar'+m'xc' <n+d)
(proof)
lemma iMODb-i TILL-subset-conv:

([r/y mod m’, ¢'| C[...n]) = (r'+ m’' % ¢’ < n)

{(proof)

lemma iMOD-0-subset-conv: ([r’, mod 0] C [r, mod m]) = (r’ mod m = r mod m
A<
(proof)

lemma iMOD-subset-conv: 0 < m =

([r’, mod m’] C [r, mod m]) =

(r'"mod m =rmodm A r<r" A m'modm=20)
(proof)
thm mod-eqg-mod-0-imp-mod-eq

(proof)

lemma iMODb-subset-mod-0-conv:

([r, mod m’, ¢] C [r, mod 0, ¢]) = (r'=r A (m’=0 V ¢'=0))
(proof)
lemma M ODb-subset-0-conv:

([r', mod m’, ¢| C [r, mod m, 0]) = (r'=r A (m'=0 V ¢'=0))
(proof)
lemma iMODb-0-subset-conv:

([r', mod m’, 0] C [r, mod m, c]) = (r' € [r, mod m, c])
(proof)

lemma iMODb-mod-0-subset-conv:
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([r’, mod 0, ¢'] C [r, mod m, c]) = (r' € [r, mod m, c])

{proof)

lemma iMODb-subset-conv”: [ 0 < ¢; 0 < ¢' ]| =
([r’, mod m', ¢'| C [r, mod m, c]) =
(r'"modm=rmodm AN r<71" AN m' modm=0 A
'+ m’'x ¢’ <r+ mx*c)

(proof)

thm iMODb-subset-imp-iMOD-subset

(proof )

thm iMOD-subset-imp-iMODb-subset

(proof)

lemma (MODb-subset-conv: [ 0 < m’; 0 < ¢’ ]| =

([r’, mod m’, ¢'] C [r, mod m, c]) =
(r'"modm=rmodm N r<r’" A m'modm=20 A
"+ m'x ' <r+mxc)

(proof)

thm add-less-le-mono[of 0 m' x ¢’ r /]

{proof)

lemma iMODb-iMOD-subset-conv: 0 < ¢/ =
([r’, mod m’, ¢'| C [r, mod m]) =
(r'"modm =rmodm A r<r" A m'modm=20)
(proof )
thm subsetD][OF - iMinI-ex2[OF iMODb-not-empty]]
(proof )
thm iMOD-iTILL-iMODb-conv iMODb-subset-imp-divisor-mod-0
{proof )
thm subset-trans|OF iMODb-iMOD-subset-same]
(proof)

lemmas iT-subset-conv =
1FROM-subset-conv
1FROM-iMOD-subset-conv
1 TILL-subset-conv
i1 TILL-iFROM-subset-conv
1 TILL-iIN-subset-conv
1TILL-iMOD-subset-conv
1TILL-iMODb-subset-conv
1IN-subset-conv
1IN-iFROM-subset-conv
1IN-iTILL-subset-conv
1IN-iMOD-subset-conv
1IN-iMODb-subset-conv
1MOD-subset-conv
iMOD-iFROM-subset-conv
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1MODb-subset-conv’

iMODb-subset-conv

1MODb-iFROM-subset-conv

1MODb-iIN-subset-conv

iMODb-iTILL-subset-conv

iMODb-iMOD-subset-conv
thm T-subset-conv

lemma (FROM-subset: n < n’ = [n’...] C [n..]

(proof)

lemma not-iFROM-iIN-subset: — [n'...] C [n...,d]

(proof)

lemma not-iFROM-iTILL-subset: = [n’...] C [...n]

(proof)

lemma not-iFROM-iMOD-subset: m # Suc 0 = = [n’...] C [r, mod m)]
(proof)

lemma not-iFROM-iMODb-subset: — [n'...] C [r, mod m, ]

thm infinite-not-subset-finite

(proof)

lemma iIN-subset: [n < nsn'+d' <n+d] = [n"...d] C [n...d

(proof)

lemma iIN-iFROM-subset: n < n’ = [n'...,d] C [n..]

(proof )

lemma iIN-iTILL-subset: n' + d' < n = [n'...,d"] C [...n]

(proof)

lemma not-iIN-iMODb-subset: [ 0 < d’s m # Suc 0| = = [n'...,d"] C [r, mod
m, c|

(proof)

lemma not-iIN-iMOD-subset: [ 0 < d'; m # Suc 0 ] = — [n’...,d] C [r, mod
m]

{proof)

thm iIN-iTILL-subset|OF order-refl]

thm Int-greatest[OF - i{IN-iTILL-subset| OF order-refi]]

{proof)

thm iMOD-iTILL-i{MODb-conv not-iIN-iMODb-subset

{proof)

lemma (TILL-subset: n' < n = [...n"] C [...n]

(proof)
lemma (TILL-iFROM-subset: ([...n'] C [0...])

(proof)

lemma ¢TILL-iIN-subset: n' < d = ([...n'] C [0...,d])

(proof)

thm not-iIN-iMOD-subset

lemma not-iTILL-iMOD-subset:
[0<nsm=#Suc0] = —1[..n]C][r, modm]

{proof)
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lemma not-iTILL-iMODb-subset:
[0<nsm+#Suc0] = —1[..n]C]Ir, modm, c|
(proof )

lemma (MOD-iFROM-subset: n < v’ => [r’, mod m’] C [n..]

(proof)
lemma not-iMOD-iIN-subset: 0 < m' = = [r’;, mod m’] C [n...,d]
(proof)
lemma not-iMOD-iTILL-subset: 0 < m’' = = [r’, mod m'] C [...n]
(proof)

thm iMOD-subset-conv
lemma iMOD-subset:

[ <7%5r"modm=rmodm;m’modm= 0] = [r, mod m'] C[r, mod m]
(proof)
lemma not-iMOD-iMODb-subset: 0 < m' = = [r/, mod m'] C [r, mod m, c]
(proof)

lemma iMODb-iFROM-subset: n < r' = [r/, mod m’, ¢'] C [n..]
thm iMODb-iFROM-subset-conv[| THEN iffD2]

(proof)
lemma iMODb-iTILL-subset:

'+ m'x ¢’ <n=[r, modm’, ¢'| C|[..n]
(proof)

thm iMODb-iIN-subset-conv
lemma iMODb-iIN-subset:
[n<rhir'+m'xc'<n+d]=[r, modm/, ¢ C[n...d
(proof)
thm iMODb-iMOD-subset-conv
lemma iMODb-iMOD-subset:
[ <75 r"modm=rmodm; m'modm= 0] = [r, mod m’, ¢/| C[r, mod
m]
(proof)
thm iMODb-iMOD-subset-conv

(proof)

thm iMODb-subset-conv

lemma iMODb-subset:
[r<r;r"modm=rmodm;m modm=20;r"+m'xc’'<r+mxc]—=
[r', mod m’, ¢| C [r, mod m, c]

(proof)

lemma (FROM-trans: [y € [z...]; z € [y...] ] = z € [z..]

(proof)

lemma i¢TILL-trans: [y € [...z); z € [...y] ] = z € [.. .7]
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(proof )
thm iIN-subset

lemma iIN-trans:

lyefz....dzely...d;jd' <z+d—-—y] = z€lz...d
(proof)
lemma iMOD-trans:

[y € [z, mod m]; 2 € [y, mod m] | = z € [z, mod m]

(proof)
lemma iMODb-trans:

y €lr, modm, cl; z €|y, modm, c|ymxc' <z+mxc—y|—=
d d <

z € [z, mod m, c]

(proof)

lemma iMODb-trans":

[y € [z, mod m, c|; z €|y, mod m, c]; ¢/’ <z divm + ¢ —ydivm] =

z € [z, mod m, c]

(proof)

1.3.3 Equality of intervals
lemma iFROM-eq-conv: ([n...] = [n’...]) = (n = n)
(proof )

lemma iIN-eq-conv: ([n....d] = [n'..,d]) =(n=n"Ad=4d)
(proof)

lemma iTILL-eg-conv: ([...n] = [...n7]) = (n = n’)
thm iIN-eq-conv[of 0 n 0 n’]
(proof )

thm iMOD-singleton-eq-conv

lemma iMOD-0-eq-conv: ([r, mod 0] = [r', mod m']) = (r = r
(proof)

thm iMOD-singleton-eq-conv

(proof)

/

lemma iMOD-eg-conv: 0 < m = ([r, mod m] = [r’', mod m") =

m’)

(proof)

thm «MODb-singleton-eq-conv
lemma iMODb-mod-0-eq-conv:

([r, mod 0, c] = [r, mod m', ¢')) = (r=r"A(m'=0V ¢ =0))

(proof)
lemma iMODb-0-eq-conv:

([r, mod m, 0] = [r/, mod m', ¢']) = (r=r"A(m'=0Vc =0))
(proof )

lemma iMODb-eq-conv: [ 0 < m; 0 < ¢ | =

([r, mod m, c] = [r/, mod m’, ¢']) = (r=r"Am=m'Ac=c)

{proof)

21
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lemma iMOD-iFROM-eg-conv: ([n...] = [r, mod m]) = (n = r A m = Suc 0)
(proof)
thm iMODb-singleton-eq-conv
lemma iMODb-iIN-0-eqg-conv:
([n..,0] =[r, mod m, c])=(n=rA(m=0Vc=0))
(proof)
lemma iMODb-iIN-eq-conv:
0<d= ([n...,.d]=[r,modm, c])=(n=rAm=Suc0 A c=d)

(proof)

1.3.4 Inequality of intervals

lemma iFROM-iIN-negq: [n’...] # [n...,d]

(proof)

corollary iFROM-iTILL-neq: [n'...] # [...n]

(proof )

corollary iFROM-iMOD-neq: m # Suc 0 = [n...] # [r, mod m)]
(proof )

corollary iFROM-iMODb-neq: [n...] # [r, mod m, c]

(proof )

corollary iIN-iMOD-neq: 0 < m = [n...,d] # [r, mod m]

(proof )

corollary iIN-iMODb-neq2: [ m # Suc 0; 0 < d | = [n...,d] # [r, mod m, c]
(proof)

lemma iIN-iMODb-neq: [ 2 < m; 0 < ¢ ]| = [n...,d] # [r, mod m, ]

(proof )

thm iMODb-singleton-eq-conv

(proof)

lemma iTILL-iIN-neq: 0 < n = [...n"] # [n...,d]
(proof)
corollary ¢TILL-iMOD-neq: 0 < m = |[...n] # [r, mod m]
(proof)
corollary iTILL-iMODb-neq:
[ m# Suc0; 0 <n]=[..n]#][r, modm, c]

{proof)

lemma (MOD-iMODb-neq: 0 < m = [r, mod m] # [r', mod m’, ¢/]
(proof)

lemmas iT-neq =
1FROM-iTILL-neq iFROM-iIN-neq «FROM-iMOD-neq iFROM-iMODb-neq
1TILL-i1IN-neq i TILL-iMOD-neq iTILL-iMODb-neq
1IN-iMOD-neq iIN-iMODb-neq iIN-iMODb-neq?2
iMOD-iMODb-neq
thm iT-neq
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1.4 Union and intersection of intervals

lemma (FROM-union” [n...] U [n'...] = [min n n’..]

(proof)

corollary iFROM-union: n < n’ = [n...] U [n’...] = [n..]

(proof)

lemma (FROM-inter”: [n...] N [n'...] = [maz n n'.. ]

(proof)

corollary iFROM-inter: n' < n =>[n...]N[n"..] =[n..]

(proof)

lemma (TILL-union’: [...n] U [...n'] = [...maz n n’]

(proof)
corollary ¢TILL-union: n' < n = [...n] U [...n'] = [...n]

(proof)

lemma iTILL-iFROM-union: n < n’ = [...n] U [n...] = UNIV
(proof)

lemma iTILL-inter”: [...n] N [...n"] = [...min n n’]

(proof)

corollary iTILL-inter: n < n’ = [...n] N [...n"] = [...n]
(proof)

Union and intersection for iIN only when there intersection is not empty
and none of them is other’s subset, for instance: .. n .. n+d .. n’ .. n’4+d’

lemma iIN-union:
[n<nin"<Suc(n+din+d<n+d]=
[n...,d]Un’...d]=[n...n" —n+d

(proof

lemma iIN-append-union:
[n..,d]U[n+d...d]=[n....d+ d]

{proof)
lemma iIN-append-union-Suc:

[n...,d] U [Suc (n + d)...,d"] = [n...,Suc (d + d')]
(proof)
lemma iIN-append-union-pred:
0<d=[n.,d— Suc0lUn+d..dAd1=][n..d+ d

(proof)
lemma IN-iFROM-union:
n' < Suc (n +d) = [n....d]U[n"...] = [minnn’.]
(proof)
lemma iIN-iFROM-append-union:
[n..,d|Un+d...]=[n.]
(proof)

lemma iIN-iFROM-append-union-Suc:
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[n...,d] U [Suc (n + d)...] = [n...]
(proof)
lemma iIN-iFROM-append-union-pred:
0<d=[n..,d—Suc0lU][n+d.]=][n..]
(proof)

lemma iIN-inter:
[n<nin'<n+dn+d<n+d]=
[n..,dnin...d)=[n"..n+d—n
(proof

lemma iMOD-union:
[r<r;yrmodm=r"modm] =
[r, mod m] U [r', mod m] = [r, mod m]
(proof)
lemma iMOD-union":
r mod m = r’ mod m =
[r, mod m] U [r’, mod m] = [min r r’, mod m)]

(proof)

lemma iMOD-inter:
[r<r%5rmodm=r"modm]—=
[r, mod m] N [r’, mod m] = [r', mod m]
(proof)
lemma iMOD-inter":
rmod m = r' mod m =
[r, mod m] N [r', mod m] = [maz r ', mod m)]
(proof)

lemma iMODb-union:
[r<rirmodm=r"modm;r'<r+msc;r+msxc<r’'+mxc']=
[r, mod m, ¢] U [r', mod m, ¢'| = [r, mod m, v’ divm — r divm + ¢/

(proof)

thm iMODb-iMOD-subset-same

thm Un-absorb![OF iMODb-iMOD-subset-same]

lemma iMODb-append-union:

[r, mod m, c] U [ 1 4+ m x ¢, mod m, ¢'| = [r, mod m, ¢ + ¢
thm iMODb-union[of r r + m * ¢ m ¢ ¢]
(proof)

lemma iMODb-iMOD-append-union”:
[ rmod m=r"modm;r' <r+msxSucc] =
[r, mod m, ¢] U [ 1/, mod m ] = [min rr’', mod m]

{proof)
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thm add-le-imp-le-right]of - m]

(proof)

thm less-mod-eq-imp-add-divisor-le

(proof)

lemma iMODb-iMOD-append-union:
[r<rrmodm=r"modm;r'<r+mxSucc] =
[r, mod m, c] U [ 1/, mod m ] = [r, mod m]

thm iMODb-iMOD-append-union’

(proof)

lemma iMODb-append-union-Suc:
[r, mod m, c] U [ r + m * Suc ¢, mod m, ¢’ = [r, mod m, Suc (¢ + ¢')]
thm insert-absorb[of r + m * ¢ [r, mod m, ¢] U [ r + m * Suc ¢, mod m, ¢
(proof)
thm iMODb-append-union|of r m c]
(proof)
lemma iMODb-append-union-pred:
0 <c¢c=[r,modm, c— Suc0)U][r+ m=xc, modm, c|=[r, modm, c+
¢
(proof)

lemma iMODb-inter:
[r<rirmodm=r"modm;r'<r+mxsxc;r+msxc<r’'+mxc']=
[r, mod m, ¢] N [r', mod m, ¢'| = [r/, mod m, ¢ — (r'—r) div m]

(proof)

thm mod-0-div-mult-cancel[ THEN iffD1, OF mod-eg-imp-diff-mod-0]

(proof)

lemmas iT-union’ =
1FROM-union’
1TILL-union’
1MOD-union’
1MODb-iMOD-append-union’

lemmas iT-union =
1FROM-union
1TILL-union
1TILL-iFROM-union
iIN-union
IIN-iFROM-union
1MOD-union
1MODb-union

lemmas iT-union-append =
1IN-append-union
1IN-append-union-Suc
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iIN-append-union-pred
1IN-iFROM-append-union
1IN-iFROM-append-union-Suc
1IN-iFROM-append-union-pred
1MODb-append-union
iMODb-iMOD-append-union
1MODb-append-union-Suc

1M ODb-append-union-pred

lemmas iT-inter’ =
1FROM-inter’
1TILL-inter’
iMOD-inter’

lemmas iT-inter =
1iFROM-inter
1TILL-inter
iIN-inter
iMOD-inter
iMODb-inter

thm :T-union’

thm iT-union

thm iT-union-append
thm :T-inter’

thm :T-inter

thm partition-Union
lemma mod-partition- Union:
0<m= (Uk- ANk *xm...m — Suc 0]) = A
(proof)
thm substjwhere s=UNIV and P=Az. A N z = A

(proof)
thm div-mult-cancel

(proof)

thm le-add-diff

(proof )

thm Suc-mod-le-divisor

{proof)

thm mod-partition-Union
lemma finite-mod-partition- Union:

[ 0 < m; finite A ] =

(Uk<Maz A divm. AN [kxm....m — Suc 0]) = A
thm subst|OF mod-partition- Union[of m], where

P=Xz. (Uk<Maz A div m. AN [kxm...,m — Suc 0]) = z]

(proof)

26
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thm setsum-UN-disjoint
lemma mod-partition-is-disjoint:
[0 < (munat); k # k'] =
(ANnfks*m...m— Suc0])N (AN I[k"* m....m — Suc 0]) = {}
{proof )
thm le-less-imp-div
(proof)

1.5 Cutting intervals

thm i-cut-defs
thm i-cut-subset
thm i-cut-bound

thm
cut-le-less-conv
cut-less-le-conv
thm
cut-ge-greater-conv
cut-greater-ge-conv

thm
cut-le-Min-empty
cut-less-Min-empty
cut-le-Min-not-empty
cut-less-Min-not-empty

thm
i-cut-min-empty
thm
i-cut-min-all
thm
i-cut-maz-empty
thm
i-cut-maz-all

lemma iTILL-cut-le: [...n] |< ¢t = (if t < n then [...t] else [...n])

(proof)
corollary ¢TILL-cut-lel: ¢t € [...n] = [...n] [< ¢t =[...1]
(proof)
corollary ¢TILL-cut-le2: t ¢ [...n] = [...n] [< t =[...n]
(proof)

lemma iFROM-cut-le:
[n...] |<t=
(if t < n then {} else [n...,t—n])
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{proof)

corollary iFROM-cut-lel: t € [n...] = [n...] |[< t = [n...

(proof)

lemma IN-cut-le:
[n....d] [<t=(
if t < n then {} else
if t < n+d then [n...,t—n]
else [n...,d])
(proof)

corollary iIN-cut-lel:
ten.,d = [n..d |<t=I[n..t—n]
(proof)

lemma iMOD-cut-le:
[r, mod m] [<t=(
if t < rthen {}
else [r, mod m, (¢t — r) div m])
(proof)
thm less-mod-eq-imp-add-divisor-le
(proof)
thm mod-eq-imp-diff-mod-eq[of - m r t, rule-format]
(proof )
thm add-le-mono2[OF mod-le-divisor]
thm order-trans|OF add-le-mono2[OF mod-le-divisor]]
(proof )
thm le-imp-sub-mod-le[of - t]
(proof )

lemma iMOD-cut-lel:
t € [r, mod m| =
[r, mod m] |< t = [r, mod m, (t — r) div m]

(proof)

lemma iMODb-cut-le:
[r, mod m, ¢] |<t=(
if t < r then {}
else if t < r 4+ m x ¢ then [r, mod m, (t — r) div m]
else [r, mod m, c])
(proof)
thm iMOD-iTILL-iMODb-conv]of r r + m * ¢ m]
(proof)
find-theorems cut-le (- N -)

(proof)
thm iMOD-iTILL-iMODb-conv
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{proof)

lemma iMODb-cut-lel:
t € [r, mod m, ¢] =
[r, mod m, c] |< t = [r, mod m, (t —r) divm]

(proof)

lemma iTILL-cut-less:
[..n] [<t=(
if n < t then [...n] else
if t = 0 then {}
else [...t — Suc 0))
(proof)

lemma iTILL-cut-less1:
[tel.n;0<t]=[..n]l<t=][..t— SucO]

thm ¢TILL-cut-less

(proof)

lemma iFROM-cut-less:
[n..] l<t=(
if t < n then {}
else [n...,t — Suc n])

{(proof)

lemma iFROM-cut-less1:
n<t=[n.]l<t=[n...,t— Sucn]
(proof)

lemma iIN-cut-less:
[n...d] [<t=(
if t < n then {} else
if t <mn 4+ dthen [n..., t — Suc n]
else [n...,d])
(proof )

lemma iIN-cut-less1:

[ten. . din<t] = [n..d]|l<t=][n...,t— Sucn]
thm iIN-cut-less
(proof)

thm
cut-le-less-conv
cut-less-le-conv
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lemma iMOD-cut-less:
[r, mod m] |< ¢t = (
if t < rthen {}
else [r, mod m, (t — Suc r) div m])
thm iMOD-cut-le
(proof)

lemma iMOD-cut-less1:

[te[r,modm],r<t] =

[r, mod m] |< ¢t = [r, mod m, (t — 1) div m — Suc 0]
(proof)
thm mod-0-imp-diff-Suc-div-conv mod-eq-imp-diff-mod-0
(proof)

lemma iMODb-cut-less:
[r, mod m, c] |< t=(
if t < rthen {} else
if 1 + m % ¢ < t then [r, mod m, c]
else [r, mod m, (¢t — Suc r) div m])
thm {MODb-cut-le
(proof )

lemma (MODb-cut-less: [ t € [r, mod m, c]; r < t ]| =
[r, mod m, c] |< t = [r, mod m, (t — r) divm — Suc 0]

(proof)

thm mod-0-imp-diff-Suc-div-conv mod-eq-imp-diff-mod-0

(proof )

lemmas iT-cut-le =
1TILL-cut-le
1IFROM-cut-le
iIN-cut-le
1MOD-cut-le
iMODb-cut-le

thm iT-cut-le

lemmas iT-cut-lel =
iTILL-cut-lel
1FROM-cut-lel
1IN-cut-lel
iMOD-cut-lel
iMODb-cut-lel

thm iT-cut-lel

lemmas iT-cut-less =
1TILL-cut-less
1FROM-cut-less
1IN-cut-less
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iMOD-cut-less
iMODb-cut-less

thm iT-cut-less

lemmas iT-cut-less] =
1TILL-cut-less1
1FROM-cut-less1
1IN-cut-less1
1MOD-cut-less1
1MODb-cut-less1

thm iT-cut-less!

lemmas iT-cut-le-less =
1 TILL-cut-le
1 TILL-cut-less
1FROM-cut-le
1FROM-cut-less
iIN-cut-le
iIN-cut-less
1MOD-cut-le
1MOD-cut-less
iMODb-cut-le
iMODb-cut-less
lemmas iT-cut-le-less1 =
1 TILL-cut-lel
1 TILL-cut-less1
1FROM-cut-lel
1FROM-cut-less1
iIN-cut-lel
1IN-cut-less1
iMOD-cut-lel
1MOD-cut-less1
iMODb-cut-lel
iMODb-cut-less1
thm iT-cut-le-less
thm :T-cut-le-lessl

lemma iTILL-cut-ge:
[..n] [>t = (if n < tthen {} else [t...,n—t])

{proof)
corollary iTILL-cut-gel: t € [...n] = [...n] |>

(proof)
corollary ¢TILL-cut-ge2: t ¢ [...n] = [...n] |>

(proof)

lemma iTILL-cut-greater:

[...n] |>t = (if n < tthen {} else [Suc t...,n — Suc t])

(proof)
corollary ¢TILL-cut-greaterl:

tel..n]=t<n=[.n]|>t=[Suct...,n — Suct]
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{proof)
corollary ¢TILL-cut-greater2: t ¢ [...n] = [...n] |> t = {}

(proof)

lemma iFROM-cut-ge:
[n...] [>t=(if n < tthen [t..] else [n...])
(proof)
corollary iFROM-cut-gel: t € [n...] = [n...] |[> t = [t.. ]
(proof)

lemma iFROM-cut-greater:
[n...] >t = (if n <tthen [Suct...] else [n...])
(proof)
corollary iFROM-cut-greateri :
ten.]=[n.][>t=[Suct...]

(proof)

lemma iIN-cut-ge:
[n...,d] [>t=(
if t < n then [n...,d] else
if t < n+d then [t...,n+d—t]
else {})
(proof)
corollary iIN-cut-gel: t € [n...,d] =
[n...d] |>t=[t.. ntd—1]
(proof)
corollary iIN-cut-ge2: t ¢ [n...,d] =
[n...,d] [>t=(if t < nthen [n....d] else {})
(proof)

lemma iIN-cut-greater:
[n...,d] |>t=(
if t < n then [n...,d] else
if t < n+d then [Suc t...,n + d — Suc t]

else {})
(proof)

corollary iIN-cut-greater] :
[ten. . d;t<n+d]=
[n...,d] |>t=[Suct...n + d — Suc t]
(proof)
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thm sub-diff-mod-eq’[of r t 1 m, simplified]
lemma mod-cut-greater-aux-t-less:
[0< (munat);r<t] =
t<t+m—(t—r)modm
thm less-add-diff
(proof)
lemma mod-cut-greater-aux-le-x:
[ (r:znat) < t; ¢t < z; 2 mod m = r mod m] =
t+m—(t—r)modm <z
thm diff-mod-le
(proof)
thm diff-add-assoc2[of (t — r) mod m t m]
(proof)
thm less-mod-eq-imp-add-divisor-le[of t — (¢ — 1) mod m x m)|
(proof)
thm sub-diff-mod-eq
(proof)

lemma iMOD-cut-greater:
[r, mod m] |> t = (
if t < r then [r, mod m] else
if m = 0 then {}
else [t + m — (t — r) mod m, mod m])
(proof)
thm order-trans|OF mod-le-dividend]
(proof )
thm diff-add-assoc2[of (t — r) mod m t m]
(proof )
thm sub-diff-mod-eq
(proof)
thm less-mod-eq-imp-add-divisor-le[of t — (¢ — 1) mod m x m)|

(proof )

lemma iMOD-cut-greaterl:
t € [r, mod m| =
[r, mod m] |> t = (
if m = 0 then {}
else [t + m, mod m])

{proof)

lemma iMODb-cut-greater-aux:
[0<mit<r4+mx*cr<t] =
(r+mx*xc—(t+m— (t —r) modm)) divm =
¢ — Suc ((t — r) divm)

thm diff-diff-right[of r t+m—(t—r)mod m mxc, symmetric|

(proof)

thm mod-cut-greater-aux-t-less

(proof )
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lemma iMODb-cut-greater:
[r, mod m, c] |>t = (

if t < r then [r, mod m, c] else

if r+ m % ¢ <t then {}

else [t + m — (t — r) mod m, mod m, ¢ — Suc ((t—r) div m)])
(proof )
thm iMOD-iTILL-iMODb-conv]of v r + m * ¢ m]
(proof)
thm iMOD-cut-greater

(proof)
thm iMOD-iTILL-iMODb-conv

{proof)

thm mod-cut-greater-aux-le-x
(proof )

lemma iMODb-cut-greaterl :
t € [r, mod m, ¢] =
[r, mod m, c] |>t = (
if r + m x ¢ <t then {}
else [t + m, mod m, ¢ — Suc ((t—r) div m)))
(proof)

lemma iMOD-cut-ge:
[r, mod m] [>t = (
if t < rthen [r, mod m] else
if m = 0 then {}
else [t + m — Suc ((t — Suc r) mod m), mod m))

(proof)
thm iMOD-cut-greater nat-cut-greater-ge-conv|[symmetric)

(proof)

lemma iMOD-cut-gel:
t € [r, mod m| =
[r, mod m] |> t = [t, mod m)]

(proof)

lemma iMODb-cut-ge:
[r, mod m, c] | >t = (
if t < rthen [r, mod m, c| else
if T+ mx ¢ < tthen {}
else [t + m — Suc ((t — Suc r) mod m), mod m, ¢ — (t + m — Suc r) div m])
thm iMOD-cut-ge
(proof)
thm diff-mod-pred

{proof)
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thm mod-0-imp-diff-Suc-div-conv

(proof)
thm div-le-mono
(proof )
thm diff-mod-pred
(proof)
thm iMOD-iTILL-iMODb-conv]of r r + m * ¢ m]
(proof)
thm iMOD-cut-ge
(proof)
thm {MOD-iTILL-iMODb-conv
(proof)
thm mod-cut-greater-aux-le-x
(proof )
thm iMODb-cut-greater-auz[of m t r c]
(proof)
thm div-diff1-eq
(proof)

thm iMODb-cut-greaterl
lemma iMODb-cut-gel:
t € [r, mod m, ¢] =
[r, modm, c] 1> t = (
if T+ mx ¢ < tthen {}
else [t, mod m, ¢ — (¢t — r) div m])
(proof)
thm iMODb-cut-ge
(proof)
thm mod-eq-imp-diff-mod-eq-divisor
(proof)
thm div-addi-eq
(proof )
lemma iMOD-0-cut-greater:
t € [r, mod 0] = [r, mod 0] |>t={}
(proof)
lemma iMODb-0-cut-greater: t € [r, mod 0, ¢] =
[r, mod 0, c] |>t={}
(proof )

lemmas iT-cut-ge =
1TILL-cut-ge
1FROM-cut-ge
1IN-cut-ge
1MOD-cut-ge
1M ODb-cut-ge

thm i T-cut-ge

lemmas iT-cut-gel =
1TILL-cut-gel
1FROM-cut-gel
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1IN-cut-gel

1MOD-cut-gel

1M ODb-cut-gel
thm iT-cut-lel

lemmas i7-cut-greater =
1 TILL-cut-greater
1F'ROM-cut-greater
1IN-cut-greater
1MOD-cut-greater
1MODb-cut-greater

thm iT-cut-greater

lemmas iT-cut-greater! =
1TILL-cut-greaterl
1FROM-cut-greaterl
1IN-cut-greateri
1MOD-cut-greaterl
1MODb-cut-greaterl

thm i T-cut-greaterl

lemmas iT-cut-ge-greater =
1TILL-cut-ge
1 TILL-cut-greater
1FFROM-cut-ge
1FROM-cut-greater
1IN-cut-ge
1IN-cut-greater
1MOD-cut-ge
1M OD-cut-greater
1M ODb-cut-ge
1MODb-cut-greater
lemmas iT-cut-ge-greater! =
1TILL-cut-gel
1 TILL-cut-greaterl
1FFROM-cut-gel
1FROM-cut-greaterl
1IN-cut-gel
1IN-cut-greaterl
1MOD-cut-gel
1M OD-cut-greaterl
1MODb-cut-gel
1M ODb-cut-greaterl
thm iT-cut-ge-greater
thm iT-cut-ge-greaterl

1.6 Cardinality of intervals

lemma iFROM-card: card [n...] = 0
(proof)
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lemma ¢TILL-card: card [...n] = Suc n

(proof)

lemma IN-card: card [n...,d] = Suc d

(proof)

lemma iMOD-0-card: card [r, mod 0] = Suc 0

(proof)

lemma iMOD-card: 0 < m = card [r, mod m| = 0
(proof)

lemma iMOD-card-if: card [r, mod m] = (if m = 0 then Suc 0 else 0)
(proof)

lemma iMODb-mod-0-card: card [r, mod 0, c] = Suc 0
(proof)

lemma iMODb-card: 0 < m = card [r, mod m, ¢|] = Suc ¢
(proof)

thm M ODb-Suc-insert-conv

(proof)

lemma iMODb-card-if :
card [r, mod m, c¢| = (if m = 0 then Suc 0 else Suc c)
(proof)

lemmas iT-card =
1iFROM-card
i1 TILL-card
iIN-card
1MOD-card-if
1M ODb-card-if

Cardinality with icard

lemma iFROM-icard: icard [n...] = oo

(proof )

lemma iTILL-icard: icard |...n] = Fin (Suc n)

(proof )

lemma iIN-icard: icard [n...,d] = Fin (Suc d)

(proof)

lemma iMOD-0-icard: icard [r, mod 0] = iSuc 0

(proof )

lemma iMOD-icard: 0 < m = icard [r, mod m] = 0o
(proof )

lemma iMOD-icard-if: icard [r, mod m] = (if m = 0 then iSuc 0 else o)
(proof )

lemma iMODb-mod-0-icard: icard [r, mod 0, c¢] = iSuc 0
(proof )

lemma iMODb-icard: 0 < m = icard [r, mod m, c] = Fin (Suc c)

(proof)
lemma iMODb-icard-if: icard [r, mod m, c¢|] = Fin (if m = 0 then Suc 0 else Suc

c)
(proof)

lemmas i7T-icard =
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iIFROM-icard
iTILL-icard
iIN-icard
1MOD-icard-if
1MODb-icard-if

1.7 Functions inext and iprev with intervals

thm
inext-def
iprev-def

thm
inext-Max
iprev-iMin

thm
inext-closed
iprev-closed

thm
iMin-subset
iMin-Un

thm
Mazx-Un
Min-Un

lemma
iFROM-inext: t € [n...] = inext t [n...] = Suc ¢t and
iTILL-inext: t < n = inext t [...n] = Suc t and
iIN-inext: [n < t;t <n + d] = inext t [n...,d] = Suct

(proof)

lemma
iFROM-iprev”: t € [n...]| = iprev (Suc t) [n...] = ¢t and
iFROM-iprev: n < t = iprevt [n...] =t — Suc 0 and

iTILL-iprev: t € [...n] = iprevt [...n] =t — Suc 0 and

iIN-iprev: [n < t;t <n + d] = dprevt [n....d] =t — Suc 0 and

iIN-iprev: [n < t;t <n + d ]| = iprev (Suc t) [n....d] =t
(proof)

lemma iMOD-inext: t € [r, mod m| = inext t [r, mod m] =t + m

(proof)

lemma iMOD-iprev: [ t € [r, mod m]; r < t ]| = iprevt [r, mod m] =t — m

(proof)
thm mod-eq-imp-diff-mod-eq-divisor
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(proof)

thm less-mod-eq-imp-add-divisor-le
(proof)

lemma iMOD-iprev’: t € [r, mod m] => iprev (t + m) [r, mod m] = ¢

(proof)

lemma iMODb-inext:
[telr,modm,cl;t<r+mxc]=
inext t [r, mod m, ¢] =t + m

(proof)

lemma iMODb-iprev:
[telr,modm,c;r<t] =
iprev t [r, mod m, ¢] =t —m

(proof)

thm mod-eq-imp-diff-mod-eq-divisor

(proof)

thm less-mod-eq-imp-add-divisor-le

(proof )

lemma iMODb-iprev’”:
[te][r,modm,c;t<r+ms=*c]=
iprev (t + m) [r, mod m, ¢|] =t

(proof)

thm less-mod-eq-imp-add-divisor-le

{(proof)

lemmas iT-inext =
1FROM-inext
1TILL-inext
1IN-inext
1MOD-inext
iMODb-inext

lemmas iT-iprev =
iFROM-iprev’
1FROM-iprev
1 TILL-iprev
1IN-iprev
iIN-iprev’
1M OD-iprev
1MOD-iprev’
iMODb-iprev
1MODb-iprev’

thm iT-inext

thm iT-iprev
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thm iprev-iMin
thm iT-finite[ THEN inext-Mazx)
lemma iFROM-inext-if :
inext t [n...] = (if t € [n...] then Suc t else t)
(proof)
lemma iTILL-inext-if:
inext ¢t [...n] = (if t < n then Suc t else t)
(proof)
lemma iIN-inext-if:
inext t [n...,d] = (if n <t ANt <n + dthen Suct else t)
(proof)
lemma iMOD-inext-if :
inext t [r, mod m] = (if t € [r, mod m] then t + m else t)
(proof)
lemma iMODb-inext-if :
inext t [r, mod m, c] =
(if t € [r, mod m, ¢] Nt < r + m* cthent + m else t)
(proof)

lemmas iT-inext-if =
1FROM-inext-if
1TILL-inext-if
iIN-inext-if
1M OD-inext-if
1M ODb-inext-if

thm iT-inext-if

lemma iFROM-iprev-if:

iprev t [n...] = (if n < t then t — Suc 0 else t)
(proof)
lemma iTILL-iprev-if:

iprevt [...n] = (if t € [...n] then t — Suc 0 else t)
(proof)

lemma iIN-iprev-if:

iprevt [n...,d] = (if n <t ANt <n+d thent — Suc 0 else t)

(proof)
lemma iMOD-iprev-if :

iprev t [r, mod m] =

(if t € [r, mod m] A r < tthen t — m else t)
(proof)
lemma iMODb-iprev-if :

iprev t [r, mod m, c] =

(ift € [r, mod m, c] A r < tthent — m else t)
(proof)

lemmas iT-iprev-if =
1FROM-iprev-if
1TILL-iprev-if
iIN-iprev-if
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1MOD-iprev-if
1M ODb-iprev-if
thm iT-iprev-if

The difference between an element and the next/previous element is constant
if the element is different from Min/Max of the interval

lemma iFROM-inext-diff-const:

ten..|]=dnestt[n...] —t=Suc0
(proof)
lemma iFROM-iprev-diff-const:
n<t=t—iprevt[n...] = Suc0
(proof)
lemma iFROM-iprev-diff-const’:
t €n.] = Suct — iprev (Suct) [n...] = Suc 0
(proof)

lemma iTILL-inext-diff-const:
t <n=dnestt[..n] —t=Sucl
(proof)
lemma iTILL-iprev-diff-const:
[tel.n;0<t]=t—iprevt[...n] = Suc0
(proof)

thm iIN-inext
lemma iIN-inext-diff-const:
[n<tit<n+4+d] = inestt[n..,d —t=Suc0

(proof)

thm iIN-iprev
lemma iIN-iprev-diff-const:
[n<t;t<n+d]=t— iprevt[n...,d] = Suc 0
(proof )
lemma iIN-iprev-diff-const .
[n<t;t<n+d]= Suct — iprev (Suct) [n...,d] = Suc 0
(proof)

thm {MOD-inext
lemma iMOD-inext-diff-const:
t € [r, mod m| = inext t [r, mod m] — t = m
(proof)
lemma iMOD-iprev-diff-const:
t € [r, mod m] = (t + m) — iprev (t + m) [r, mod m] = m
(proof )
thm iMOD-iprev
lemma iMOD-iprev-diff-const:
[tel[r,modm],r<t]=t— iprevt[r, mod m| =m
(proof )

thm iMODb-inext
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lemma iMODb-inext-diff-const:
[te][r, modm,c];t<r+ msx*c] = inextt [r, mod m, c|] —

(proof)
thm iMODb-iprev’

lemma iMODb-iprev-diff-const’:

t=m

42

[te][r,modm,cl;t<r+m=x*c]= (t +m)— iprev (t + m) [r, mod m,

cf=m
(proof)
thm iMODb-iprev

lemma iMODb-iprev-diff-const:

[te]r,modm,cl;r<t]=t— iprevt[r, mod m, c] =m

{proof)

lemmas iT-inext-diff-const
1FROM-inext-diff-const
1TILL-inext-diff-const
iIN-inext-diff-const
1M OD-inext-diff-const
1M ODb-inext-diff-const
lemmas iT-iprev-diff-const
1FROM-iprev-diff-const
iFROM-iprev-diff-const’
1TILL-iprev-diff-const
1IN-iprev-diff-const
1IN-iprev-diff-const’
iMOD-iprev-diff-const’
1MOD-iprev-diff-const
iMODb-iprev-diff-const’
1M ODb-iprev-diff-const
thm iT-inext-diff-const
thm T-iprev-diff-const

1.7.1 Mirroring of intervals

thm mirror-elem-def
lemma

iIN-mirror-elem: mirror-elem z [n. .
iTILL-mirror-elem: mirror-elem x |..

wdl=n+mn+d— z and

.n] =n — z and

iMODb-mirror-elem: mirror-elem x [r, mod m, c] =r +r+ mxc — x

(proof)

lemma iMODb-imirror-bounds:

r'+m'xc' <l +r =

imirror-bounds [r';, mod m’, ¢| lr =l 4+ r — r' = m’ % ¢’, mod m’', ¢]

{proof )
thm mod-diff-right-eq
(proof)
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thm mod-diff-right-eq
(proof)

thm mod-sub-eq-mod-swap
(proof )

thm mod-diff-right-eq
(proof)

thm imirror-bounds-def
lemma iIN-imirror-bounds:
n+d <1+ r= imirror-bounds [n....d| lr=[l+r —n — d...d

(proof)

lemma iTILL-imirror-bounds:
n <14+ r = imirror-bounds [...n] Il = [l + r — n...,n]

{(proof)

lemmas iT-imirror-bounds =
i TILL-imirror-bounds
iIN-imirror-bounds
1M ODb-imirror-bounds

thm iT-imirror-bounds

lemma iMODb-imirror-ident: imirror [r, mod m, c] = [r, mod m, ]
(proof)

lemma iIN-imirror-ident: imirror [n...,d] = [n...,d]

(proof)

lemma iTILL-imirror-ident: imirror [...n] = [...n]

(proof)

lemmas iT-imirror-ident =
1 TILL-imirror-ident
iIN-imirror-ident
iMODb-imirror-ident

thm T-imirror-ident

1.7.2 Functions inext-nth and iprev-nth on intervals

lemma iFROM-inezst-nth : [n...] = a=n+ a

(proof )

lemma iIN-inext-nth : a < d = [n...,d] > a=n+ a
(proof)

lemma iIN-iprev-nth: « < d = [n....d] —a=n+d — a
(proof )

lemma iIN-inext-nth-if :

[n...,d] — a= (if a < dthenn + aelse n + d)
(proof)
lemma iIN-iprev-nth-if :

[n....d] «— a=(ifa < dthenn + d — a else n)
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{proof)

lemma (TILL-inext-nth : ¢« < n = [...n] - a =a
(proof)
lemma iTILL-inext-nth-if :
[...n] = a = (if a < n then a else n)
(proof )
lemma (TILL-iprev-nth: a <n = [...n] —a=n—a
(proof)
lemma iTILL-iprev-nth-if :
[...n] «— a= (if a < nthenn — aelse 0)

{proof)

lemma iMOD-inext-nth: [r, mod m] — a =1+ m x a

(proof)

lemma i(MODb-inext-nth: a < ¢ = [r, mod m, ¢] - a =17+ m * a
(proof)
lemma iMODb-inext-nth-if:

[r, mod m, ¢] — a = (ifa < cthenrT + m* aelser + m * c)

(proof)

lemma iMODb-iprev-nth:
a<c=[r,modm,c]l—a=1+m=*(c— a)
(proof)
lemma iMODb-iprev-nth-if :
[r, mod m, c] «— a = (ifa < cthenr + m * (¢ — a) else r)
(proof)

lemma IN-iFROM-inext-nth:
a<d=n.,d —a=In.]—a
(proof)
lemma iIN-iFROM-inext:
a <n+ d= inext a [n...d] = inext a [n...]
(proof)
lemma iMOD-iMODb-inext-nth:
a < c=[r, mod m, c] - a=][r, mod m] — a
(proof)
lemma iMOD-iMODb-inext:
a <1+ ms*c= inext a[r, mod m, c|] = inext a [r, mod m]

(proof)

lemma iMOD-inext-nth-Suc-diff :

([r, mod m] — (Suc n)) — ([r, mod m| — n) = m
(proof)
lemma iMOD-inext-nth-diff:
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([r, mod m] — a) — ([r, mod m] — b) = (a — b) *x m
(proof)
lemma iMODb-inext-nth-diff: [ a < ¢; b < ¢ | =

([r, mod m, ¢] — a) — ([r, mod m, ¢] — b) = (a — b) x m

(proof)

1.8 Induction with intervals

thm

inext-induct

1FROM-inext
lemma iFROM-induct:

[Pn; Ak.[k€[n..];Pk] = P (Suck);acn.]]= Pa
(proof)

lemma iIN-induct:
[Po; ANk.[ken.d;k#n+d;Pk] = P (Suck);a€n..d]=
Pa

(proof)

lemma iTILL-induct:
[PO; Nk.[kel.n;k#n Pk]= P (Suck);ae|.n]]= Pa
(proof)

lemma iMOD-induct:
[PriNk.[ke[r,modm]; Pk]= P (k+m);a€[r, modm]] = Pa
(proof )

lemma iMODb-induct:

[Pri Nk.[ke€[r,modm, cl;k#r+mx*xc; Pk]= P (k+ m);ac]r
mod m, c] ] = P a
(proof )

thm

iprev-induct

iIN-inext
lemma iIN-rev-induct:

[P(n+d;Ak.[ken. . d;k#n Pk]= P (k— Suc0);ac|[n...d
]= Pa

(proof)

lemma iTILL-rev-induct:
[P Nk.[kel.n;0<k;Pk]=P(k—SucO);a€..n]]= Pa
(proof )

lemma iMODb-rev-induct:

[P(r+m=xc); Nk.[ke[r,modm,c];k#r;Pk]= P (k—m);ac]r
mod m, c] ] = P a
(proof )
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end

2 IL-IntervalOperators: Arithmetic operators on
natural intervals

theory IL-IntervalOperators

imports IL-Interval

begin

2.1 Arithmetic operations with intervals

2.1.1 Addition of and multiplication by constants

definition iT-Plus :: iT = Time = T (infix] @ 55) where
ITok=(Mn(n+k) ‘I

definition iT-Mult :: iT = Time = iT (infix] ® 55) where
iT-Mult-def : I @ k = (An.(n x k)) ‘1

lemma iT-Plus-image-conv: I & k = (An.(n + k)) ‘I

(proof)

lemma iT-Mult-image-conv: I @ k = (An.(n * k)) ‘T
(proof)

lemma iT-Plus-empty: {} & k = {}

(proof)

lemma :T-Mult-empty: {} @ k = {}

(proof)

lemma iT-Plus-not-empty: I # {} = I ® k # {}
(proof)

lemma iT-Mult-not-empty: I # {} = I @ k # {}
(proof)

l<emr;t1;1 iT-Plus-empty-iff: (I & k= {}) = (I = {})
proo,

lemma iT-Mult-empty-iff: (I @ k={}) = (I ={})
(proof)

lemma iT-Plus-mono: AC B— A®kC B®Ek

(proof)
lemma iT-Mult-mono: A C B=—=> Ak C BQEk

(proof)
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lemma iT-Mult-0: I #{} = I ® 0 = [...0]

(proof)
corollary iT-Mult-0-if : I @ 0 = (if I = {} then {} else [...0])

(proof)

lemma iT-Plus-mem-iff: t € (I @ k) = (k <z AN (z — k) € I)
(proof)

lemma iT-Plus-mem-iff2: x + k € (I @ k) = (z € I)

(proof)

lemma iT-Mult-mem-iff-0: x € (I @ 0) = I #{} Nz =10)

(proof )

lemma iT-Mult-mem-iff:
0<k=ze(I®k)=(xmodk=0ANzxdivkel)

{proof )

lemma iT-Mult-mem-iff2: 0 <k =z +x ke (I ® k)= (z € 1)

(proof )

lemma iT-Plus-singleton: {a} ® k = {a + k}
(proof)
lemma iT-Mult-singleton: {a} ® k = {a x k}
(proof)

lemma (T-Plus-Un: (AUB) & k= (A& k)U(B®k)
{proof )
lemma iT-Mult-Un: (AU B) @ k = (A® k) U (B ® k)
(proof)

lemma (T-Plus-Int: (AN B) & k=(Aak)N(B&k)

(proof)

lemma iT-Mult-Int: 0 <k = (ANB)@k=(A®k N(BXEk)
(proof)

thm
iT-Plus-Un
i T-Mult-Un
1 T-Plus-Int
1 T-Mult-Int

thm imagel

lemma iT-Plus-image: f ‘I @ n = (Ax. fz +n) ‘[
(proof)

lemma iT-Mult-image: f ‘I @ n = (Ax. fz xn) 1
(proof)
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lemma iT-Plus-commute: I @ a @b =1 b D a

(proof )
lemma iT-Mult-commute: I ® a @ b=1 & b ® a

(proof)
lemma iT-Plus-assoc:I & a @ b=1@ (a + b)

(proof)
lemma iT-Mult-assoc:I ® a @ b =1 ® (a * b)

(proof)
lemma iT-Plus-Mult-distrib: I & n @ m=1® m ®n*xm

(ro0f Yproof N proof Y proof ) proof ) proof )
lemma iT-Plus-finite-iff : finite (I ® k) = finite I
(proof)

lemma iT-Mult-0-finite: finite (I ® 0)

(proof)
lemma T-Mult-finite-iff: 0 < k = finite (I ® k) = finite I

(proof)

lemma iT-Plus-Min: I # {} = iMin (I ® k) =iMin I + k

(proof)
lemma (T-Mult-Min: I # {} = iMin (I @ k) = iMin I x k

(proof)

thm Maz-mono?2
lemma iT-Plus-Maz: [ finite I; I # {} | = Maz (I ® k) = Maz I + k

(proof)
lemma iT-Mult-Max: [ finite I; I # {} | = Max (I ® k) = Max I % k

(proof)

thm 7-Mult-0

corollary
iMOD-mult-0: [r, mod m] @ 0 = [...0] and
iMODb-mult-0: [r, mod m, ¢] ® 0 = [...0] and
iIFROM-mult-0: [n...] ® 0 = [...0] and
iIN-mult-0: [n....d] @ 0 = [...0] and
iTILL-mult-0: [...n] ® 0 = [...0]

(proof)

lemmas iT-mult-0 =
i TILL-mult-0
1FROM-mult-0
1IN-mult-0
iMOD-mult-0
iMODb-mult-0

thm iT-mult-0

lemma i7-Plus-0: I & 0 = 1
(proof)
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lemma iT-Mult-1: I ® Suc 0 = 1

(proof)

thm :7-Plus-Min

corollary
iFROM-add-Min: iMin ([n...] ® k) = n + k and
iIN-add-Min: iMin ([n...,d] ® k) = n + k and

iTILL-add-Min: iMin (]... ] k) = k and

iMOD-add-Min: iMin ([r, mod m] ® k) = r + k and

iMODb-add-Min: iMin ([r, mod m, c] ® k) =r + k
(proof)

corollary
iFROM-mult-Min: iMin ([n...] ® k) = n * k and
iIN-mult-Min:  iMin ([n...,d] ® k) = n x k and

iTILL-mult-Min: iMin (]... ] k) = 0 and

iMOD-mult-Min: iMin ([r, mod m] ® k) = r = k and

iMODb-mult-Min: iMin ([r, mod m, ¢] ® k) = r x k
(proof)

lemmas iT-add-Min =
1IN-add-Min
1TILL-add-Min
1FROM-add-Min
iMOD-add-Min
iMODb-add-Min

thm ¢T-add-Min

lemmas iT-mult-Min =
1IN-mult-Min
1 TILL-mult-Min
1IFROM-mult-Min
iMOD-mult-Min
1MODb-mult-Min

thm T-mult-Min

lemma iFROM-add: [n...] ® k = [n+k.. ]
(proof)

lemma iIN-add: [n...,d] ® k = [n+k...,d]
(proof)

lemma iTILL-add: |...i] ® k = [k...,q]
(proof)

49



THEORY “IL-IntervalOperators”

lemma iMOD-add: [r, mod m] @ k = [r + k, mod m)|
{proof)

thm mod-add

{proof)

thm mod-sub-add|of k x]

(proof)

lemma (MODb-add: [r, mod m, c] ® k = [r + k, mod m, ¢]
(proof)

lemmas iT-add =
iMOD-add
1MODb-add
1FROM-add
iIN-add
1TILL-add
1T-Plus-singleton

thm iT-add

thm
mod-mult-distrib
mod-mult-distrib2

thm
mod-eq-mult-distrib
mod-factor-imp-mod-0
mod-factor-div
mod-factor-div-mod

lemma iFROM-mult: [n...] @ k =[n * k, mod k |
(proof)

lemma iIN-mult: [n...,d] @ k =[n * k, mod k, d ]
(proof)

lemma (TILL-mult: [...n] @ k = 0, mod k, n |
(proof)

lemma iMOD-mult: [r, mod m | @ k = [ r * k, mod m * k |
(proof)

thm mod-mult2-eq

(proof)

lemma iMODb-mult:

[r,modm, c|®k=[rx*k, modm =k, c|
(proof)
thm {MODb-iMOD-iTILL-conv

(proof)
thm Int-absorb2
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(proof)
thm (MOD-iTILL-iMODb-conv

(proof)

lemmas iT-mult =
i TILL-mult
iFROM-mult
iIN-mult
iMOD-mult
iMODb-mult
1T-Mult-singleton
thm
i T-mult
i T-mult-0

2.1.2 Some conversions between intervals using constant addition
and multiplication

lemma iFROM-conv: [n...] = UNIV @ n

(proof)

lemma iIN-conv: [n....d] =[...d] ® n

(proof)

lemma iMOD-conv: [r, mod m] =[0..] @ m & r
(proof)

lemma iMODb-conv: [r, mod m, c] =[...c] @ m @ r
(proof)

Some examples showing the utility of iMODb_conv

lemma [12, mod 10, 4] = {12, 22, 32, 42, 52}

(proof)
lemma [12, mod 10, /] = {12, 22, 32, 42, 52}

(proof)
lemma [12, mod 10, /] = {12, 22, 32, /2, 52}

(proof)

lemma [r, mod m, 4] = {r, r+m, r+2xm, r+3*xm, r+4+m}

(proof)
thm image-Collect

(proof)

lemma [2, mod 10, 4] = {2, 12, 22, 82, 42}
{proof)

2.1.3 Subtraction of constants

definition iT-Plus-neg :: iT = Time = T (infix] &— 55) where
ITo-k={z.z+kel}

lemma iT-Plus-neg-mem-iff: (x € I &— k) = (x + k € I)
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(proof)
thm ¢7T-Plus-mem-iff2
lemma iT-Plus-neg-mem-iff2: k <z = (x — k€l d— k)= (v € I)

(proof)

lemma iT-Plus-neg-image-conv: I &— k = (An.(n — k)) * (I |> k)

(proof)
thm image-eql

(proof)

lemma iT-Plus-neg-cut-eq: t <k = (I |>t) d—k=1—k
(proof)

lemma i7T-Plus-neg-mono: A C B=— A d— k C B &—k
(proof)

lemma iT-Plus-neg-empty: {} &— k = {}
(proof)

lemma iT-Plus-neg-Maz-less-empty:
[ finite I; Max I < k| = I &— k = {}
(proof)

lemma iT-Plus-neg-not-empty-iff : (I &— k # {}) = (Jzel. k < z)
(proof)

lemma iT-Plus-neg-empty-iff :
(Ie—k={})=U={}V (finite I N Max I < k))
(proof)

lemma iT-Plus-neg-assoc: (I &— a) ®— b =1 d— (a + b)
(proof)

lemma iT-Plus-neg-commute: I &— a &— b =1 $— b &— a
(proof )

lemma iT-Plus-neg-0: I &— 0 =1
(proof)

thm diff-add-assoc
lemma iT-Plus-Plus-neg-assoc: b < a = I ® a ®— b=1® (a — b)

(proof )
lemma iT-Plus-Plus-neg-assoc2: a < b= 1® a ®— b =1 &— (b — a)

(proof)

lemma iT-Plus-neg-Plus-le-cut-eq:
a<b={UId—a)db={T|>a)® (b —a)

(proof)

corollary iT-Plus-neg-Plus-le-Min-eq:
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[a<bia<iMinl]| = ([I®—a)db=1&(b—a)
(proof)

lemma iT-Plus-neg-Plus-ge-cut-eq:
b<a= I ®—a)db=({1>a)d— (a — b)
(proof)

corollary T-Plus-neg- Plus-ge-Min-eq:
[b<a;a<iMin]] = (I&—a)®b=1&— (a — D)
{proof )

lemma iT-Plus-neg-Mult-distrib:
0<m=IF—n@®m=1® me&-nxm
(proof)

thm le-add-diff-inverse2
lemma i7T-Plus-neg-Plus-le-inverse: k < iMin I = I &—k o k=1

(proof )
lemma iT-Plus-neg-Plus-inverse: I &— k & k=1 |>k

(proof)

thm diff-add-inverse2
lemma iT-Plus-Plus-neg-inverse: I & kK &— k =1

(proof)

lemma iT-Plus-neg-Un: (AU B) &— k = (A &— k) U (B &— k)
(proof)

lemma iT-Plus-neg-Int: (AN B) @— k= (A &— k) N (B &— k)
(proof)

lemma iT-Plus-neg-Maz-singleton: | finite I; I # {} | = I &— Max I= {0}
(proof)

lemma iT-Plus-neg-singleton: {a} ®@— k = (if k < a then {a — k} else {})
(proof)

corollary iT-Plus-neg-singletonl: k < a = {a} ®&— k = {a—Fk}

(proof)

corollary iT-Plus-neg-singleton2: a < k = {a} &— k= {}

(proof)

lemma iT-Plus-neg-finite-iff : finite (I ®— k) = finite [
(proof)

thm inj-on-finite-image-iff

{proof )

thm nat-cut-ge-finite-iff

(proof)
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lemma iT-Plus-neg-Min:
ITe—k#{} = iMin (I k) =iMin (I |> k) — k
(proof )

lemma iT-Plus-neg-Mazx:
[ finite I; I &@— k # {} ] = Maz (I &— k) = Maz I — k
(proof)

Subtractions of constants from intervals

lemma iFROM-add-neg: [n...| ®— k = [n — k.. ]
(proof)

lemma iTILL-add-neg: [...n] ®— k = (if k < n then [...n — k] else {})
(proof)

lemma (TILL-add-negl: k <n = [...n] ®— k = [...n—k]

(proof)

lemma (TILL-add-neg2: n < k = [...n] &— k = {}

(proof)

lemma iIN-add-neg:
[n...,d] &— k = (

if k < nthen [n — k....d|

else if k < n + dthen [...n + d — k] else {})
(proof)
lemma iIN-add-negl: k < n = [n....d] &— k = [n — k....d|
(proof)
lemma iIN-add-neg2: [n < k;k<n+d]=[n...d &= k=[..n+d— k]
(proof)
lemma iIN-add-neg3: n + d < k = [n...,d] &— k = {}
(proof)

lemma iMOD-0-add-neg: [r, mod 0] &— k = {r} &— k
(proof)

lemma iMOD-gr0-add-neg:
0<m=—
[r, mod m] &— k = (
if k < rthen [r — k, mod m)]
else [(m + r mod m — k mod m) mod m, mod m])
(proof)
thm mod-sub-add[of k r m] le-diff-conv
{proof)
thm eg-commute|of r mod m)|
thm mod-add-eg-mod-conv|[of m z k r]

(proof )
lemma iMOD-add-neg:
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[r, mod m] &— k = (
if k < rthen [r — k, mod m)]
else if 0 < m then [(m + r mod m — k mod m) mod m, mod m] else {})
(proof)
corollary iMOD-add-neg1:
k<r=[r, mod m| ®— k = [r — k, mod m]
(proof)
lemma iMOD-add-neg2:
[0<m;r<k]=[r, mod m] ®— k = [(m + r mod m — k mod m) mod m,
mod m]

(proof)

lemma iMODb-mod-0-add-neg: [r, mod 0, ¢] &— k = {r} &— k
(proof)

lemma iMODb-add-neg:
[r, mod m, c] ®— k = (
if k < rthen [r — k, mod m, ]
else
if k <r+ m * c then
[(m 4+ r mod m — k mod m) mod m, mod m, (r + m x ¢ — k) div m]
else {})
(proof )
thm mod-diff1-eq|of k]
(proof)
thm sub-mod-div-eq-div

{(proof)

lemma iMODb-add-neg":
[r, mod m, ¢] ®— k = (
if k < rthen [r — k, mod m, ]
else if k < r 4+ m % c then
if Kk mod m < r mod m
then [ r mod m — k mod m, mod m, ¢ + r div m — k div m]
else [ m + r mod m — k mod m, mod m, ¢ + r div m — Suc (k div m) |

else {})
(proof )
corollary iMODb-add-neg1:

k<r=Ir, modm,c] ®— k = [r — k, mod m, (]
(proof)
corollary iMODb-add-neg2:
[r<kk<r+msx*c]=
[r, mod m, c] ®— k =
[((m + r mod m — k mod m) mod m, mod m, (r + m % ¢ — k) div m]

{proof)
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corollary iMODb-add-neg2-mod-le:
[r<kik<r+mxckmodm<rmodm] =
[r, mod m, c] &— k =
[ r mod m — k mod m, mod m, ¢ + r div m — k div m]

{proof )
corollary iMODb-add-neg2-mod-less:

[r<kik<r+msxc rmodm<kmodm]—=
[r, mod m, c] &— k =
[ m + rmod m — k mod m, mod m, ¢ + r div m — Suc (k div m) ]

(proof )
lemma iMODb-add-neg3: r + m * ¢ < k = [r, mod m, c] ®— k = {}

{proof)

lemmas iT-add-neg =
1FROM-add-neg
1IN-add-neg
1TILL-add-neg
1MOD-add-neg
1M ODb-add-neg
1T-Plus-neg-singleton

thm iT-add-neg

2.1.4 Subtraction of intervals from constants

definition iT-Minus :: Time = iT = iT (infix]l © 55) where
kol={z.z<kAn((k-—-2)e€l}

lemma iT-Minus-mem-iff: (z € ke l)=(x<kANk—zecl)
(proof)

lemma :7T-Minus-mono: A C B=—=ko ACkO B

(proof)

lemma iT-Minus-image-conv: k © I = (Ax. k —z) * (I |[< k)
(proof)

lemma iT-Minus-cut-eq: k <t = ko (I |[<t)=ko I
(proof)

lemma iT-Minus-Minus-cut-eq: k © (k& (I |[<k))=1]<k
(proof)

lemma 10 © [...3] = [7...,5]
{proof)

lemma iT-Minus-empty: k © {} = {}
(proof)

lemma iT-Minus-0: k © {0} = {k}
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{proof)

lemma iT-Minus-bound: t € k6 1 — z < k

(proof)

lemma iT-Minus-finite: finite (k © I)
thm finite-nat-iff-bounded-le2
(proof)

lemma iT-Minus-less-Min-empty: k < iMin I = ko I = {}
(proof)

lemma iT-Minus-Min-singleton: I # {} = (iMin I) & I = {0}
(proof)

lemma (T-Minus-empty-iff: (k e I ={}) =L ={} V k < iMin I)
{proof)

lemma iT-Minus-imirror-conuv:
koI =imirror (I |[<k)®k ®— (iMin I + Max (I |<k))
(proof )
thm nat-add-right-cancel[ THEN iffD2, of - - k|
(proof)
thm add-diff-assoc2
(proof)
thm iT-Minus-imirror-conv
lemma i7T-Minus-imirror-conv’:
ke I =imirror (I [<k)®ko— (iMin (I |[<k)+ Maz (I [<k))
(proof )
thm cut-le-Min-eq
(proof)

thm 7T-Minus-bound
lemma iT-Minus-Max:
[I#{};iMinI<k]= Max (ko I)=Fk— (iMin I)
thm Maz-equality
(proof)

lemma iT-Minus-Min:

[T#A{};iMinI <k]= iMin (kS I)=Fk— (Max (I [<Ek))
(proof)

thm subsetD][OF cut-le-subset, OF Maz-in)

{proof)

lemma iT-Minus-Minus-eq: [ finite I; Max I < k]| = ko (ke l)=1
thm iT-Minus-cut-eq[of k k I, symmetric] iT-Minus-Minus-cut-eq
(proof )

o7



THEORY “IL-IntervalOperators” 58

lemma iT-Minus-Minus-eq2: I C ...kl = ko (ko l)=1

(proof )
thm Max-subset

(proof)

lemma iT-Minus-Minus: a © (bo I) = (I |[<b) ® ad—b
(proof)
lemma iT-Minus-Plus-empty: k <n = ke (I & n) = {}
(proof )

lemma iT-Minus-Plus-commute: n < k = ko (I ®n)=(k—n) oI
(proof)

lemma iT-Minus-Plus-cut-assoc: (k & I) & n=(k+n)e (I [<k)
(proof)

lemma i 7T-Minus-Plus-assoc:
[ finite I; Max I < k]| = (ke l)@dn=(k+n)ol

(proof)
lemma i7T-Minus-Plus-assoc2:

IC[l.kl=(koe)en=(k+n ol

(proof)
thm Max-subset

(proof)

lemma iT-Minus-Un: k © (AU B) = (k& A) U (k © B)
(proof)

lemma iT-Minus-Int: k © (AN B) = (ke A) n (k © B)
(proof)

lemma iT-Minus-singleton: k © {a} = (if a < k then {k — a} else {})
(proof )

corollary iT-Minus-singletonl: a < k = k © {a} = {k—a}

(proof)

corollary iT-Minus-singleton2: k < a = k © {a} = {}

(proof )

lemma iMOD-sub:
k & [r, mod m|
(if r < k then [(k — r) mod m, mod m, (k — r) div m] else {})

(proof)

thm mod-sub-eq-mod-swap|of r k  m, symmetric]

(proof)
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corollary iMOD-subl1:
r<k=kolr, modm]=[(k— r) mod m, mod m, (k — r) div m]
(proof)
corollary iMOD-sub2: k < r = k © [r, mod m] = {}
thm T-Minus-less-Min-empty
(proof)

lemma (TILL-sub: k © [...n] = (if n < k then [k — n...,n] else [...k])

(proof)

corollary iTILL-subl: n <k =k o [...n] = [k — n...,n]
{proof)

corollary ¢TILL-sub2: k <n =k © [...n] = [...k]
(proof)

lemma iMODb-sub:
k & [r, mod m, c] = (
ifr+mxc<kthen [k —r — m % c, modm, c| else
if r < k then [ (k — r) mod m, mod m, (k — r) div m] else {})
(proof)
thm iMODb-iMOD-iTILL-conv
(proof)
thm 7-Minus-Int
(proof)
thm add-le-imp-le-diff2
{proof )
thm le-diff-conv2[OF mod-le-dividend)]
(proof)
thm iMODb-iMOD-iIN-conv
(proof )
thm ¢IN-inter
(proof)
corollary iMODb-sub1:
[r<kk<r4+mxc]=
k © [r, mod m, ¢] = [(k — r) mod m, mod m, (k — r) div m]
(proof)
corollary iMODb-sub2: k < r = k © [r, mod m, c|] = {}
thm i T-Minus-less-Min-empty
(proof)
corollary iMODb-sub3:
r+m*xc<k=kolr,modm,cl=[k—r—m=xc, modm, c|
(proof )

lemma iFROM-sub: k © [n...] = (if n < k then [...k — n] else {})

(proof)
corollary iFROM-subl: n < k = k © [n...] = [...k—n]

(proof)
corollary iFROM-sub-empty: k < n =k © [n...] = {}
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{proof)

lemma iIN-sub:
kon...,d =
ifn+d<kthen [k — (n+ d)...,d]
else if n < k then [...k — n] else {})
(proof)
lemma iIN-subl: n+ d <k =k & [n...,.d] =[k — (n + d)...,d]
(proof)
lemma iIN-sub2: [n < k;k<n+d]= ke [n.,d =[..k—n]
(proof)
lemma IN-sub8: k < n =k © [n....d] = {}

(proof)

lemmas iT-sub =
1FROM-sub
1IN-sub
1TILL-sub
iMOD-sub
iMODb-sub
1 T-Minus-singleton
thm i7T-sub

2.1.5 Division of intervals by constants

Monotonicity and injectivity of artithmetic operators

lemma iMOD-div-right-strict-mono-on:

[0 <k k<m]= strict-mono-on (Az. z div k) [r, mod m]
(proof )
corollary iMOD-div-right-inj-on:

[0<k;k<m]= injon (Az. z div k) [r, mod m]

(proof)

lemma iMOD-mult-div-right-inj-on:

inj-on (Az. x div (k:nat)) [r, mod (k * m)]
(proof)
lemma iMOD-mult-div-right-inj-on2:

m mod k = 0 = inj-on (Az. z div k) [r, mod m)|
(proof)

lemma iMODb-div-right-strict-mono-on:
[0 <k;k<m] = strict-mono-on (Az. x div k) [r, mod m, c]
thm strict-mono-on-subset| OF iMOD-div-right-strict-mono-on iMODb-iMOD-subset-same)
(proof)
corollary iMODb-div-right-inj-on:
[0 <k;k<m]= inj-on (\x. z div k) [r, mod m, c]
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(proof)
lemma iMODb-mult-div-right-inj-on:

inj-on (Az. z div (k:nat)) [r, mod (k * m), c]
thm subset-inj-on|OF iMOD-div-right-inj-on iMODb-iMOD-subset-same]
{proof )
corollary iMODb-mult-div-right-inj-on2:

m mod k = 0 = inj-on (Az. x div k) [r, mod m, ]
(proof)

definition iT-Div :: iT = Time = iT (infix] @ 55) where
ITok=An(ndivk)) ‘I

lemma iT-Div-image-conv: I @ k = (An.(n div k)) ‘1
(proof)

lemma iT-Div-mono: AC B=—= A0 kC BOQk
(proof)

lemma iT-Div-empty: {} @ k = {}

(proof )

lemma iT-Div-not-empty: I #{} = I @ k # {}
(proof )

lemma iT-Div-empty-iff: (I @ k ={}) = I ={})
(proof)

lemma iT-Div-0: I # {} = I @ 0 =[...0]
(proof)
corollary iT-Div-0-if: I @ 0 = (if I = {} then {} else [...0])
(proof)
corollary
iFROM-div-0: [n...] @ 0 = [...0] and
iTILL-div-0: [...n] @ 0 = [...0] and
iIN-div-0: [n....,d] @ 0 = [...0] and
iMOD-div-0: [r, mod m] @ 0 = [...0] and
iMODb-div-0: [r, mod m, ¢] @ 0 = [...0]
(proof)

lemmas iT-div-0 =
1TILL-div-0
1FROM-div-0
1IN-div-0
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iMOD-div-0
iMODb-div-0
thm 7-div-0

lemma iT-Div-1: I © Suc 0 = 1
(proof)

lemma iT-Div-mem-iff-0: x € (I @ 0) = (I #{} Nz = 0)
(proof )

lemma iT-Div-mem-iff:
0<k=zec(lok)=C3yecl. ydivk=r1)
(proof )

lemma iT-Div-mem-iff2:
0<k=zdivke(Iok)=3yel ydivk=uzdvk)
(proof)

lemma iT-Div-mem-iff-Int:
0<k=ze(lok)=InN[zx*xk. . k— Su0] #{})
thm ez-in-conv|[symmetric]

(proof)

thm le-less-div-conv

(proof)
thm less-eq-le-pred

(proof)

lemma iT-Div-imp-mem:
0<k=zsecl=uzadvke (I0k)
(proof)

lemma iT-Div-singleton: {a} @ k = {a div k}
(proof)

lemma iT-Div-Un: (AUB) 0 k=(A0k)U (B O k)
(proof)

lemma iT-Div-insert: (insert n I) @ k = insert (n div k) (I © k)
(proof)

lemma not-iT-Div-Int: = (V kAB. (ANB)ok=(A0k)N(BOk))
(proof)

thm subset-image-Int
lemma subset-iT-Div-Int: AC B=—= (ANB)ok=(A0k)N (B k)
(proof)



THEORY “IL-IntervalOperators” 63

lemma iFROM-iT-Div-Int:
[0<kn<iMinA]= (Ann..])ok=(A0k)n(n.]ok)
(proof )

lemma IN-iT-Div-Int:
[0 <k;n<iMin A;VzcA. zdivk < (n+d)divk —z<n+d]=
ANnfn.d)ok=(Aok n(n..d ok)

(proof)

corollary ¢TILL-iT-Div-Int:
[0<k;VeeA zdivk <ndivk —z<n]=
Anl.nh)ok=Ack)Nn(...n]0k)

(proof)

lemma iIN-iT-Div-Int-mod-0:
[0<kinmodk=0,Ve€A. zdivk<(n+d)divk —z<n+d]=
(Ann.d)ok=(Aek)n(n..d ok)

(proof)

thm div-le-mono

(proof)

thm less-mod-0-imp-div-less

{proof)

lemma mod-partition-iT-Div-Int:
[0<k0<d] =
(AN[n*k..d*xk— Suc0]) 0k=
(Ao k)yn(nxk....d x k — Suc 0] @ k)

thm iIN-iT-Div-Int-mod-0

(proof)(proof )

corollary mod-partition-iT-Div-Int2:
[0<ki0<d;nmodk=0;dmodk=0]=
(AN [n....d — Suc 0]) © k =
(Ao k)n ([n...,d — Suc 0] © k)

(proof )

thm mod-partition-iT-Div-Int

(proof)

corollary mod-partition-iT-Div-Int-one-segment:
0<k=
(ANn*k..k—Sucl)ok=Aok) N(nx*k. . k- Suc0] ©k)

(proof)

corollary mod-partition-iT-Div-Int-one-segment2:
[0<k;nmodk=0]—=
(AN[n...k—SucO) ok =A@ k)N (n...k— Suc 0] @k)

(proof)

thm
i T-Div-Un
subset-iT-Div-Int
thm
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mod-partition-iT-Div-Int
mod-partition-iT-Div-Int2

lemma iT-Div-assoc:I @ a @ b =1 @ (a * b)
(proof)

lemma iT-Div-commute: I @ a @ b=1 0 b © a
(proof)

lemma iT-Mult-Div-self: 0 <k = 1@ ko k=1

(proof)
lemma i7T-Mult-Div:

[0<di kmodd=0]=1®k0d=1® (kdivd)
(proof)

lemma iT-Div-Mult-self:
0<k=IT0kk={y.Jzel y=z— xmodk}
(proof )

thm div-addi-eq
lemma iT-Plus-Div-distrib-mod-less:

Vael. zmodm +nmodm<m=—1&nom=10mendvm

(proof)
corollary iT-Plus-Div-distrib-mod-0:
nmodm=0=I1®dnom=10m®ndivm

(proof)

lemma iT-Div-Min: I # {} = iMin (I @ k) = iMin I div k

(proof)

thm :7-Div-Min

corollary
iFROM-div-Min: iMin ([n...] @ k) = n div k and
iIN-div-Min:  iMin ([n.. d] @ k) = n div k and
iTILL-div-Min: iMin ([...n] @ k) = 0 and
iMOD-div-Min: iMin ([r, mod m]| © k) = r div k and
iMODb-div-Min: iMin ([r, mod m, ¢] @ k) = r div k

(proof)

lemmas iT-div-Min =
1FROM-div-Min
1IN-div-Min
1 TILL-div-Min
iMOD-div-Min
1MODb-div-Min

thm ¢ T-div-Min

lemma iT-Div-Max: [ finite I; I # {} | = Max (I @ k) =

(proof)

Max I div k
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corollary
iIN-div-Maz: Maz ([n...,d] @ k) = (n + d) div k and
iTILL-div-Max: Max ([...n] @ k) = n div k and
iMODb-div-Maz: Maz ([r, mod m, c] @ k) = (r + m * ¢) div k
(proof )

lemma iT-Div-0-finite: finite (I @ 0)

(proof)

lemma iT-Div-infinite-iff: 0 < k = infinite (I © k) = infinite I
(proof )

lemma iT-Div-finite-iff: 0 < k = finite (I @ k) = finite I
(proof)

lemma iFROM-div: 0 < k = [n...] © k = [n div k.. ]
(proof)

thm div-addi-eq
lemma IN-div:
0<k=
[n..,dl@k=[ndvk...,ddivk + (nmodk + d mod k) div k]
(proof )
corollary iIN-div-if:
0<k=In..dok=
[ndivk... ddivk + (if n mod k + d mod k < k then 0 else Suc 0)]
(proof)
corollary iIN-div-eq1:
[0<kynmodk +dmodk < k] =
[n....d] @ k =[ndivk...ddwvk|
(proof)
corollary iIN-div-eq2:
[0<k k<nmodk+ dmodk] =
(n...,d] @ k =[ndivk... Suc (ddivk)]
(proof)
corollary iIN-div-mod-eq-0:
[0<k;nmodk=0]= [n...,d @k=[ndvk...dduvk]
(proof)

lemma iTILL-div:
0<k=1[.nok=][.ndvk]
(proof)

lemma iMOD-div-ge:
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[0<m;ym<k]=I[r, modm|ok=][rdvk...]
(proof )
thm div-mult-cancel
(proof)
corollary iMOD-div-self:
0 <m = [r, mod ml| @ m = [rdivm...

{proof)

lemma iMOD-div:
[0<k;mmodk=0] =
[r, mod m| @ k = [r div k, mod (m div k) ]
(proof )
thm iMOD-mult[of v div k q k]
(proof )
thm arg-cong[where f=\z. © & (r mod k)]
(proof )
thm i7-Plus-Div-distrib-mod-less
(proof )
thm mod-factor-imp-mod-0|of = q k]
{proof)
thm iT-Mult-Div[OF - mod-self]
(proof )
thm
iMOD-div
1MOD-div-ge

lemma iMODb-div-self :
0 <m = [r, mod m, c] @ m = [rdivm....c]|
thm iMODb-iMOD-iTILL-conv
(proof)
thm TILL-iT-Div-Int
(proof)
thm div-le-mod-le-imp-le

{proof)

lemma iMODb-div-ge:
[0<mm<Ek]=
[r, modm, c] @ k =[rdivk.. (r4+ m=xc) divk — r div k]
(proof)
thm iMODb-append-union-Suc|of r m ¢ 0, symmetric]
(proof )
thm div-add1-eqi
(proof )
thm div-add1-eq?2
(proof)
thm iIN-Suc-insert-conv

(proof )
thm div-addi-eq-if
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corollary iMODb-div-ge-if :

[0<m;m<k]—=

[r, mod m, c] © k =

[rdivk...,m =« cdivk + (if r mod k + m * ¢ mod k < k then 0 else Suc 0)]
(proof)

thm «MODb-div-ge
lemma iMODb-div:
[0<kmmodk=0] =
[r, mod m, c] @ k = [r div k, mod (m div k), ¢ ]
(proof)
thm TILL-iT-Div-Int[of k [r, mod m] m * ¢]
(proof)
thm mod-0-imp-mod-mult-right-0
(proof )
thm mod-eq-mod-0-imp-mod-eq[of x m r k]
(proof )

lemmas iT-div =
1TILL-div
1FROM-div
1IN-div
iMOD-div
1MODb-div
1T-Div-singleton
thm
1 T-div
iT-div-0

This lemma is valid for all ¥ < m,i. e., also for k with m mod k # (0::"a).

lemma iMODb-div-unique:
[0<kik<mk<c[r,modm' ¢| =[r, modm,c ok]—=
r'=rdivk Am'=mdivk Nc =c

(proof)

thm iT-Div-Min

(proof )

thm div-add1-eq-if [of k r m * c]

(proof )

thm card-image[OF iMODb-div-right-ing-on]
(proof )

thm «MODb-div-right-strict-mono-on

(proof)

thm iMODb-inext-nth-diff

{proof )

thm inext-nth-image[OF iMODb-not-empty]

(proof)
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lemma iMODb-div-mod-gr0-is-0-not-ex0:
[0<kik<m;O0<mmodk;k<c;rmodk=10]—=

=(3r" m’ ¢’ [r', mod m', ¢'| = [r, mod m, ¢] © k)
(proof)
thm iMODb-div-unique
(proof)
thm div-multi-eq[of m c]
(proof)

lemma iMODb-div-mod-gr0-not-ez--arith-aux? :
[ (0:nat) <k;k<m;0<uzl] =
zl xm+ 22 —xmodk + 28 + xmod k = x1 x m + z2 + z8
(proof)
lemma iMODb-div-mod-gr0-not-ex:
[0<kik<mO0<mmodk; k<c]—=

=(3r' m’ ¢’ [r', mod m', ¢'| = [r, mod m, c] @ k)
(proof)
thm iMODb-div-mod-gr0-is-0-not-ex0
(proof)
thm iMODb-div-unique
(proof)
thm div-addi-eq
(proof)
thm div-multi-eq|of ¢ m k]
(proof)

thm iMODb-div-mod-gr0-not-ex

thm
cut-le-image
1M OD-div-right-strict-mono-on
1MOD-cut-le
thm card-image[OF strict-mono-on-imp-ing-on]

lemma iMOD-div-eq-imp-iMODb-div-eq:
[0<k;k<m;[r, modm' =][r, modm]ok]=
[r', mod m’, ¢| = [r, mod m, c] @ k
(proof)
thm iMODb-div-right-strict-mono-onlof k m r c]
thm card-image[OF strict-mono-on-imp-ing-on]
thm card-image[ OF strict-mono-on-imp-ing-on| OF iMODb-div-right-strict-mono-on|of
kmrc]]

(proof)

thm iMOD-cut-lelof r m r + m * ]
(proof)

thm cut-le-image[OF - subset-refl]
(proof)

thm div-le-mono

(proof)
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lemma iMOD-div-unique:
[0 <k k<m;[r, modm' =][r, modm]ok]=
r'=rdivk Am’'=mdivk

thm iMOD-div-eq-imp-iMODb-div-eq

(proof)

thm iMODb-div-uniquelof k - k]

(proof )

thm iMODb-div-mod-gr0-not-ex
lemma iMOD-div-mod-gr0-not-ex:
[0<kik<m;0<mmodk]—=

= (3r' m’ [r', mod m'| = [r, mod m| © k)
(proof)
thm iMOD-div-eq-imp-iMODb-div-eq[ OF - less-imp-le]
(proof )
thm iMODb-div-mod-gr0-not-ex[of k m k r]
(proof )

2.2 Interval cut operators with arithmetic interval operators

lemma
iT-Plus-cut-le2: Tok)I<(t+k)={[<t)®kand
iT-Plus-cut-less2: (I @ k) [< (t+k)=({ |<t)® k and
iT-Plus-cut-ge2: Iek)|>t+k)={|>1t) & Fkand
iT-Plus-cut-greater2: (I @ k) |> (t+ k)= [>t) ®k

(proof)

lemma iT-Plus-cut-le:
(Idk)|<t=(ift <kthen {} elsel |<(t—Fk)DEk)
(proof )
thm iT-Plus-cut-le2[of I k t — k]
(proof)
lemma iT-Plus-cut-less: (I @ k) |[<t=T]<(t —Fk) Dk
(proof )
lemma iT-Plus-cut-ge: (I @ k) |>t=1 1>t —k) Dk
(proof )
lemma iT-Plus-cut-greater:
(Idk)l>t=(ift<kthenI ®kelsel |>(t—k) k)
(proof )

lemma
iT-Mult-cut-le2: 0<k= I®k |<(tx*xk)=({[|<t)®Fkand
iT-Mult-cut-less2: 0 <k= (IQ®%k)|<(t+xk)=(]<t)®kand
iT-Mult-cut-ge2: 0<k= {I®k |>(txk)={U]>t)®kand
iT-Mult-cut-greater2: 0 < k = (I @ k) [> (t«k)=(U |>1t) @k

(proof)
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lemma iT-Mult-cut-le:

0<k={I®k |<t=U]<(tdivk)) @k
(proof)
lemma iT-Mult-cut-less:

0<k= (I®%k)|<t=

(if t mod k = 0 then (I |< (t divk)) else I |< Suc (t divk)) ® k

(proof)
thm less-mod-0-imp-div-less[of t z k]
(proof )
lemma iT-Mult-cut-greater:
0<k= Ik |>t=U]>(tdivk)) ®k
(proof)
lemma iT-Mult-cut-ge:
0<k= (I®%k)|>t=

(if t mod k = 0 then (I |> (t divk)) else I |> Suc (t divk)) @k

(proof)

thm div-le-mono[OF order-less-imp-le]
(proof)

70

lemma iT-Plus-neg-cut-le2: k <t = (I &= k) |[< (t — k)= (T [<t) d—k

(proof)
thm i-cut-commute-disj[of op |< op |>]

(proof)

lemma iT-Plus-neg-cut-less2: (I &— k) |[< (t — k)= |<t) &=k

{(proof)

lemma iT-Plus-neg-cut-ge2: (I &— k) |> (t —k)=({T |>t) &— k

(proof)

lemma iT-Plus-neg-cut-greater2: k < t = (I @— k) [> (t — k)= (I |> 1) &—

k
(proof)

lemma iT-Plus-neg-cut-le: (I ®— k) |[<t=1 < (t+ k) ®&— k
{proof)

lemma iT-Plus-neg-cut-less: (I &— k) |[<t =1 |<(t+ k) d—k

(proof)
lemma iT-Plus-neg-cut-ge: (I &— k) |[>t =1 |>(t + k) &— k

(proof)

lemma iT-Plus-neg-cut-greater: (I &— k) |[>t=11>(t + k) &— k

(proof)

lemma iT-Minus-cut-le2: t <k = (ko l)|<(k—-t)=ko (I |>1)

(proof)
lemma iT-Minus-cut-less2: (k © I) |[<(k—t)=ko (I |>1t)

(proof)
lemma T-Minus-cut-ge2: (ko I) |> (k—t)=keo (I |< 1)
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(proof)
lemma iT-Minus-cut-greater2: t <k = (ko I) |>(k—t)=ko (I |l<?)

(proof)

lemma iT-Minus-cut-le: (ko I) |[<t=ko (I ][> (k- 1))
(proof )
lemma iT-Minus-cut-less:

(kel)l<t=(ft<kthenko (I |>(k—1)) elsek oI
(proof)
lemma iT-Minus-cut-ge:

(ko) |>t=(ift<kthenko (I |<(k—1t)) else{})
{proof )
lemma iT-Minus-cut-greater: (k © I) |>t=ko (I |[< (k- 1))
(proof )

thm iT-Div-def
thm T-Mult-cut-le2
thm iT-Div-mem-iff
lemma iT-Div-cut-le:
0<k= Tok)|<t=I|<(txk+ (k- Suc0) ok
(proof)
thm div-le-conv
(proof )
lemma iT-Div-cut-less:
O<k= {0k |l<t=1]<(txk)Ok
(proof)
lemma iT-Div-cut-ge:
0<k= ({0ok)|>2t=1|>(txk)Ok
(proof )
thm le-div-conv
(proof)
lemma iT-Div-cut-greater:
O<k={TQk)|>t=I]>{*xk+ (k- Suc0)) ok
(proof )

lemma iT-Div-cut-le2:
0<k= Tk |<(tdivk)=1I|<(t—tmodk + (k— Suc0)) 0k
(proof)
lemma iT-Div-cut-less2:
0<k= [Tk |<@tdvk)=IT]<(t—tmodk) 2k
(proof)
lemma iT-Div-cut-ge2:
0<k= T Qk)|>tdvk)=T]>({t—tmodk) 2k
(proof)

lemma iT-Div-cut-greater?:

71
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0<k= [T Qk)|>tdvk)=1I]>({—tmodk+ (k— Suc0)) @k
(proof)

2.3 inert and iprev with interval operators

lemma iT-Plus-inext: inext (n + k) (I ® k) = (inext n I) + k
(proof)

lemma iT-Plus-iprev: iprev (n + k) (I & k) = (iprevn I) + k
(proof)

lemma T-Plus-inext2: k < n = inext n (I ® k) = (inext (n — k) I) + k

(proof)
lemma iT-Plus-prev2: k < n = iprevn (I & k) = (iprev (n — k) I) + k

(proof)

lemma iT-Mult-inext: inext (n x k) (I @ k) = (inext n I) = k
(proof )
lemma iT-Mult-iprev: iprev (n x k) (I ® k) = (iprevn I) * k
(proof )

lemma iT-Mult-inext2-if:
inext n (I @ k) = (if n mod k = 0 then (inext (n div k) I) x k else n)
(proof)

lemma i7T-Mult-iprev2-if :
iprevn (I ® k) = (if n mod k = 0 then (iprev (n div k) I) x k else n)
(proof )

corollary iT-Mult-inext2:

nmodk =0 = inextn (I @ k) = (inext (n divk)I)*k
(proof)
corollary iT-Mult-iprev2:

nmodk =0 = iprevn (I ® k) = (iprev (ndivk) )k
(proof)

lemma iT-Plus-neg-inext:

k<n= inext (n — k) (I ®— k) = inext n I — k
(proof )

thm subst|OF inext-cut-ge-conv]

{proof)

thm inext-image

(proof )

thm strict-mono-on-subset|OF - Int-lower2)

(proof)

thm sub-left-strict-mono-on

{proof)
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lemma iT-Plus-neg-iprev:
iprev (n — k) (I &— k) =dprevn (I |> k) — k
(proof )
thm iT-Plus-neg-mem-iff 2| THEN iffD2)]
(proof)

thm strict-mono-on-subset[OF - Int-lower2)

{proof)

thm sub-left-strict-mono-on

(proof )

corollary iT-Plus-neg-inext2: inext n (I &— k) = inext (n + k) I — k
{proof)

corollary iT-Plus-neg-iprev2: iprev n (I &— k) = iprev (n + k) (I |> k) — k
(proof)

lemma iT-Minus-inext:
[kel#{n<k]=inext (k—n)(kel)=k—iprevnl
(proof)
thm iT-Minus-imirror-conv
(proof)
thm :T-Plus-inext
(proof )
thm iprev-mono[ THEN order-trans, of n iMin (I |< k) + Maz (I |< k) I]
(proof)
corollary iT-Minus-inext2:
[kel#{n<k]=inextn (ko I)=k— iprev (k —n) I
(proof )

lemma iT-Minus-iprev:
[kel#{n<k]=iprev(k—n)(kol)=Fk—inextn (I |<k)
{proof )

lemma iT-Minus-iprev2:
[kel#{n<k]=iprevn (ko I) =k — inext (k —n) (I |<k)
(proof)

lemma iT-Plus-inext-nth: I #{} = I ® k) - n=(1 —>n) + k

{proof)
lemma iT-Plus-iprev-nth: [ finite I;  2{} | = I @ k) —n=({1 «—n) + k

(proof)

lemma iT-Mult-inext-nth: I # {} = (I @ k) = n=(I — n) *k
(proof)
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lemma iT-Mult-iprev-nth: [ finite I; I # {} ] = (I @ k) — n= (I < n) x k
(proof)

lemma iT-Plus-neg-inext-nth:
To-k#{{=U®—k)—=n=({I|>k—n)—k

(proof)

thm iT-Plus-neg-cut-eqlof k k I|

(proof)

lemma iT-Plus-neg-iprev-nth:
[finite; Io—k#{} ] = I ®—k)—n=UT[>k—n)—k

(proof)

lemma iT-Minus-inext-nth:
kol#{}= kol —-n=k—- (I |<k)—n)
(proof)
lemma iT-Minus-iprev-nth:
kol —(kel)en=Fk—(I|<k) —n)
(proof)

lemma iT-Div-ge-inext-nth:
[T#{;Veel.Vycl. s <y —a+k<y]=
(ITok)—-n=I—n)dvk

(proof)

lemma iT-Div-mod-inext-nth:
[I#A{};Vzel.Vyel. xmodk =y modk | =
ITok)—-n=U—n)dvk

(proof)

lemma iT-Div-ge-iprev-nth:
[ finite I; I £ {};Vael. Vyel. z <y —z+k<y] =
(Iok)—n=({I<—mn)dvk

(proof)

lemma iT-Div-mod-iprev-nth:
[ finite I} I # {}; Vael.Vyel. z mod k = y mod k | =
(Iok)—n={I<—mn)dvk

(proof)

2.4 Cardinality of intervals with interval operators

lemma iT-Plus-card: card (I & k) = card I

(proof)
lemma iT-Mult-card: 0 < k = card (I ® k) = card I

{proof)

lemma iT-Plus-neg-card: card (I &— k) = card (I |> k)
(proof )

thm Int-lower?2

thm subset-inj-on[OF - Int-lower2]

(proof)
thm sub-left-ingj-on
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(proof)

lemma iT-Plus-neg-card-le: card (I ®&— k) < card I
(proof)

thm nat-cut-ge-finite-iff card-infinite

(proof)

lemma iT-Minus-card: card (k © I) = card (I |< k)
(proof )

thm subset-inj-on|OF - Int-lower2]

(proof)

lemma iT-Minus-card-le: finite I = card (k © I) < card I

{proof)

lemma iT-Div-0-card-if :
card (I @ 0) = (if I ={} then 0 else Suc 0)
(proof )

lemma Int-empty-setsum:
OCk<(nunat). if {} N (I k) ={} then 0 else Suc 0) = 0
(proof )
lemma iT-Div-mod-partition-card:
card (I N[nxd....d — Suc 0] © d) =
(f INnx*d...,d— Suc 0] ={} then 0 else Suc 0)
(proof)
thm iT-Div-mem-iff
(proof)
thm le-less-imp-div

(proof)
thm iT-Div-mem-iff-Int

lemma iT-Div-conv-count:
0<d=Tod={k.IN[k=xd...,d— Suc0]#{}}

(proof)

thm iT-Div-mem-iff-Int

{proof)

lemma iT-Div-conv-count2:
[0 < d; finite I; Max I divd < n ]| =
Tod={kk<nANIN[kxd...,d— Suc0]+#{}}
(proof)
thm div-less-conv

{proof)

lemma mod-partition-count-Suc:
{k.k<Sucn AINkx*d..d— Suc0]#{}}=
{k.k<nAINlk=*xd..,d— Suc0]#{}}U

(if I N [Sucn xd....d — Suc 0] # {} then {Suc n} else {})

(proof)
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lemma iT-Div-card:
AIL.[ 0 < d; finite I; Max I div d < n] =
card (I @ d) = (3 k<n.
if I N[k =*d...,d — Suc 0] = {} then 0 else Suc 0)
(proof)

thm i7T-Div-conv-count?2

(proof)
thm mod-partition-count-Suc

(proof)

find-theorems - div - <= - name: conv

(proof)

thm div-le-conv

(proof)

thm cut-le-Int-conv

(proof )

thm iT-Div-card
thm iT-Div-card[OF - - le-refl, of d i]
corollary iT-Div-card-Suc:
AIL.[ 0 < d; finite I; Max I div d < n] =
card (I @ d) = (3. k<Suc n.
if I N[k =*d...,d — Suc 0] = {} then 0 else Suc 0)
(proof)
corollary iT-Div-Maz-card: | 0 < d; finite I | =
card (I @ d) = (O k<Maz I div d.
if I N[k =*d...,d — Suc 0] = {} then 0 else Suc 0)
(proof)

lemma iT-Div-card-le: 0 < k => card (I @ k) < card I

{(proof)

thm T-Div-def
lemma iT-Div-card-inj-on:

inj-on (An. n divk) I = card (I © k) = card I
(proof)

thm mod-Suc
lemma mod-Suc”:
0 < n = Sucmmodn = (if m mod n < n — Suc 0 then Suc (m mod n) else
0)
(proof )

lemma div-Suc:
0 < n = Sucm divn = (if Suc (m mod n) = n then Suc (m div n) else m div
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")
(proof)
thm le-neg-trans|OF mod-less-divisor| THEN Suc-lel]]
(proof)
lemma div-Suc”:
0 < n = Sucmdivn = (if m mod n < n — Suc 0 then m div n else Suc (m
div n))
(proof)

lemma iT-Div-card-ge-aux:
N. [0 < d; finite I; Max [ divd < n] =
card I div d + (if card I mod d = 0 then 0 else Suc 0) < card (I @ d)
(proof)
thm div-le-conv[ THEN iffD1]
(proof )
thm nat-card-le-Mazx
thm order-trans[OF nat-card-le-Max)]
(proof)
thm div-le-monolof - - d]
{proof)
thm substjwhere t=] and s=I N [...n*d + d — Suc 0] U I N [Sucn *d...d
— Suc 0])
(proof)
thm subset-atMost-Maz-le-conv
thm [e-less-div-conv
{proof)
thm card-Un-disjoint
(proof)
thm iT-Div-mod-partition-card
{proof)
thm Int-card2[OF iIN-finite]
thm order-trans[OF Int-card2[OF iIN-finite]]

{proof)
thm Int-card2[OF iIN-finite, rule-format]

(proof)

thm Maa-Int-le2[OF - iTILL-finite]

thm order-trans|OF Maz-Int-le2]OF - iTILL-finite]]
(proof)

thm card-Un-disjoint

(proof)

thm mod-partition-i T-Div-Int-one-segment
(proof )

thm mod-partition-i T-Div-Int-one-segment
(proof)

thm mod-partition-iT-Div-Int2

(proof)

thm disjoint-iff-in-not-ini

(proof)
thm iIN-div-mod-eq-0
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(proof)

thm i T-Div-mod-partition-card

(proof)

thm add-le-divisor-imp-le-Suc-div

(proof)

thm Int-card2[OF iIN-finite, THEN le-trans]
(proof)

thm order-trans[where z=card I div d + (if card I mod d # 0 then Suc 0 else 0)]
(proof)

thm div-add1-eq1-mod-0-left

(proof)

thm add-le-divisor-imp-le-Suc-div

(proof)

lemma iT-Div-card-ge:
card I div d + (if card I mod d = 0 then 0 else Suc 0) < card (I © d)

(proof)

thm iT-Div-card-ge-auz[OF - - order-refi]

(proof)

corollary iT-Div-card-ge-div: card I div d < card (I @ d)
(proof)

There is no better lower bound function f for ¢ @ d with card ¢ and d as
arguments.

lemma iT-Div-card-ge--is-maximal-lower-bound:
VId. card I div d 4+ (if card I mod d = 0 then 0 else Suc 0) < f (card I) d A
f(card I) d < card (I @ d) =
f (card (I::nat set)) d = card I div d + (if card I mod d = 0 then 0 else Suc 0)

(proof )
thm ¢TILL-div iTILL-card

(proof)
thm div-diff1-eql [of Suc 0 d card I|
(proof)

thm iT-Div-card-ge--is-mazimal-lower-bound [rule-format|

thm ¢T-Plus-card
lemma iT-Plus-icard: icard (I ® k) = icard I

(proof)

thm T-Mult-card
lemma iT-Mult-icard: 0 < k = icard (I ® k) = icard I

(proof)

thm i7T-Plus-neg-card

lemma iT-Plus-neg-icard: icard (I &— k) = icard (I |> k)
{proof )

thm iT-Plus-neg-finite-iff cut-ge-finite
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{proof)

thm :T-Plus-neg-card-le
lemma iT-Plus-neg-icard-le: icard (I &— k) < icard I

(proof)

thm iT-Minus-card
lemma iT-Minus-icard: icard (k © I) = icard (I |< k)
(proof)

thm T-Minus-card-le
lemma iT-Minus-icard-le: icard (k © I) < icard I
(proof)

thm iT-Div-0-card-if

lemma iT-Div-0-icard-if: icard (I @ 0) = Fin (if I = {} then 0 else Suc 0)
thm i7T-Div-0-finite

(proof)

thm iT-Div-mod-partition-card
lemma iT-Div-mod-partition-icard:

icard (I N[n=d...,d — Suc 0] © d) =

Fin (if I N [n * d...,d — Suc 0] = {} then 0 else Suc 0)
(proof)

thm T-Div-card
lemma iT-Div-icard:

[ 0 < d; finite ] = Maz I divd < n] =

icard (I @ d) =

(if finite I then Fin (3 k<n.if I N[k % d...,d — Suc 0] = {} then 0 else Suc
0) else o)

(proof)

thm ¢7-Div-Maz-card
corollary iT-Div-Maz-icard: 0 < d =
icard (I @ d) = (if finite I
then Fin (3" k<Maz I divd. if I N [k % d...,d — Suc 0] = {} then 0 else Suc
0) else 00)
(proof )

thm T-Div-card-le
lemma iT-Div-icard-le: 0 < k = icard (I @ k) < icard I

(proof)

thm i T-Div-card-ing-on
lemma iT-Div-icard-inj-on: inj-on (An. n div k) I = icard (I @ k) = icard I

{(proof)

thm i7T-Div-card-ge
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lemma iT-Div-icard-ge: icard I div (Fin d) + Fin (if icard I mod (Fin d) = 0
then 0 else Suc 0) < icard (I @ d)
(proof)

thm iT-Div-card-ge-div
corollary iT-Div-icard-ge-div: icard I div (Fin d) < icard (I © d)
(proof)

thm iT-Div-card-ge--is-mazximal-lower-bound
lemma iT-Div-icard-ge--is-mazximal-lower-bound:
VId. icard I div (Fin d) + Fin (if icard I mod (Fin d) = 0 then 0 else Suc 0)
< f (icard I) d A
f Gicard I) d < icard (I © d) =
f (icard (I::nat set)) d =
icard I div (Fin d) + Fin (if icard I mod (Fin d) = 0 then 0 else Suc 0)
(proof)
thm iT-Div-card-ge--is-maximal-lower-bound
(proof)
thm i T-Div-card-ge--is-maximal-lower-bound

(proof)

2.5 Results about sets of intervals

2.5.1 Set of intervals without and with emtpy interval

definition {FROM-UN-set :: (nat set) set where
iFROM-UN-set = Un. {[n...]}

definition iTILL-UN-set :: (nat set) set where
iTILL-UN-set = |Jn. {[...n]}

definition iIN-UN-set :: (nat set) set where
iIN-UN-set = Jn d. {[n...,d]}

definition iMOD-UN-set :: (nat set) set where
iMOD-UN-set = Jr m. {|r, mod m]}

definition iMODb-UN-set :: (nat set) set where
iMODb-UN-set = |Jr m c. {[r, mod m, c|}

definition iFROM-set :: (nat set) set where
iFROM-set = {[n...] |n. True}

definition iTILL-set :: (nat set) set where
iTILL-set = {[...n] |n. True}

definition iIN-set :: (nat set) set where
iIN-set = {[n...,d] |n d. True}

definition iMOD-set :: (nat set) set where
iMOD-set = {[r, mod m] |r m. True}

definition iMODb-set :: (nat set) set where
iMODb-set = {[r, mod m, c] |r m c. True}

definition iMOD2-set :: (nat set) set where
iMOD2-set = {[r, mod m] |[r m. 2 < m}
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definition iMODb2-set :: (nat set) set where
iMODb2-set = {[r, mod m, c] [rmc. 2 <m A1 <c}

definition iMOD2-UN-set :: (nat set) set where
iMOD2-UN-set = Jr. Ume{2..}. {[r, mod m]}

definition iMODb2-UN-set :: (nat set) set where
iMODb2-UN-set = |Jr. Ume{2..}. Uce{l..}. {[r, mod m, c|}

lemmas i-set-defs =
1FROM-set-def iTILL-set-def iIN-set-def
1MOD-set-def iMODb-set-def
1MOD2-set-def iMODb2-set-def

lemmas i- UN-set-defs =
1FROM-UN-set-def iTILL-UN-set-def iIN-UN-set-def
1MOD-UN-set-def iMODb-UN-set-def
1MOD2-UN-set-def iMODb2- UN-set-def

lemma iFROM-set-UN-set-eq: iFROM-set = iFROM-UN-set
(proof)
lemma
1TILL-set-UN-set-eq: iTILL-set = iTILL-UN-set and
iIN-set-UN-set-eq:  iIN-set = iIN-UN-set and
1MOD-set-UN-set-eq: iMOD-set = iMOD-UN-set and
1M ODb-set-UN-set-eq: iMODb-set = iMODb-UN-set
(proof)

lemma iMOD2-set-UN-set-eq: iMOD2-set = iMOD2-UN-set
(proof)

lemma iMODb2-set-UN-set-eq: iMODb2-set = iMODb2-UN-set
(proof)

lemmas i-set-i- UN-set-sets-eq =
1FROM-set-UN-set-eq
1TILL-set- UN-set-eq
1IN-set-UN-set-eq
1MOD-set-UN-set-eq
1MODb-set-UN-set-eq
iMOD2-set-UN-set-eq
1MODb2-set-UN-set-eq

thm i-set-i- UN-set-sets-eq

lemma iMOD2-set-iMOD-set-subset: iMOD2-set C iMOD-set

(proof)
lemma iMODb2-set-iMODb-set-subset: iMODb2-set C iMODb-set

(proof)

definition i-set :: (nat set) set where
i-set = iFROM-set U ¢TILL-set U iIN-set U iMOD-set U iMODb-set
definition i-UN-set :: (nat set) set where
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i-UN-set = iFROM-UN-set U iTILL-UN-set U iIN-UN-set U iMOD-UN-set U
iMODb-UN-set

Minimal definitions for i-set and i-set

definition i-set-min :: (nat set) set where
i-set-min = (FROM-set U iIN-set U iMOD2-set U iMODb2-set
definition i- UN-set-min :: (nat set) set where
i-UN-set-min = «FROM-UN-set U iIN-UN-set U iMOD2-UN-set U iMODb2- UN-set

definition i-set0 :: (nat set) set where
i-set0 = insert {} i-set
thm i-set0-def

thm i-set-i- UN-set-sets-eq

lemma i-set-i- UN-set-eq: i-set = i-UN-set

(proof)

lemma i-set-min-i- UN-set-min-eq: i-set-min = i- UN-set-min

(proof)

lemma i-set-min-eq: i-set = i-set-min

(proof )

thm Un-mono

(proof)

corollary i- UN-set-i- UN-min-set-eq: i+-UN-set = i-UN-set-min
(proof)

thm
i-set-def i-set-min-def
1-set-min-eq

lemma i-set-min-is-minimal-let:
let s1 = iFROM-set; s2= iIN-set; s8= iMOD2-set; s{= i1MODb2-set in
sins2={nsins3={}ANsinNns{f={}A
s2Nns8={}As2nsf={}ANs3Nss={}

(proof)

lemmas i-set-min-is-minimal = i-set-min-is-minimal-let[simplified)

thm i-set-min-is-minimal

thm conjuncti

thm
i-set-min-is-minimal | THEN conjunct!]
i-set-min-is-minimal|[ THEN conjunctl [OF conjunct2]]
i-set-min-is-minimal|[ THEN conjunctl [OF conjunct2[OF conjunct2]]]
i-set-min-is-minimal| THEN conjunctl [OF conjunct2[OF conjunct2[OF conjunct?2]]]]
i-set-min-is-minimal [ THEN conjunct1 [OF conjunct2]|OF conjunct2[OF conjunct2[OF

conjunct2]]]]]
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i-set-min-is-minimal[ THEN conjunct2[ OF conjunct2[OF conjunct2[OF conjunct2[OF
congjunct2]]]]]

thm
i-set-def
i-set-defs
inductive-set
i-set-ind:: (nat set) set
where
i-set-ind-FROM [intro!]: [n...] € i-set-ind
| i-set-ind-TILL[intro]: [...n] € i-set-ind
| i-set-ind-IN[intro!]:  [n...,d] € i-set-ind
| i-set-ind-MOD]intro!]:  [r, mod m] € i-set-ind
| i-set-ind-MODb[introl]: [r, mod m, c] € i-set-ind

inductive-set
i-set0-ind :: (nat set) set
where
i-set0-ind-emptylintro!] : {} € i-set0-ind
| i-set0-ind-i-set[intro]: I € i-set-ind => I € i-set0-ind

The introduction rule i-set0-ind-i-set is not declared a safe introduction rule,
because it would disturb the correct usage of the safe method.

lemma i-set-ind-subset-i-set0-ind: i-set-ind C i-set0-ind
(proof)
thm
i-set-ind-FROM
i-set-ind-TILL
i-set-ind-IN
i-set-ind-MOD
i-set-ind-MODb
lemma
i-set0-ind-FROM [intro!] : [n...] € i-set0-ind and
i-set0-ind-TILL[intro!] : [...n] € i-set0-ind and
i-set0-ind-IN[introl] : [n...,d] € i-set0-ind and
i-set0-ind-MOD]intro!] : [r, mod m] € i-set0-ind and
i-set0-ind-MODb[introl] : [r, mod m, c| € i-set0-ind
(proof)
lemmas i-set0-ind-intros2 =
i-set0-ind-empty
i-set0-ind-FROM
i-set0-ind-TILL
i-set0-ind-IN
i-set0-ind-MOD
i-set0-ind-MODb
thm i-set0-ind-intros2
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lemma i-set-i-set-ind-eq: i-set = i-set-ind
(proof)

lemma i-set0-i-set0-ind-eq: i-setl = i-set0-ind
{proof )

thm i-set-i-set-ind-eq

(proof)

lemma i-set-imp-not-empty: I € i-set = I # {}

(proof)

lemma i-set0-i-set-mem-conv: (I € i-set0) = (I € i-set V I = {})
(proof)

lemma i-set-i-set0-mem-conv: (I € i-set) = (I € i-set0 AN I # {})

(proof)

lemma i-set0-i-set-conv: i-set0 — {{}} = i-set
(proof )

corollary i-set-subset-i-set0: i-set C i-setl
(proof)

lemma i-set-singleton: {a} € i-set

(proof )

lemma i-set0-singleton: {a} € i-set

(proof )

thm i-set-ind.intros

corollary
i-set-FROM [intro!] : [n...] € i-set and
i-set-TILL[intro!] : [...n] € i-set and
i-set-IN[introl] : [n...,d] € i-set and
i-set-MOD{intro!] : [r, mod m] € i-set and
i-set-MODb[introl] : [r, mod m, c] € i-set

thm i-set-i-set-ind-eq

(proof)

lemmas i-set-intros =
i-set-FROM
i-set-TILL
i-set-IN
i-set-MOD
i-set-MODb

thm i-set0-ind-intros2

lemma
i-set0-emptylintrol]: {} € i-set0 and
i-set0-FROM [intro!] : [n...] € i-set0 and
i-set0-TILL[intro!] : [...n] € i-set0 and
i-set0-IN [intro!] : [n...,d] € i-set0 and
i-set0-MOD]intro!] : [r, mod m] € i-set0 and
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i-set0-MODb[intro!] : [r, mod m, c] € i-set0
(proof)
lemmas i-set0-intros =

1-set0-empty

i-set0-FROM

i-set0-TILL

i-set0-IN

i-set0-MOD

i-set0-MODb
thm i-set0-intros

lemma i-set-infinite-as-iMOD:
[ I € i-set; infinite I | = Fr m. I = [r, mod m]

(proof)

lemma i-set-finite-as-iMODb:
[ I € i-set; finite I ] = Irmec. I =[r, mod m, ¢

(proof)

lemma i-set-as-tMOD-iMODb:
I€iset = (3rm.I=[r, modm])V (3rmec.I=I[r, modm, c|)
(proof )

2.5.2 Interval sets are closed under cutting

lemma i-set-cut-le-ge-closed-disj:
[I € i-set;t e I; cut-op=op |[<V cut-op=op |>] =
cut-op It € i-set

(proof)

thm i-set-cut-le-ge-closed-disj[of - - op | >, simplified]
corollary
i-set-cut-le-closed: [ I € i-set; t € I | = I |< t € i-set and
i-set-cut-ge-closed: [ I € i-set;t € [ | =1 |>t € i-set

{proof)

lemmas i-set-cut-le-ge-closed = i-set-cut-le-closed i-set-cut-ge-closed
thm i-set-cut-le-ge-closed

lemma i-set0-cut-closed-disj:
[ I € i-set0;
cut-op = op | <V cut-op = op |>V
cut-op = op |< V cut-op = op |> ] =
cut-op It € i-setl

(proof)
thm i-set0-ind-empty
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thm ssubst|OF set-restriction-empty, where P=\z. x € i-set0-ind]
{proof)
thm i-cut-set-restriction-disj

{proof)

thm i-set0-cut-closed-disj|of - op |>, simplified)
corollary
i-set0-cut-le-closed: I € i-set) = I |< t € i-set0 and
i-set0-cut-less-closed: I € i-setl) = I |< t € i-setl and
i-set0-cut-ge-closed: I € i-setQ) = [ |> t € i-set0 and
i-set0-cut-greater-closed: I € i-set) = I |> t € i-setl

(proof)

thm ¢-set0-ind.intros
thm
i-set0-FROM| THEN i-set0-cut-closed-disj[of - op |<, simplified] |
i-set0-TILL] THEN i-set0-cut-closed-disj[of - op | >, simplified] ]
i-set0-IN| THEN i-set0-cut-closed-disj|of - op | <, simplified] ]
i-set0-MOD| THEN i-set0-cut-closed-disj|of - op |>, simplified] ]
i-set0-MODb[ THEN i-set0-cut-closed-disj[of - op |>, simplified] ]
lemmas i-set0-cut-closed =
i-set0-cut-le-closed
i-set0-cut-less-closed
i-set0-cut-ge-closed
i-set0-cut-greater-closed
thm i-set0-cut-closed

2.5.3 Interval sets are closed under addition and multiplication

lemma i-set-Plus-closed: I € i-set — I ® k € i-set

(proof)

lemma i-set-Mult-closed: I € i-set — I ® k € i-set

(proof)

lemma i-set0-Plus-closed: I € i-set) — I & k € i-set0

(proof)

lemma i-set0-Mult-closed: I € i-setl) — I ® k € i-setl

{(proof)

2.5.4 Interval sets are closed with certain conditions under sub-
traction

lemma i-set-Plus-neg-closed:
[I€iset;Iacl. k<z]=1&—kE€iset
(proof)
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lemma i-set-Minus-closed:
[IE€iset;iMinl <k]=— koI Eiset
(proof)

lemma i-set0-Plus-neg-closed: I € i-set0 = I &— k € i-setl
(proof)

lemma i-set0-Minus-closed: I € i-set) — k © I € i-setl

(proof)

lemmas i-set-IntOp-closed =
i-set-Plus-closed
i-set-Mult-closed
i-set- Plus-neg-closed
i-set-Minus-closed

lemmas i-set0-IntOp-closed =
i-set0-Plus-closed
i-set0-Mult-closed
i-set0-Plus-neg-closed
i-set0-Minus-closed

thm i-set-IntOp-closed

thm i-set0-IntOp-closed

2.5.5 Interval sets are not closed under division

thm i-set-as-iMOD-iMODb

thm iMOD-div-mod-gr0-not-ex

lemma iMOD-div-mod-gr0-not-in-i-set:
[0<kik<m;0<mmodk] = [r, mod m| @k ¢ i-set

(proof)

thm i-set-infinite-as-iMOD

(proof)

lemma iMODb-div-mod-gr0-not-in-i-set:
[0<kik<m;O0<mmodk; k<c]=[r, modm,c] ®Fk ¢ iset

{(proof)

lemma [0, mod 3] @ 2 ¢ i-set
(proof)

lemma i-set-Div-not-closed: Suc 0 < k = I1€i-set. I @ k ¢ i-set
(proof)
lemma i-set0-Div-not-closed: Suc 0 < k = I1€i-set0. I @ k ¢ i-setl
(proof)
thm

1-set-Div-not-closed

i-set0-Div-not-closed
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2.5.6 Sets of intervals closed under division

inductive-set

NatMultiples :: nat set = nat set

for F :: nat set

where

NatMultiples-Factor:
k € F = k € NatMultiples F
| NatMultiples- Product:
[ k € F; m € NatMultiples F | = k * m € NatMultiples F

thm NatMultiples.induct
lemma NatMultiples-ex-divisor: m € NatMultiples F —> 3 k€F. m mod k = 0
(proof)
lemma NatMultiples-product-factor: [ a € F; b € F | = a x b € NatMultiples
F
(proof)
lemma NatMultiples-product-factor-multiple:

[ a € F; b € NatMultiples F | => a * b € NatMultiples F
(proof)
lemma NatMultiples-product-multiple-factor:

[ @ € NatMultiples F; b € F | = a * b € NatMultiples F
(proof)
lemma NatMultiples-product-multiple:

[ @ € NatMultiples F; b € NatMultiples F' | = a * b € NatMultiples F

(proof)

Subset of i-set containing only continuous intervals, i. e., without :MOD
and iMODb.

inductive-set i-set-cont :: (nat set) set

where
i-set-cont-FROM [intro]: [n...] € i-set-cont
| i-set-cont-TILL[intro): [...n] € i-set-cont
| i-set-cont-IN[intro]: [n...,d] € i-set-cont

definition i-set0-cont :: (nat set) set where
i-set0-cont = insert {} i-set-cont

lemma i-set-cont-subset-i-set: i-set-cont C i-set

{proof)

lemma i-set0-cont-subset-i-set0: i-set0-cont C i-setl

(proof)

Minimal definition of i-set-cont

inductive-set i-set-cont-min :: (nat set) set
where
i-set-cont-FROM [intro]: [n...] € i-set-cont-min
| i-set-cont-IN[intro]: [n...,d] € i-set-cont-min
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definition i-set0-cont-min :: (nat set) set where
i-set0-cont-min = insert {} i-set-cont-min

lemma i-set-cont-min-eq: i-set-cont = i-set-cont-min

(proof)

inext and iprev with continuous intervals

lemma i-set-cont-inext:

[ I € i-set-cont; n € I; finite ] = n < Max I | = inext n I = Suc n
(proof)
lemma i-set-cont-iprev:

[ I € i-set-cont;n € I;iMinl <n] = iprevnlI=mn— Suc0

(proof)

lemma i-set-cont-inext--less:
[ I € i-set-cont; n € I;n < nl;n0 € 1] = inext nI = Sucn
(proof)
thm order-less-le-trans|OF - Maz-ge]
(proof )
lemma i-set-cont-iprev--greater:
[I € iset-cont;ne€I;n0 <n;n0 e€l] = iprevnl =n— Suc0
(proof)
thm order-le-less-trans| OF iMin-le, of n0]

(proof)

Sets of modulo intervals

inductive-set i-set-mult :: nat = (nat set) set
for k :: nat

where

i-set-mult-FROM [intro!]: [n...] € i-set-mult k
| i-set-mult-TILL[intro!]: [...n] € i-set-mult k
| i-set-mult-IN [intro!]:  [n...,d] € i-set-mult k

| i-set-mult-MODlintrol]: [r, mod m * k] € i-set-mult k
| i-set-mult-MODb[intro!]: [r, mod m * k, c] € i-set-mult k

definition i-set0-mult :: nat = (nat set) set where
i-setO-mult k = insert {} (i-set-mult k)

lemma
i-set0-mult-empty[introl]: {} € i-set0-mult k and
i-set0-mult-FROM [introl] : [n...] € i-setO-mult k and
i-set0-mult-TILL[intro!] : [...n] € i-set0-mult k and
i-setO0-mult-IN [intro!] : [n...,d] € i-setO-mult k and
i-set0-mult-MODintro!] : [r, mod m * k| € i-setO-mult k and
i-set0-mult-MODb[intro!] : [r, mod m * k, c] € i-setO-mult k
(proof)
lemmas i-set0-mult-intros =
i-set0-mult-empty
i-set0-mult-FROM
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i-set0-mult-TILL
i-set0-mult-IN
i-set0-mult-MOD
i-set0-mult-MODb
thm i-setO-mult-intros

lemma i-set-mult-subset-i-setO-mult: i-set-mult k C i-setO-mult k
(proof)

lemma i-set-mult-subset-i-set: i-set-mult k C i-set

(proof)

thm subsetD][OF i-set-mult-subset-i-set]

lemma i-setO-mult-subset-i-set0: i-setO-mult k C i-set0

(proof)

thm order-trans[|OF - i-set-subset-i-set0, OF i-set-mult-subset-i-set]

{proof)

lemma i-set-mult-0-eq-i-set-cont: i-set-mult 0 = i-set-cont

(proof)

lemma i-set0-mult-0-eq-i-set0-cont: i-set0-mult 0 = i-set0-cont
(proof)

lemma i-set-mult-1-eq-i-set: i-set-mult (Suc 0) = i-set

(proof)

lemma i-set0-mult-1-eq-i-set0: i-set0-mult (Suc 0) = i-set

(proof)

lemma i-set-mult-imp-not-empty: I € i-set-mult k = I # {}

(proof)

lemma iMOD-in-i-set-mult-imp-divisor-mod-0:
[ m # Suc 0; [r, mod m] € i-set-mult k | = m mod k = 0

(proof)

lemma

divisor-mod-0-imp-iMOD-in-i-set-mult: m mod k = 0 = [r, mod m] € i-set-mult
k and

divisor-mod-0-imp-iMODb-in-i-set-mult: m mod k = 0 = [r, mod m, c| €
i-set-mult k

{proof)

lemma 1M OD-in-i-set-mult--divisor-mod-0-conv:
m # Suc 0 = ([r, mod m] € i-set-mult k) = (m mod k = 0)

(proof)
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lemma i-set-mult-neql-subset-i-set: k # Suc 0 = i-set-mult k C i-set

(proof)

lemma mod-0-imp-i-set-mult-subset:
a mod b = 0 = i-set-mult a C i-set-mult b

(proof)

thm i-set-mult.cases
(proof )
lemma i-set-mult-subset-imp-mod-0:
[ a # Suc 0; (i-set-mult a C i-set-mult b) | = a mod b = 0
(proof )
thm iMOD-in-i-set-mult-imp-divisor-mod-0|of - 0 b]
(proof )
lemma i-set-mult-subset-conv:
a # Suc 0 = (i-set-mult a C i-set-mult b) = (a mod b = 0)

(proof)

lemma i-set-mult-mod-0-div:
[I€ iset-multk;kmodd=0]=I0®dEe i-set-mult (k div d)
(proof )
thm iT-Div-0[OF i-set-mult-imp-not-empty]
(proof)
thm mod-0-imp-mod-mult-left-0
thm mod-0-imp-div-mult-right-eq
thm iMOD-div iMODb-div
(proof)

Intervals from i-set-mult k remain in i-set after division by d a divisor of k.

corollary i-set-mult-mod-0-div-i-set:

[I € i-set-multk;kmodd=0]= 1@ dE€E i-set
thm subsetD|OF i-set-mult-subset-i-set[of k div d]]
(proof )
corollary i-set-mult-div-self-i-set:

I €i-set-multk = I © k € i-set
(proof)

lemma i-set-mod-0-mult-in-i-set-mult:
[I€iset;mmodk=0]=1®® m € i-set-mult k
(proof)
lemma i-set-self-mult-in-i-set-mult:
I €i-set =1k € i-set-mult k

{(proof)

lemma i-set-mult-mod-gr0-div-not-in-i-set:
[0<k;0<d;0<kmodd] = FIci-set-mult k. I © d ¢ i-set

(proof)
thm iMOD-div-mod-gr0-not-ex[of d Suc d * k 0]
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(proof)
thm i-set-infinite-as-iMOD

{proof)

lemma i-set0-mult-mod-0-div:
[ I € i-setO-multk; kmodd=0]= I d € i-set0-mult (k div d)

(proof)
corollary i-set0-mult-mod-0-div-i-set0:

[ I € i-setO-multk; kmodd=0]= 1@ d € i-setl
(proof)

corollary i-set0-mult-div-self-i-set0:
I € i-setO-mult k = I © k € i-set0

(proof)

lemma i-set0-mod-0-mult-in-i-set0-mult:
[Ie€isetd;mmodk=0]=1® m € i-set0-mult k

(proof)

lemma i-set0-self-mult-in-i-set0-mult:
I € i-set) = I ® k € i-setO-mult k
(proof)

lemma i-set0-mult-mod-gr0-div-not-in-i-set0:
[0<k 0<d;0<kmodd] = FIci-set0-mult k. I @ d ¢ i-set
(proof)

end

3 IL-TemporalOperators: Temporal logic opera-
tors on natural intervals

theory IL-TemporalOperators
imports IL-IntervalOperators
begin

Bool : some additional properties

instantiation bool :: {ord, zero, one, plus, times, order}

begin

definition Zero-bool-def [simp]: 0 = False
definition One-bool-def [simp]: 1 = True
definition add-bool-def: a + b = a V b
definition mult-bool-def: a x b = a A b

instance (proof)
end

value Fualse < True
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value True < True
value True < True
thm le-bool-def

lemmas bool-op-rel-defs =
add-bool-def
mult-bool-def
less-bool-def
le-bool-def

thm bool-op-rel-defs

instance bool :: linorder
(proof)

instance bool :: wellorder

(proof)
thm wf-def

{proof)

instance bool :: comm-semiring-1

(proof)

3.1 Basic definitions

typ T

thm FEz-def
thm All-def

term All
term Ball
lemma UNIV-nat: IN = (UNIV::nat set)

(proof)
Universal temporal operator: Always/Globally

definition

iAll = T = (Time = bool) = bool — Always
where

AT P =Vtel. Pt

Existential temporal operator: Eventually /Finally

definition

iFEx 2 iT = (Time = bool) = bool — Eventually
where

iFz-def : iEx I P =3tel. Pt
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syntax (zsymbols)

-iAll :: Time = T = (Time = bool) = bool ((30 - -.

-iBx :: Time = iT = (Time = bool) = bool ((3¢ - -
syntax (HTML output)

-iAll :: Time = iT = (Time = bool) = bool ((30 - -.

-iBx :: Time = (T = (Time = bool) = bool ((3¢ - -
translations

Ot 1. P = CONST iAll I (\t. P)

O tI. P= CONST iEx I (\t. P)

/) 10,0, 10] 10)
./ -) [0, 0, 10] 10)
/) 10,0, 10] 10)
/- [0, 0, 10] 10)

Future temporal operator: Next

definition

iNext  :: Time = iT = (Time = bool) = bool — Next
where

iNext t0 I P = P (inext t0 I)

Past temporal operator: Last/Previous

definition

iLast  :: Time = iT = (Time = bool) = bool — Last
where

iLast t0 I P = P (iprev t0 I)

syntax (zsymbols)

-iNext :: Time = Time = iT = (Time = bool) = bool ((30 ---./ -) [0, 0,
10] 10)

-iLast :: Time = Time = iT = (Time = bool) = bool ((3& - --./ -) [0, 0,
10] 10)
syntax (HTML output)

-iNext :: Time = Time = iT = (Time = bool) = bool ((30 ---./ -) [0, 0,
10] 10)

-iLast :: Time = Time = iT = (Time = bool) = bool ((3& - --./ -) [0, 0,
10] 10)
translations

O t10 1. P = CONST iNext t0 I (\t. P)

& tt01. P = CONST iLast t0 I (\t. P)
lemma O t 10 [0..]. (t + 10 > 10)
(proof)

The following versions of Next and Last operator differ in the cases where
no next/previous element exists or specified time point is not in interval:
the weak versions return True and the strong versions return False.

definition

iNextWeak  :: Time = iT = (Time = bool) = bool — Weak Next
where

iNextWeak t0 I P = (O ¢t {inext t0 I} |> t0. P t)
definition

iNextStrong :: Time = iT = (Time = bool) = bool — Strong Next
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where
iNextStrong t0 I P = (O t {inext t0 I} |> t0. P t)

definition

iLastWeak  :: Time = iT = (Time = bool) = bool — Weak Last
where

iLastWeak t0 I P = (O t {iprev t0 I} [< t0. P t)
definition

iLastStrong :: Time = iT = (Time = bool) = bool — Strong Last
where

iLastStrong t0 I P = (O t {iprev t0 I} | < t0. P t)

syntax (zsymbols)

-iNextWeak :: Time = Time = iT = (Time = bool) = bool ((3Qw - - -./
10, 0, 10] 10)

-iNextStrong :: Time = Time = iT = (Time = bool) = bool ((3Qs - - -/ -)
[0, 0, 10] 10)

-iLastWeak :: Time = Time = iT = (Time = bool) = bool ((36w - - -./ -)
[0, 0, 10] 10)

-iLastStrong :: Time = Time = iT = (Time = bool) = bool ((3Ss - - -./ -)
[0, 0, 10] 10)
syntax (HTML output)

-iNextWeak :: Time = Time = iT = (Time = bool) = bool ((3Qw - - -./
10, 0, 10] 10)

-iNextStrong :: Time = Time = iT = (Time = bool) = bool ((3Qs - - -./ -)
[0, 0, 10] 10)

-iLastWeak :: Time = Time = iT = (Time = bool) = bool ((36w - - -./ -)
[0, 0, 10] 10)

-iLastStrong :: Time = Time = iT = (Time = bool) = bool ((3Ss - - -./ -)
[0, 0, 10] 10)
translations

Ow tt0 1. P = CONST iNextWeak t0 I (\t. P)
Os tt0 1. P = CONST iNextStrong t0 I (At. P)
Ow tt0I. P = CONST iLastWeak t0 I (\t. P)
©s tt0I. P = CONST iLastStrong t0 I (A\t. P)

Some examples for Next and Last operator

lemma O ¢ 5 [0...,10]. ([0::int,10,20,30,40,50,60,70,80,90] ! t < 80)

(proof)
lemma © t 5 [0...,10]. ([0::int,10,20,30,40,50,60,70,80,90] | t < 80)

(proof)

Temporal Until operator

definition

iUntil = iT = (Time = bool) = (Time = bool) = bool — Until
where

iUntil I PQ=0tI. Qt A (Ot (I |<t). Pt

Temporal Since operator (past operator corresponding to Until)
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definition

iSince 1T = (Time = bool) = (Time = bool) = bool — Since
where

iSince IPQ=0tI.QtAN Ot (I]>1t).Pt)

syntax (zsymbols)
-iUntil :: Time = Time = iT = (Time = bool) = (Time = bool) = bool
(-] - (3U --).) ) [10, 0, 0, 0, 10] 10)
-iSince :: Time = Time = iT = (Time = bool) = (Time = bool) = bool
(-] - (38 - )./ ) [10, 0, 0, 0, 10] 10)
translations
P.tU t'I. Q = CONST iUntil I (\t. P) (At". Q)
P.tSt'1. Q= CONST iSince I (M. P) (At Q)

definition

iWeakUntil  :: 4T = (Time = bool) = (Time = bool) = bool — Weak
Until/Wating-for/Unless
where

iWeakUntil IP Q= (O tI.Pt)V (O tI. QtA (Dt (I]<t). Pt

definition

iWeakSince  :: iT = (Time = bool) = (Time = bool) = bool — Weak
Since/Back-to
where

iWeakSince IPQ =0 ¢tI.Pt)V (OtI. QtA Ot (I]>1t). Pt

syntax (zsymbols)
-iWeakUntil :: Time = Time = iT = (Time = bool) = (Time = bool) =
bool
(('/ - (3W - ')/ ') [10, 07 07 07 10] 10)
-iWeakSince :: Time = Time = iT = (Time = bool) = (Time = bool) =
bool
((~/-(3B--)./-)[10,0,0,0, 10] 10)
translations
P.tWt'I. Q = CONST iWeakUntil I (\t. P) (\t'. Q)
P.tBt'I. Q= CONST iWeakSince I (At. P) (At Q)

definition

iRelease  :: iT = (Time = bool) = (Time = bool) = bool — Release
where

iRelease-def : iRelease IP Q= (0 tI. Qt) V(O tI. Pt A (Ot (I [<1t).Q
)

definition

iTrigger :: iT = (Time = bool) = (Time = bool) = bool — Trigger
where

iTrigger-def : iTrigger IP Q = (O tI. Qt) V(O tI. Pt A (@Ot (I [>1). Q
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t)

syntax (zsymbols)
-iRelease :: Time = Time = iT = (Time = bool) = (Time = bool) = bool
((~/ - (3R - 9./ ) [10, 0, 0, 0, 10] 10)
-iTrigger :: Time = Time = iT = (Time = bool) = (Time = bool) = bool
((-/-T --)./-) [10, 0,0, 0, 10] 10)
translations
P.t R t'I. Q = CONST iRelease I (A\t. P) (At'. Q)
P.tT t'I. Q = CONST iTrigger I (At. P) (\t’. Q)

lemmas iTL-Next-defs =
iNext-def iLast-def
iNext Weak-def iLast Weak-def
iNextStrong-def iLastStrong-def
lemmas iTL-defs =
1All-def iEz-def
1Until-def iSince-def
1WeakUntil-def iWeakSince-def
iRelease-def i Trigger-def
1TL-Next-defs

(ML)

ter m J¢tI. Pt
term O t 1. Pt

term P1t1.t1 U t21. P2t2
term P1¢1.t1 St21. P21t2
(ML)

term Ptl.t1 U t21. Qt2
term Pt1.t1 St21. Qt2
(ML)

term Pt1.t1 Wit21. Qt2
term Pti.t1 Bt21. Qt2

(ML)
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term Pt1.t1 Rt21. Qt2
term Pt1.t1 T t21. Q2
3.2 Basic lemmata for temporal operators

3.2.1 Intro/elim rules

thm bexl rev-bexl

lemma

iexl [intro]: [Pt;tel]= ¢tlI Ptand

rev-iex! [intro?]: [t € [; Pt = ¢ t I. P ¢t and

iexE[elim!]: [OtI.PL Nt.[te; Pt]=Q] = @Q
(proof)
lemma

ialll[intro!]: (Nt. t € I = Pt) = 0O¢I. Pt and

ispecldest?]: [0 tI. Pt;t € I ] = Pt and

iallElelim): [OtI. Pt; Pt = Q;t¢ ] = Q] = @
(proof )

lemma
iuntill [intro):
[Qt; (ANt t'el|<t= Pt);tel]= Pt . t'UtI Qtand
rev-iuntill [intro?]:
[tel; Qt; (Nt t' el |<t= Pt)]= Pt . t'ULt] Qt
(proof)
lemma
iuntilE]elim]:
[P/t t'UtI. Pt NL[tel; Pt] = Q] = Q
(proof)

thm iSince-def
lemma
isincel [intro]:
[Qt: (Nt t' €T |>t= Pt);tel]= Pt . t'StI. Qtand
rev-isincel [intro?]:
[tel; Qt; (Nt t'el|>t=Pt)]= Pt . t'Stl. Qt
(proof)
lemma
isinceE[elim]:
[Ptht'StI.P; Nt.[te; Pt]= Q] = @
(proof)

3.2.2 Rewrite rules for trivial simplification

thm ball-triv

lemma iall-triv(simp]: (O tI. P) = ((3t. t € I) — P)
(proof)

thm bex-triv

lemma iez-triv[simpl: (0 tI. P) = ((3t. t € I) A P)

98
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{proof)

lemma iex-conjL1:
(O t1I1. (P1t1 A (O t212. P2t1t2))) =
(O t111. ¢ t212. P1t1 A P2 t112)
(proof)
lemma iez-conjR1:
(O t111. (O t212. P2t1t2) N P1t1)) =
(O t111. 0 t212. P2t112 N P1t1)
(proof)
lemma iez-conjL2:
(O t111. (P1t1 A (O t2 (I2¢1). P2t1t2))) =
(O t111.0 t2 (I21t1). P1t1 N P2t112)
(proof)
lemma iez-conjR2:
(O t1I1. (O t2 (I2t1). P2t1 t2) A P1t1)) =
(O t111.0 t2 (I2t1). P2t1t2 N P111)
(proof)
lemma iez-commute:
(O t111.0Q t212. Ptlt2) =
(O t212. O t111. P t112)

(proof)

lemma iall-conjL1:
12 #{} =
(O ¢t1I1. (P1t1 A (Ot212. P2t1t2))) =
(O ¢r I1.0t212. P1t1 A P2t12)
(proof)
lemma iall-conjR1:
2 +£{} =
(O ¢trI1. (O ¢t212. P21 t2) N P1t1)) =
(O ¢r I1.0¢t212. P2t1t2 A P1t1)
(proof)
lemma iall-conjL2:
OtrI1.12¢ #{} =
(O ¢t1 I1. (P1t1 A (O¢t2 (I2t1). P2t1t2))) =
(O ¢1I1.0t2 (I2¢1). P1t1 A P21t1t2)
(proof)
lemma iall-conjR2:
Ot I1. 12t #{} =
(O ¢t1I1. (O ¢2 (I2t1). P21 t2) A P1tl)) =
(O t111. 02 (12 t1). P2 t1 t2 A P1 t1)
(proof)
lemma iall-commute:
(O¢tr11.01t212. Pt112) =
(Ot212.01t111. Pt1t2)

{(proof)
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lemma iall-conj-distrib:
OtI.PtAQt)=((0O¢tIL.PHYANOLI. Q1))

(proof)

lemma iez-disj-distrib:
(CtI.PtvQt)y=((0tI.PtYV(OtI. Q1))

(proof )

lemma iall-conj-distrib2:

(O¢trI1.0¢t2 (I2¢1). Pt1t2 A Q t1t2) =

(Ot1I1.0¢2 (I2t1). Pt12) A (O t1 11. 0 t2 (I12t1). Q t1 t2))
(proof)
lemma iez-disj-distrib2:

(Ot111.0t2 (I21t1). Pt1t2 Vv Qtlt2) =

(O t1I1.0t2 (I2t1). Pt1t2) VvV (O t111. 0 2 (I2t1). Q t1 t2))

{(proof)

lemma iUntil-disj-distrib:

(Pt1.t1Ut21.(Q1t2V Q2¢2))=((Ptl.t1Ut21. Q1t2)V (Ptl.t1U
t21. Q212))
(proof )
lemma iSince-disj-distrib:

(Pt1.t1 St21. (Q1t2V Q2¢t2))=((Ptl.t1 St21.Q1t2)V (Ptl.t1 S
t2 1. Q2 2))
(proof)

thm iNext Weak-def
lemma
iNext-iff (Ott0I.Pt)y=(0¢t][...0] ® (inext t0 I). P t) and
iLast-iff (@t Pt)y=(0O¢][...0] ® (iprevt0 I). P t)
(proof)
lemma
iNext-iEx-iff : (O tt0I. Pt)= (O t]...0] ® (inext t0 I). P t) and
iLast-iBx-iff :(© tt0I. Pt)= (0t [...0] @ (iprevt0I). Pt)
(proof)

lemma inext-singleton-cut-greater-not-empty-iff :
({inext tO I} |> t0 #{}) = (I [>t0 #{} At0 € I)
(proof)
thm inext-all-le-fiz
(proof )
lemma iprev-singleton-cut-less-not-empty-iff :
{iprev t0 I} |< t0 £ {}) = |< t0 #{} ANt0 € I)
(proof)
thm iprev-all-ge-fiz
(proof )
lemma inext-singleton-cut-greater-empty-iff :
({inext t0 I} |>t0 ={}) =T [>t0={} v io ¢l
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(proof)

thm inext-singleton-cut-greater-not-empty-iff

(proof)

lemma iprev-singleton-cut-less-empty-iff:

{iprevt0 I} |< t0 ={}) = [<t0={}Vvito ¢l

(proof)

thm iprev-singleton-cut-less-not-empty-iff

(proof)

lemma iNextWeak-iff : (Ow tt01. Pt)= (O ttol. Pt)Vv (I |>t0={})V
t0 ¢ I)

(proof)

thm inext-singleton-cut-greater-empty-iff [symmetric]

(proof)

lemma iNextStrong-iff : (Os tt0I. Pt) = (O tt0I. Pt)A (I |>t0 #{}) A
t0 € 1)

(proof)

thm inext-singleton-cut-greater-not-empty-iff [symmetric]

(proof)

lemma iLastWeak-iff : (6w tt0I. Pt)=((©tt0I. Pt)V (I |<t0={})V
t0 ¢ 1)

(proof)

thm iprev-singleton-cut-less-empty-iff [symmetric]

(proof)

lemma iLastStrong-iff : (©g tt0 1. Pt) = ((© tt0I. Pt) A (I |<t0 #{}) A
t0 € I)

(proof)

thm iprev-singleton-cut-less-not-empty-iff [symmetric]

(proof)

lemmas iTL-Next-iff =
iNext-iff iLast-iff
iNext Weak-iff iNextStrong-iff
1Last Weak-iff iLastStrong-iff

lemma
iNext-iff-singleton (O ¢tt0l. Pt)y= (Ot {inext t0I}. Pt) and
iLast-iff-singleton c(ettol. Pt)y= (0Ot {iprevt0 I}. Pt)
(proof )

lemmas iNeztLast-iff-singleton = iNext-iff-singleton iLast-iff-singleton

lemma
iNext-iEz-iff-singleton : (O ¢ t0I. P t) = (O t {inext t0 I}. P t) and
iLast-iEz-iff-singleton : (& tt0I. P t) = (O t {iprev t0 I}. P t)
(proof)



THEORY “IL-TemporalOperators” 102

lemma
iNext Weak-iAll-conv: (Ow t¢01. P t) = (Ot ({inext t0 I} |> t0). P t) and
iNextStrong-iEz-conv: (Og tt0I. P t) = (O t ({inext t0 I} |> t0). P t) and
iLastWeak-iAll-conv: (&w tt0 1. Pt) = (Ot ({iprev t0 I} |< t0). P t) and
iLastStrong-iEx-conv: (©g t t0I. P t) = (O t ({iprev t0 I} |< t0). P t)
(proof)

lemma
iAll-True[simp]: O t I. True and
iAll-False[simp]: (O t I. False) = (I = {}) and
iEz-True[simp]: (O t I. True) = (I # {}) and
iFEz-False[simp]: = (O t I. False)

(proof)

lemma empty-iff-iAll-False: (I = {}) = (O t I. False) (proof)
lemma not-empty-iff-iEz-True: (I # {}) = (0 t I. True) (proof)

lemma
iNext-True: O ttolI. True and
iNextWeak-True:  (Ow t t0 I. True) and
iNext-False: = (O tt0 1. False) and
iNextStrong-False: = (Og t t0 I. False)

(proof)

lemma

iNextStrong-True: (Og t 0 1. True) = (I |> t0 # {} A t0 € I) and
iNextWeak-False: (= (Qw t t0 I. False)) = (I |> t0 # {} A t0 € I)

(proof)

lemma
1Last-True: e tto . True and
iLastWeak-True:  (©w t 10 I. True) and
iLast-False: - (© tt0 1. False) and
iLastStrong-False: = (©g t t0 I. False)

(proof)

lemma

iLastStrong-True: (Sg tt0 1. True) = (I |< t0 # {} A t0 € I) and
iLastWeak-False: (= (©w t 10 I. False)) = (I |< t0 # {} AN t0 € I)
(proof)

lemma iUntil-True-left[simp]: (True. t' U t I. Qt) = (O t 1. Qt)

{proof )

lemma (Until-True[simp]: (P t". t'U t I. True) = (I # {})

(proof )

lemma iUntil-False-left[simp]: (False. t'U t I. Qt) = (I # {} N Q (iMin I))
(proof)

lemma iUntil-False[simp]: = (P ¢'. t'U t I. False)
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{proof)

lemma iSince-True-left[simp]: (True. t'St1. Qt) = (0 tI. Q1)
(proof)
lemma iSince-True-if :

(Pt t'S tI. True) =

(if finite I then I # {} else O ¢t1 1.0 ¢2 (I |> t1). P t2)

(proof)
thm cut-greater-Max-empty

{proof)

corollary iSince-True-finite[simp]: finite I = (P t’. t' S t I. True) = (I # {})
(proof)

lemma iSince-False-left[simp]: (False. t' S t I. Q t) = (finite I N1 # {} N Q
(Maz I))

(proof)
lemma iSince-False[simp]: = (P t'. t' S t I. False)

(proof)

lemma iWeakUntil- True-left[simp]: True. t' W tI. Q t

(proof)
lemma (WeakUntil- True[simp]: P t'. ' W t I. True

(proof)

lemma iWeakUntil-False-left[simp]: (False. t' W t 1. Qt) = (I = {} V Q (iMin
1))

(proof)

lemma iWeakUntil-False[simp]: (P t'. t' W t I. False) = (O ¢t I. P t)

(proof)

lemma iWeakSince-True-left[simp]: True. t' B tI. Qt
(proof)
lemma iWeakSince-True-disj:
(Pt t'BtlI. True) =
(I={tv(Qt1I.Ot2 (I]|>t1). Pt2))
(proof)
lemma (WeakSince- True-finite[simp]: finite I = (P t'. t' B ¢ I. True)
(proof)
lemma iWeakSince-False-left[simp]: (False. t' Bt 1. Qt) = (I = {} V (finite I A
Q (Mas 1)))
{proof )
lemma iWeakSince-False[simp]: (P t’. t' Bt 1. False) = (Ot 1. Pt)

(proof)

lemma iRelease-True-left[simp]: (True. t' R t I. Qt) = (I = {} V Q (iMin I))

{proof )

lemma iRelease-True[simp]: P t'. t' R t I. True

(proof )

lemma iRelease-False-left[simp]: (False. t' R tI. Qt)=(OtI. Q1)
(proof)

lemma iRelease-False[simp]: (P t'. t' R t I. False) = (I = {})
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(proof)

lemma iTrigger-True-left[simp]: (True. t' T tI. Q¢t)= I ={} v (O t1I.0¢2
(I |>1t1). Q1t2))

(proof)

lemma iTrigger-True[simp]: P t'. t' T t I. True

(proof )

lemma iTrigger-False-left[simp]: (False. t' T tI. Qt) = (0O tI. Q1)
(proof )

lemma iTrigger-False[simp]: (P t'. t' T ¢ 1. False) = (I = {})
(proof)

lemma
iUntil- True True[simp]: (True. t'U t I. True) = (I # {}) and
iSince-True True[simp]: (True. t' S t I. True) = (I # {}) and
iWeakUntil- True True[simp|: True. t' W t I. True and
iWeakSince-TrueTrue[simp|: True. t' B t I. True and
iRelease-TrueTrue[simp]: True. t' R t I. True and
iTrigger-True True[simp]: True. t' T t I. True

(proof)

3.2.3 Empty sets and singletons

lemma iAll-empty[simp]: O t {}. Pt {(proof)
lemma iFz-empty[simp]: = (O t {}. P t) (proof)

thm iAll-empty iEz-empty

lemma iUntil-empty[simp]: = (P t0. t0 U t1 {}. Q t1) (proof)
lemma iSince-empty[simp]: = (P ¢0. t0 S t1 {}. Q t1) (proof)
lemma iWeakUntil-empty[simp]: P t0. t0 W t1 {}. Q t1 (proof)
lemma iWeakSince-empty[simp]: P t0. t0 B t1 {}. Q t1 {proof)

lemma iRelease-empty[simp]: P t0. t0 R t1 {}. Q t1 (proof)
lemma iTrigger-empty[simp]: P t0. t0 T t1 {}. Q t1 {proof)

lemmas iTL-empty =
1All-empty iEz-empty
1Until-empty iSince-empty
1Weak Until-empty i WeakSince-empty
1Release-empty 1Trigger-empty

lemma iAll-singleton[simp]: (O ¢’ {t}. P t') = Pt (proof)
lemma iFz-singleton[simp]: (O t' {t}. P t') = Pt (proof)

lemma Until-singleton[simp]: (P t0. t0 U t1 {t}. Qt1) = Qt

(proof)
lemma iSince-singleton[simp]: (P t0. t0 S t1 {t}. Qt1) = Qt

(proof)
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lemma iWeakUntil-singleton[simp]: (P t0. t0 W t1 {t}. Qt1) = (PtV Q1)
(proof)
lemma i WeakSince-singleton[simp]: (P t0. t0 B t1 {t}. Qt1) = (Pt V Q)
(proof)

lemma iRelease-singleton[simp]: (P t0. t0 R t1 {t}. Qt1) = Q¢
{proof )
lemma iTrigger-singleton[simp]: (P t0. t0 T t1 {t}. Qtl) = Qt
(proof )

lemmas iTL-singleton =
1All-singleton iEz-singleton
1Until-singleton iSince-singleton
1 WeakUntil-singleton iWeakSince-singleton
1Release-singleton i Trigger-singleton

thm iTL-singleton

3.2.4 Conversions between temporal operators

lemma iAll-iEz-conv: (O tI. Pt)= (= (0 tI. - Pt)) (proof)
lemma iFz-iAll-conv: (0 t I. Pt) = (= (O ¢ 1. = Pt)) (proof)

lemma not-iAll[simpl: (- (Ot 1. Pt)) = (O tI. = Pt) (proof)
lemma not-iEx[simpl: (- (0 tI. Pt)) = (O tI. = Pt) (proof)

lemma iUntil-iEx-conv: (True. t'U t I. P t) = (O tI. P t) (proof)
lemma iSince-iEz-conv: (True. t' St 1. Pt) = (0 ¢t I. Pt) (proof)

lemma iRelease-iAll-conv: (False. t' R t I. Pt) = (O tI. Pt)

(proof)
lemma iTrigger-iAll-conv: (False. t' T t 1. Pt) = (0 t1. Pt)

(proof)

lemma i WeakUntil-iUntil-conv: (P ¢t'. t' Wt 1. Qt)= (Pt . t'UtI. Qt)V
@t1.Pt)

(proof)

lemma iWeakSince-iSince-conv: (Pt t'BtI1. Qt)= (Pt t'StI. Qt)Vv (O
t1.Pt))

(proof)

lemma iUntil-i WeakUntil-conv: (Pt t'Ut1. Qt)= (Pt . t'WtI. Qt)A (O
t1.Q1))

(proof)

lemma iSince-iWeakSince-conv: (Pt t'StI1. Qt) = (Pt . t'BtI. Qt) AN (O
t1.Q1t)

(proof)

thm iRelease-def i WeakUntil-def
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lemma iRelease-i WeakUntil-conv: (Pt . t' R ¢t 1. Qt)=(Q ¢t t'WtI. (Q¢t A
P i)

(proof)

lemma iRelease-iUntil-conv: (P t". t' RtI. Qt)=((0O¢tI.Qt)VvV (Qt. t'Ut
I.(Qt AP

(proof)

lemma iTrigger-i WeakSince-conv: (P t'. ¢/ T t1. Qt) = (Qt. t'BtI. (Qt A
Pt))

(proof)

lemma iTrigger-iSince-conv: (P t". ¢' T t1. Qt) = (O tI.Qt)V (Qt.t'St
I.(Qt A PY)))

(proof)

lemma iRelease-not-iUntil-conv: (Pt t' RtI. Qt)= (-~ (Pt . ¢'UtI. - Q
t)

(proof)

lemma iUntil-not-iRelease-conv: (P t". t'U t1. Qt)= (- (Pt ' RtI. - Q
t))

(proof)

The Trigger operator 7 is a past operator, so that it is used for time intervals,
that are bounded by a current time point, and thus are finite. For an infinite
interval the stated relation to the Since operator Swould not be fulfilled.

lemma iTrigger-not-iSince-conv: finite I = (P t". ¢’ T tI1. Qt) = (=~ (= P t".
tStI. = Qt)

(proof)

thm not-greater-Maz[rotated 1]

(proof )

lemma iSince-not-iTrigger-conv: finite I — (P t'. t'StI1. Qt) = (- (- Pt
t'"TtI. - Qt))

(proof)

lemma not-iUntil:
(m(Ptl. t1 U t21. Qt2)) =
OtlI.(Qt — (Ot'(I]l<t). - Pt)))
(proof)
lemma not-iSince:
(= (Pt1.t1 St21. Q12)) =
@OtI.(Qt — (O t'(I]>1t). - Pt)))
(proof)

lemma i WeakUntil-conj-i Until-conv:

(Pt1.t1 We2l. (Pt2 AN Q1t2)=(-(—-Qtl.t1 U 21 — Pt2))
(proof)
lemma :Until-disj-iUntil-conv:

(Pt1v Qtl. t1U2I. Q1t2)=
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(Pt1. t1 U 121. Q12)

(proof)

thm subsetD[OF - iMinl]

(proof )

lemma i WeakUntil-disj-i Weak Until-conv:
(Pt1v Qtl. t1Wit2l. Q1t2) =
(Pt1.t1 Wi21. Qt2)

(proof)

lemma i WeakUntil-iUntil-cong-conv:
(Pt1.t1 Wi21. Qt2) =
Q. t1U2I. (- Pt2AN~-Q1L2))

{proof)

Negation and temporal operators

thm iNext-iff

lemma
not-iNext[simp]: (- (O tt0I. Pt))= (O tt0I. - Pt)and
not-iNext Weak[simp]: (- (Ow tt0 1. Pt)) = (Os tt0 1. - Pt) and
not-iNextStrong[simp]: (= (Og tt0 1. P t)) = (Ow tt0 I. = P t) and
not-iLast[simp]: (- (© t¢0 1. Pt))=(©tt01. - Pt) and
not-iLastWeak[simp]: (= (©Ow tt0 1. P t)) = (©s tt0 I. - P t) and
not-iLastStrong[simp]: (= (6g tt0I. P t)) = (6w tt0 1. -~ Pt)

(proof)

thm not-iUntil
thm not-iSince

lemma not-i Weak Until:

(= (Ptl. t1 Wit21. Q1t2)) =

(Ot (Qt — (O t' (I ]l<t). = PtYYN(OQtI. = Pt))
(proof)
lemma not-iWeakSince:

(= (Pt1.t1 Bt21I. Q12)) =

(Ot (Qt — (Ot' (I |>t). - Pth)) A tl. - Pt))
(proof)

lemma not-iRelease:
(= (Pt t'RtI. Q1) =
(Ot = QO A(OtL Pt— (OtI|<t = Q1))

(proof)
lemma not-iRelease-iUntil-conv:

(~ (Pt t'REL. QL) =Pt . t'ULtI -~ Q1)
(proof)
lemma not-iTrigger:

(~ (Pt . t'TtI. Qt)) =

(OtI. - QOA@OtI. =PtV (OtI|>t - Qt))
(proof)

lemma not-iTrigger-iSince-conv:
finite ] = (- (Pt . t'TtI.Qt) =Pt t'Stl. - Q1)
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(proof)

3.2.5 Some implication results

lemma all-imp-iall: Vo. Pz = O t I. Pt (proof)
lemma bex-imp-lex: ¢ tI. Pt = Jz. Pz (proof)

lemma iAll-imp-iEz: I # {} = 0O tI1. Pt = O t I. Pt (proof)
lemma i-set-iAll-imp-iFx: I € i-set — O tI. Pt — O tI. Pt
(proof)

lemmas iT-iAll-imp-iEx = iT-not-empty| THEN iAll-imp-iEx)
thm iT-iAll-imp-iEx

lemma iUntil-imp-iEx: Pt1. t1 U t21. Qt2 —= O t1. Qt
(proof)
lemma iSince-imp-iBx: Pt1.¢t1 St21. Qt2 = O t1. Qt
(proof)

thm ball-subset-imp-ball

lemma iall-subset-imp-iall: [0t B. Pt; ACB]= UO¢tA. Pt
(proof)

thm bex-subset-imp-bex

lemma iez-subset-imp-iex: [ O t A. Pt; ACB] = QtB. Pt
(proof)

lemma iall-mp: [OtI. Pt — Qt;0¢tI. Pt] = 0O ¢tI. Qt (proof)
lemma iex-mp: [Ot1. Pt — Qt; O tI. Pt] = O tI. Qt (proof)

lemma iUntil-imp:

[Pre1.t1Ut21. Qt2;0tI. PI1t— P2t] = P2tl1.t1 U t21. Q12
(proof)
lemma iSince-imp:

[Pr¢1.¢1 St21.Qt2;0¢1.P1t— P2t] = P2¢t1.t1 St21. Q12
(proof )
lemma i WeakUntil-imp:

[Pre1.t1 Wit2l. Qt2;0tI. Plt— P2t] = P2¢t1.t1 Wit21. Q12
(proof)
lemma i WeakSince-imp:

[Pre¢1.¢1 Bt21. Qt2;0¢1.P1t— P2t] = P2t1.t1 Bt21. Q2
(proof)
lemma iRelease-imp:

[Pre¢1.¢t1 Rt2I.Qt2;0¢I. PIt— P2t] = P2¢1.t1 R121. Q12
(proof)
lemma iTrigger-imp:

[Pre¢e1.¢1 Te21.Qt2;0¢tI.P1t— P2t] = P2t1.t1 T t21. Q12
(proof)
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lemma iMin-imp-iUntil:

[T#{}; Q(@MinI)]= Pt. t'UtI Qt
(proof)
lemma Maz-imp-iSince:

[ finite I; I #{}; @ Maz I)] = Pt t'StI. Qt
(proof)

3.2.6 Congruence rules for temporal operators’ predicates

thm arg-cong
lemma iAll-cong: OtI. ft =gt = (O tI.P (ft)t)=(0O¢tI. P (gt)t)
(proof)
lemma iFz-cong: Ot 1. ft =gt = (O tI.P(ft)t)=(0tI.P(gt)t)
(proof)
lemma iUntil-congl:

Otl. ft=gt—=

(P(ft1)yt1. t1U 2. Qt2)= (P (gtl)tl. t1 U t21. Q t2)
(proof)
lemma iUntil-cong2:

Otl.ft=gt=—

(Pt1.t1Ut21. Q (ft2) t2) = (Ptl. t1 U t21. Q (gt2) t2)
(proof )
thm subst
lemma iSince-cong1:

Otl ft=gt—=

(P (ft1)t1. t1 St21. Qt2) = (P (gt1) t1. t1 St21. Q t2)
(proof )
lemma iSince-cong2:

Otl ft=gt—

(Pt1.t1 St21.Q (ft2)t2)=(Pt1.t1 St21.Q (gt2) t2)

(proof )
thm iAll-cong

lemma bex-subst:
VieA. Pz — (Qz = Q' 2) =
(Jz€eA. Pz A Qx)=(z€A. Pz A Q' 1)
(proof )
lemma iFEx-subst:
OtlI.Pt —(Qt=Q"t) =
(OtI.PtAQE)=(tI.PtAQ'T)

(proof)

3.2.7 Temporal operators with set unions/intersections and sub-
sets

lemma iAll-subset: [ AC B;OtB. Pt]=0tA Pt

(proof)
lemma iFz-subset: [ AC B; 0t A. Pt] = Q0 ¢tB. Pt

(proof)
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lemma iUntil-append:
[ finite A; Max A < iMin B | =
Pti. t1 U2 A Q12 = Ptl. t1 U2 (AU B). Q12
(proof)
thm iFEz-subset|OF Un-upperl|
(proof)
thm subst|OF iEx-cong, rule-format]
(proof)
lemma iSince-prepend:
[ finite A; Max A < iMin B | =
Pit1.t1 St2B. Qt2 = Pitl. t1 St2 (AU B). Q2
(proof)

lemma
iAll-union: [0t A. Pt;0¢tB. Pt] = 0t (AU B). Pt and
iAll-union-conv: (Ot AU B. Pt)=((0O0tA Pt)A(OtB.Pt))
(proof)
lemma
iEz-union: (0t A. Pt) V(0 tB. Pt)=— ¢t (AU B). Pt and
iEz-union-conv: (0 t (AU B). Pt)=((QOtA. Pt)V (0 tB.Pt))
(proof )
lemma iAll-inter: (O ¢t A. Pt)Vv (O¢tB. Pt)= 0Ot (AN B). Pt (proof)
lemma not-iEz-inter:
JABP. (OtA PHOA(QEB. Pt)A- (Ot (ANB). Pt)
(proof)

lemma
iAll-insert: [ Pt; O tI. Pt = O t' (insert t I). P t' and
iAll-insert-conv: (O ¢’ (insert t I). Pty = (Pt A (O ¢ 1. Pt")
(proof)
lemma
iBz-insert: [ PtV (O tI. Pt)] = O t' (insert t I). P ¢’ and
iEz-insert-conv: (O t' (insert t I). Pty = (Pt Vv (0 t'I. Pt'))
(proof)

3.3 Further results for temporal operators

thm Collect-minl-ex
thm Collect-minl-ex-cut
lemma Collect-minl-iEx: O t I. Pt = O tI. Pt AN (Ot (I [<t). -~ Pt)

{proof)

thm iUntil-def
lemma i Until-disj-convl:
1#() =
(Pt t'"UtI. Qt)=(Q (iMinI)V (Pt t'UtI QtANiMinlI <t))
(proof)
lemma iSince-disj-convl :
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[ finite I; I # {} | =
(Pt t'Stl. Qt) =

(proof)

(Q Maz I)V (Pt t'StI. Qt At < MazI))

lemma iUntil-next:

I#{} =

(Pt t'UtI. Qt) =

(Q (iMin I) vV (P (iMin I) AN (Pt t'U t (I |> (iMin1)). Q1))
(proof )

lemma iSince-prev: [ finite I, I # {} | =

(Pt 'St Qt) =

(Q (Maz I) vV (P (Maz I) N (Pt ¢'St (I |< Maz I). Qt)))
(proof)

lemma iNext-induct-rule:
[P(iMinI);O0¢tI. (Pt— (Qt'tI.Pt));tel]= Pt
(proof )

lemma iNext-induct:
[P (iMinI);OtI. (Pt— (Ot'tI.Pt))]=0tI. Pt
(proof)

lemma iLast-induct-rule:

[P (Maz I);0tI. (Pt— (©t'tI. Pt');finitel;tel] = Pt
(proof)
lemma iLast-induct:

[P(MaxI);0tI. (Pt— (&t'tI.Pt)); finitel] | = 0O¢tI. Pt
(proof)

lemma iUntil-conj-not: (P t1 A= Qt1). t1 U t21. Qt2) = (P tl.t1 U t2 1.
Q t2)

(proof )

thm Min-le

{proof)

thm subsetD[OF - iMinl]

(proof)

lemma iWeakUntil-conj-not: (P t1 A= Qtl). t1 W t21. Qt2) = (Ptl.t1 W
121.Qt2)

(proof)

lemma iSince-conj-not: finite I —>
(Pt A=Qtl).t1 St21. Qt2)=(Ptl. t1 St21. Q12)

(proof)
thm MaxI2

{proof)
thm not-greater-Maz
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{proof)
thm subsetD][OF - MaxI|

(proof)
lemma i WeakSince-conj-not: finite | =
(Pt1 A= Qtl).t1 Bt21. Qt2)=(Ptl.t1 Bt2I.Q t2)

(proof)

lemma iNextStrong-imp-iNextWeak: (Og tt0 1. Pt) — (Ow tt0I. Pt)

(proof)
lemma iLastStrong-imp-iLastWeak: (©g t t0I. P t) — (©w tt0 1. P t)

(proof)

lemma infin-imp-iNext Weak-iNextStrong-eq-iNext:

[ infinite I; t0 € I | =

(Ow ttoI. Pt)y=(OQtt0I. Pt)) AN((QsttoI. Pt)y=(O tt0I. Pt))
(proof)

lemma infin-imp-iNextWeak-eq-iNext: [ infinite I; t0 € I | = (Ow tt0 1. P t)
=(Qttol. Pt)

(proof)

lemma infin-imp-iNextStrong-eq-iNext: [ infinite I; t0 € I | = (Os tt0 1. P t)
=(Qtt0I. Pt

(proof)

lemma infin-imp-iNextStrong-eq-iNext Weak: [ infinite I; t0 € I | = (Os t t0
I.Pt)=(Owttol. Pt)

(proof)

lemma
not-in-iNext-eq: t0 ¢ I = (O ¢tt0 1. Pt) = (P t0) and
not-in-iLast-eq: t0 ¢ I = (& tt0 1. P t) = (P t0)
(proof)
lemma
not-in-iNext Weak-eq: 10 ¢ I = (Ow tt0 1. P t) and
not-in-iLastWeak-eq: t0 ¢ I —> (Ow tt0 1. P t)
(proof)
lemma
not-in-iNextStrong-eq: t0 ¢ I = =~ (Og ¢t t0 I. P t) and
not-in-iLastStrong-eq: t0 ¢ I = — (©g t t0 1. P t)
(proof)

lemma
iNext-UNIV: (O t t0 UNIV. P t) = P (Suc t0) and
iNextWeak-UNIV: (Ow t t0 UNIV. P t) = P (Suc t0) and
iNextStrong-UNIV: (Os t t0 UNIV. P t) = P (Suc t0)
(proof)
lemma
iLast-UNIV: (& t t0 UNIV. P t) = P (t0 — Suc 0) and
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iLastWeak-UNIV: (&w t t0 UNIV. P t) = (if 0 < t0 then P (10 — Suc 0) else
True) and

iLastStrong-UNIV: (&g t t0 UNIV. P t) = (if 0 < t0 then P (t0 — Suc 0) else
False)

(proof)

lemmas iTL-Next-UNIV =
iNext-UNIV iNextWeak-UNIV iNextStrong-UNIV
1Last-UNIV iLastWeak-UNIV iLastStrong-UNIV

lemma inext-nth-iNext-Suc: (O ¢t (I — n) I. Pt) = P (I — Sucn)

(proof)
lemma iprev-nth-iLast-Suc: (© ¢t (I < n) I. Pt) = P (I « Sucn)

(proof)

3.4 Temporal operators and arithmetic interval operators

Shifting intervals through addition and subtraction of constants. Mirroring
intervals through subtraction of intervals from constants. Expanding and
compressing intervals through multiplication and division by constants.

Always operator

lemma iT-Plus-iAll-conv: (A tI @ k. Pt)y=(0O¢tI. P (t+k))

(proof)

lemma iT-Mult-iAll-conv: (Ot I @ k. Pt)=(0O¢t1. P (tx*k))

(proof)

lemma iT-Plus-neg-iAll-conv: (Ot I &— k. Pt)= (O ¢ (I [> k). P (t — k))
(proof)

lemma T-Minus-iAll-conv: (O tk o 1. Pt)=(0¢ (I [<k). P(k—1t)
(proof)

lemma iT-Div-iAll-conv: (O ¢t I @ k. Pt) = (O tI. P (¢t divk))

{proof)

lemmas iT-arith-iAll-conv =
1T-Plus-iAll-conv
1T-Mult-iAll-conv
1T-Plus-neg-iAll-conv
1 T-Minus-iAll-conv
1T-Div-iAll-conv

Eventually operator

lemma
iT-Plus-iEz-conv: (Ot I @ k. Pt)= (0 tI. P (t+ k)) and
iT-Mult-iEx-conv: (O t I ® k. P t) =(QtI.P(t=k))and
iT-Plus-neg-iEz-conv: (O t I &— k. P t) = ( t(I|>k).P(t—k)) and
iT-Minus-iEz-conv: (O tk © I. P t) = (<> (I 1<k). P(k—-t)) and

iT-Div-iEx-conv: (O tI @ k. Pt) = (0 tI. P (¢t divk))
(proof)
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Until and Since operators

lemma iT-Plus-iUntil-conv: (P t1.t1 U t2 (I ® k). Qt2) = (P (t1 + k). t1 U
t21.Q (t2 + k))
(proof)
lemma T-Mult-iUntil-conv: (P t1.t1 U t2 (I @ k). Q t2) = (P (¢1 = k). t1 U
t21.Q (2 x k))
(proof)
lemma iT-Plus-neg-iUntil-conv: (P t1. t1 U t2 (I &— k). Q t2) = (P (t1 — k).
t1 U t2 (I]1>k).Q(t2 —k))
(proof)
thm i-cut-commute-disj[of op | < op |>, simplified]
(proof)
lemma iT-Minus-iUntil-conv: (P t1.t1 U t2 (ko I). Qt2)= (P (k—t1). t1 S
t2 (I |<k). Q (k- t2)
(proof)
lemma T-Div-iUntil-conv: (P t1.¢t1 U t2 (I @ k). Q t2) = (P (t1 div k). t1 U
t21.Q (t2 div k))
(proof)
thm cut-less-cut-ge-ident| OF order-refi]

(proof)
find-theorems - < iMin - - ¢ -

(proof)
thm subsetD][OF - iMinl-ex2]

{proof)

Until and Since operators can be converted into each other through sub-
straction of intervals from constants

thm T-Minus-iUntil-conv
lemma 1Until-iSince-conv:
[ finite I, Max I < k| =
(Ptl.t1Ut21. Qt2)=(P(k—1t1).t1St2(kol).Q (k- t2)
(proof)
thm T-Minus-iUntil-conv
(proof)
thm T-Minus-iUntil-conv
(proof )
lemma 1Since-iUntil-conv:
[ finite I; Max I < k | =
(Pt1.t1 St21.Q2)= (P (k—t1).t1 U2 (kol). Q (k- t2)
(proof )
thm cut-less-Max-all

{proof)

lemma iT-Plus-iSince-conv: (P t1.t1 St2 (I & k). Q t2) = (P (t1 + k). t1 S
t21.Q (2 + k))

(proof)
lemma iT-Mult-iSince-conv: 0 < k = (P t1.t1 St2 (I ® k). Q t2) = (P (¢!
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x k). t1 St21.Q (12 x k))
(proof)
lemma iT-Plus-neg-iSince-conv: (P t1.t1 S t2 (I &— k). Q t2) = (P (t1 — k).
t1 St2 (I |>k). Q (12 — k)
(proof)
lemma iT-Minus-iSince-conv:
(Pt1.t1 St2 (kol). Qt2)=(P(k—-t).t1Ut2 (I |<k).Q (k- t2)
(proof)
thm iT-Minus-cut-eq[OF order-refl]
(proof)
thm iSince-iUntil-conv
(proof)
lemma iT-Div-iSince-conv:
0<k= (Pt1. t1St2(I0k). Qt2) = (P (t1 divk). t1 S t21. Q (2 div
k)
(proof)
thm le-add-diff Suc-mod-le-divisor
(proof)

Weak Until and Weak Since operators

lemma iT-Plus-iWeakUntil-conv: (P t1.t1 W t2 (I & k). Q t2) = (P (t1 + k).
W21 Q (12 + k)

(proof)

lemma iT-Mult-iWeakUntil-conv: (P t1. t1 W t2 (I ® k). Q t2) = (P (t1 * k).
t1 Wit2lI. Q (2 x k))

(proof)

lemma iT-Plus-neg-iWeakUntil-conv: (P t1. t1 W t2 (I &— k). Q t2) = (P (¢1
kLI W 2 (1> k). Q (12 — k)

(proof)

lemma iT-Minus-i WeakUntil-conv: (P t1. t1 W t2 (k& 1I). Q t2) = (P (k — t1).
t1 B2 (I [<k). Q (k—t2)

(proof)

lemma iT-Div-iWeakUntil-conv: (P t1.t1 W t2 (I @ k). Q t2) = (P (t1 div k).
t1Wit2l. Q (t2 div k))

(proof)

lemma iT-Plus-iWeakSince-conv: (P t1.t1 B t2 (I ® k). Q t2) = (P (t1 + k).
t1 Bt21. Q (tQ + k’))
(proof)
lemma iT-Mult-iWeakSince-conv: 0 < k = (P t1.t1 Bt2 (I ® k). Q t2) = (P
(t1 x k). t1 Bt21. Q (12 x k))
(proof)
lemma iT-Plus-neg-i WeakSince-conv: (P t1. t1 B t2 (I &— k). Q t2) = (P (¢!
— k). t1 Bt2 (I]>k).Q(t2—k))
(proof)
lemma i 7T-Minus-i WeakSince-conv:

(Pt1.t1 Bt2 (ke l). Qt2)=(P (k—t1).tdWit2 (I]<k).Q (k- 1t2)
thm iT-Minus-i Weak Until-conv|symmetric)
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(proof)

lemma 1T-Div-i WeakSince-conv:

0<k= (Pt1.t1 B2 (I k). Qt2)=(P (t1 divk). t1 Bt21. Q (12 div
k))
(proof)

Release and Trigger operators

lemma iT-Plus-iRelease-conv: (P t1.t1 R t2 (I ® k). Q t2) = (P (t1 + k). t1
R21.Q (t2 + k))

(proof)

lemma iT-Mult-iRelease-conv: (P t1. t1 R t2 (I @ k). Q t2) = (P (t1 = k). t1
Rt21.Q (t2 x k))

(proof)

lemma iT-Plus-neg-iRelease-conv: (P t1. t1 R t2 (I &— k). Q t2) = (P (t1 —
k). t1 Rt2 (I |>k). Q (12 — k))

(proof)

lemma iT-Minus-iRelease-conv: (P t1.t1 R 2 (k& I). Q t2) = (P (k — t1). ¢1
Tt2(I1<k).Q(k-1t2)

(proof)

lemma iT-Div-iRelease-conv: (P t1. t1 R t2 (I © k). Q t2) = (P (1 div k). t1
Rt21.Q (t2 div k))

(proof)

lemma iT-Plus-iTrigger-conv: (P t1.t1 T t2 (I ® k). Q t2) = (P (¢t1 + k). t1
Tt2I.Q (12 + k)
(proof)
lemma iT-Mult-iTrigger-conv: 0 < k = (P t1.¢t1 T t2 (I ® k). Q t2) = (P (¢!
x k). t1 T t21.Q (t2 = k))
(proof)
lemma iT-Plus-neg-iTrigger-conv: (P t1. t1 T t2 (I &— k). Q t2) = (P (t1 —
k). t1 T2 (I1>k).Q (t2 —k))
(proof)
lemma iT-Minus-iTrigger-conv:

(Pt1.t1 Tt2(kol) Qt2)=(P (k—tl).t1 Rt2 (I |<k). Q (k- t2)
(proof)
lemma iT-Div-iTrigger-conv:

0<k= (Pt1.t1 T2 k). Qt2)=(P (t1divk). t1 T t21. Q (12 div
k))
(proof)

end
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